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S1 The Input Matrices in Section 6.1

For n = 7, the input values are columns of the matrix
0 1 −1 0 0 0 0

0 0 0 1 −1 0 0

0 0 0 0 0 1 −1

+ρ


1 + ρ ρ+ ρ2 1 1 + ρ ρ+ ρ2 1 1 + ρ

1 + ρ ρ+ ρ2 1 1 + ρ ρ+ ρ2 1 1 + ρ

1 + ρ ρ+ ρ2 1 1 + ρ ρ+ ρ2 1 1 + ρ

 ,

where the parameter ρ controls the correlations between the three dimen-

sions. If ρ = 0, then the correlations between the three rows are zeros. For

n = 14, the input values are columns of
0 0 1 1 −1 −1 0 0 0 0 0 0 0 0

0 0 1 −1 −1 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 1 −1 −1 0 0 0 0



+ ρ


1 + ρ ρ+ ρ2 1 1 + ρ ρ+ ρ2 1 1 + ρ ρ+ ρ2 1 1 + ρ ρ+ ρ2 1 1 + ρ ρ+ ρ2

1 + ρ ρ+ ρ2 1 1 + ρ ρ+ ρ2 1 1 + ρ ρ+ ρ2 1 1 + ρ ρ+ ρ2 1 1 + ρ ρ+ ρ2

1 + ρ ρ+ ρ2 1 1 + ρ ρ+ ρ2 1 1 + ρ ρ+ ρ2 1 1 + ρ ρ+ ρ2 1 1 + ρ ρ+ ρ2

 .
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S2 Proofs

Proof of Theorem 1. Let Z(1) 6 · · · 6 Z(n) denote the order statistics of

Z1, . . . , Zn. Under the conditions, given (Z(1), . . . , Z(n), E′) = (z(1), . . . , z(n), e′),

T follows the discrete distribution: the probability of T = T (zi1 , . . . , zin ; e)

is 1/n! for each permutation (i1, . . . , in) ∈ Sn.

Let t(1) 6 · · · 6 t(n!) be the non-decreasing permutation of {T (zi1 , . . . , zin ; e)}(i1,...,in)∈Sn .

Let [·] denote the floor function. If t([n!α]) < t([n!α]+1), then

Pr
(
q < α | (Z(1), . . . , Z(n), E′) = (z(1), . . . , z(n), e′)

)
= Pr

(
T < t([n!α]) | (Z(1), . . . , Z(n), E′) = (z(1), . . . , z(n), e′)

)
= [n!α]/n! 6 α. (S2.1)

Otherwise, let S = {k = 1, . . . , [n!α]− 1 : t([k]) < t([n!α])}. Define k0 = 0 for

S = ∅ and k0 = maxS otherwise. We have

Pr
(
q < α | (Z(1), . . . , Z(n), E′)

= (z(1), . . . , z(n), e′)
)

= k0/n! < [n!α]/n! 6 α. (S2.2)

By (S2.1) and (S2.2), the inequality Pr(q < α | Z(1), . . . , Z(n), E′) 6 α

always holds. Taking expectations in the inequality, we complete the proof.

�

Proof of Lemma 1. Denote P = X(X′X)−1X′ and ν = n− z′1P2z1. Under
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H0, (In −P)X = (In −P2)Z2 = 0. Thus,

T = y′(In −P2)y − y′(In −P)y = ε′Pε− ε′P2ε

= ε′X

 n z′1Z2

Z′2z1 Z′2Z2


−1

X′ε− ε′P2ε

= ε′X

 1/ν −z′1Z2(Z
′
2Z2)

−1/ν

−(Z′2Z2)
−1Z′2z1/ν (Z′2Z2)

−1 + (Z′2Z2)
−1Z′2z1z

′
1Z2(Z

′
2Z2)

−1/ν

X′ε− ε′P2ε

= ε′(z1z
′
1 + P2z1z

′
1P2 − z1z

′
1P2 −P2z1z

′
1)ε/ν

=
[
z′1(In −P2)ε)

]2
/ν =

[
z′1(In −P2)y)

]2
/ν,

which completes the proof. �

Lemma 2. Let ξ = (ξn1, . . . , ξnn)′ = uu′ε for some u = (un1, . . . , unn)′ ∈

Rn with ‖u‖ = 1. Under Assumption 3, we have

(i)
∑n

i=1 ξni/n = o(1) (a.s.);

(ii)
∑n

i=1 ξ
2
ni/n = o(1) (a.s.).

Furthermore, if Assumption 4 holds, then

(iii)
∑n

i=1 |ξni|r/n = o(1) (a.s.) for any r > 2.

Proof. (i) We have |
∑n

i=1 ξni/n| = |
∑n

i=1 uni/n| · |u′ε| 6 |u′ε|/
√
n → 0

(a.s.), where the convergence is from Chow (1966).

(ii) We have
∑n

i=1 ξ
2
ni/n =

∑n
i=1 u

2
ni|u′ε|2/n = |u′ε|2/n→ 0 (a.s.).

