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Appendix A: Proof of Proposition 7?7 and Remark 77

Lemma 1. If f(+) is a probability distribution on {1,2,...,} with