(iii) Note that
∑n

i=1 |ξni|r/n =
∑n

i=1 |uni|r|u′ε|r/n 6 ‖u‖2|u′ε|r/n = |u′ε/n1/r|r.
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Under Assumption 4, u′ε ∼ N(0, σ2). Let Φ denote the c.d.f. of N(0, 1).

We have Pr(|u′ε/n1/r| > ε) = 2[1−Φ(εσn1/r)] < (εσn1/r)−1 exp(−ε2σ2n2/r/2),

which implies
∑∞

n=1 Pr(|u′ε/n1/r| > ε) <∞. By the Borel-Cantelli lemma,

|u′ε/n1/r|r → 0 (a.s.), and we complete the proof.

Lemma 3. Under Assumption 3, max16i6n e
2
ni/n → 0 (a.s.), where eni is

defined by (13).

Proof. We first show

max
16i6n

ε2i /n→ 0 (a.s.). (S2.3)

Note that ε2n/n =
∑n

i=1 ε
2
i /n − n−1(n− 1)

∑n
i=1 ε

2
i /(n − 1) → 0 (a.s.). For

any ε > 0, there exists n0 ∈ N such that for all n > n0, max16i6n ε
2
i /n 6

max16i6n0 ε
2
i /n+maxn0<i6n ε

2
i /n < max16i6n0 ε

2
i /n+ ε. Letting n→∞, we

obtain (S2.3).

Since the rank of the idempotent matrix P2 is d− 1, we can write it as∑d−1
j=1 uju

′
j, where uj ∈ Rn with ‖uj‖ = 1 for j = 1, . . . , d − 1. Therefore,

en in (13) can be written as

en = ε−
d−1∑
j=1

ẽj, (S2.4)

where ẽj = (ẽj1, . . . , ẽjn)′ = uju
′
jε.

Consequently, by (S2.3), (S2.4), and Lemma 2 (ii), we have max16i6n e
2
ni/n =

max16i6n(εi−
∑d−1

j=1 ẽni)
2/n 6 dmax16i6n(ε2i+

∑d−1
j=1 ẽ

2
ni)/n 6 dmax16i6n ε

2
i /n+
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dmax16i6n
∑d−1

j=1 ẽ
2
ni/n 6 o(1) + d

∑d−1
j=1

∑n
i=1 ẽ

2
ni/n = o(1) (a.s.), which

completes the proof.

Definition 1. For a vector an = (an1, . . . , ann)′, denote ān =
∑n

i=1 ani/n

and µr(an) =
∑n

i=1(ani − ān)r/n for r = 2, 3, . . .. We say an satisfies

condition (W) if for any fixed r = 3, 4, . . ., µr(an)/µ
r/2
2 (an) = O(1), and we

say an satisfies condition (N) if for any fixed r = 3, 4, . . ., µr(an)/µ
r/2
2 (an) =

o(nr/2−1).

Conditions (W) and (N) (Wald and Wolfowitz (1944); Noether (1949))

are basic conditions for discussing asymptotics of permutation tests.

Lemma 4. Under Assumption 3, en in (13) satisfies condition (N) (a.s.).

Proof. By Lemma 2 (i),

ēn =
n∑
i=1

eni/n =
n∑
i=1

εi/n−
d−1∑
j=1

n∑
i=1

ẽji/n = o(1) (a.s.). (S2.5)

We have |µ2(en)−σ2| = |
∑n

i=1(εi−
∑d−1

j=1 ẽji− ēn)2/n−σ2| 6 |
∑n

i=1 ε
2
i /n−

σ2| + 2|
∑n

i=1(
∑d−1

j=1 ẽji + ēn)εi/n| + |
∑n

i=1(
∑d−1

j=1 ẽji + ēn)2/n| 6 o(1) +

2|
∑n

i=1

∑d−1
j=1 ẽjiεi|/n+2|ēn||

∑n
i=1 εi|/n+(d−1)

∑d−1
j=1

∑n
i=1 ẽ

2
ji/n+(d−1)ē2n

(a.s.). By (S2.5) and Lemma 2 (ii), 2|ēn||
∑n

i=1 εi|/n+(d−1)
∑d−1

j=1

∑n
i=1 ẽ

2
ji/n+

(d − 1)ē2n = o(1) (a.s.). By the Cauchy-Schwarz inequality and Lemma 2

(ii), |
∑n

i=1

∑d−1
j=1 ẽjiεi|/n 6

[∑n
i=1(
∑d−1

j=1 ẽji)
2 (
∑n

i=1 ε
2
i )
]1/2

/n
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6
[{

(d− 1)
∑d−1

j=1

∑n
i=1 ẽ

2
ji/n

}
(
∑n

i=1 ε
2
i /n)

]1/2
= o(1) (a.s.). Therefore,

µ2(en)→ σ2 (a.s.). (S2.6)

For even r = 2, 4, . . ., by the Cr inequality and Lemma 3, µr(en) =∑n
i=1(eni− ēn)r/n 6 2r−1

∑n
i=1 e

r
ni/n+ 2r−1ērn = 2r−1

∑n
i=1(e

2
ni)

r/2−1e2ni/n+

o(1) 6 2r−1(max16i6n e
2
ni)

r/2−1∑n
i=1 e

2
ni/n + o(1) = o(nr/2−1)

∑n
i=1 e

2
ni/n +

o(1) = o(nr/2−1) (a.s.). For odd r = 2s + 1 = 3, 5, . . ., by the Cauchy-

Schwarz inequality, µ2
r(en) =

(∑n
i=1(eni−ēn)r

)2
/n2 6

(∑n
i=1(eni−ēn)2s

)(∑n
i=1(eni−

ēn)2s+2
)
/n2 = µ2s(en)µ2s+2(en) = o(nr−2) (a.s.). Combining these results

for µr(en) and (S2.6), we completes the proof.

Lemma 5. Under Assumption 4, en in (13) satisfies condition (W) (a.s.).

Proof. Since (S2.5) and (S2.6) hold under Assumption 3, it suffices to con-

sider µr(en). For r > 2, by the Cr inequality and Lemma 2 (iii)

|µr(en)| 6
n∑
i=1

|εi −
d−1∑
j=1

ẽji − ēn|r/n

6 (d+ 1)r−1

(
n∑
i=1

|εi|r/n+
d−1∑
j=1

n∑
i=1

|ẽji|r/n+ |ēn|r
)

= O(1) (a.s.),

which completes the proof.

Lemma 6. Under Assumption 5, z1 satisfies condition (N); Under As-

sumption 6, z1 satisfies condition (W).
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Proof. Based on (9), the proof of the first statement is similar to the proof

of Lemma 4. The second statement is obvious.

Lemma 7. Under Assumption 7, η′nP2ηn = op(n).

Proof. For j = 2, . . . , d, we have

E(z′jηn) =
∑

(i1,...,in)∈Sn

(xi11x1j+· · ·+xin1xnj)/n! = (n−1)!
n∑
i=1

xi1

n∑
i=1

xij/n! = 0,

(S2.7)

and

Var(z′jηn) =
∑

(i1,...,in)∈Sn

(xi11x1j + · · ·+ xin1xnj)
2/n!

=
∑

(i1,...,in)∈Sn

(
x2i11e

2
1j + · · ·+ x2in1x

2
nj + 2

∑
l<k

xil1xik1xljxkj

)
/n!

=
n∑
i=1

x2i1

n∑
i=1

x21j/n+ 2
∑
l<k

xljxkj ∑
(i1,...,in)∈Sn

xil1xik1

 /n!

= n+ 2
∑
l<k

(
xljxkj · 2(n− 2)!

∑
l<k

xl1xk1

)
/n!

= n+

( n∑
i=1

xi1

)2

−
n∑
i=1

x2i1

( n∑
i=1

xij

)2

−
n∑
i=1

x2ij

 /
(
n(n− 1)

)
= n2/(n− 1). (S2.8)

Therefore, E‖Z′2ηn/n‖2 =
∑d

j=2 E(z′jηn)2/n2 = (d − 1)/(n − 1) = o(1),

which implies Z′2ηn/n = op(1). By Assumption 7, η′nP2ηn/n = (η′nZ2/n)(Z′2Z2/n)−1(Z′2ηn/n) =

op(1). This completes the proof.
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Proof of Theorem 2. Similar to (S2.7) and (S2.8),

E(e′nηn | ε) = (n− 1)!
n∑
i=1

xi1

n∑
i=1

eni/n! = 0,

and

Var(e′nηn | ε) =
∑

(i1,...,in)∈Sn

(xi11en1 + · · ·+ xin1enn)2/n!

=
n∑
i=1

e2ni +

( n∑
i=1

xi1

)2

−
n∑
i=1

x2i1

( n∑
i=1

eni

)2

−
n∑
i=1

e2ni

 /
(
n(n− 1)

)
= n2

(
n∑
i=1

e2ni/n− ē2n

)
/(n− 1) = n2µ2(en)/(n− 1).

By (S2.6), Var∗(e′nηn)/n → σ2 (a.s.). Therefore, by Lemmas 4, 5, and 6,

and the permutation central limit theorem (see, e.g. Chapter 3 of Pesarin

and Salmaso (2010) or Theorem 6.6 of Chen (1999)), the distribution of

e′nηn/
√
n conditional on ε converges to N(0, σ2) (a.s.),. Combining this re-

sult and Lemma 7, we complete the proof. �

Proof of Theorem 3. Under Assumptions 3 and 8, by Theorem 2 of Eicker

(1963), we have

z′1(In −P2)ε√
n− z′1P2z1

→ N(0, σ2) (S2.9)

in distribution. By Lemma 1, (S2.9) implies this theorem. �
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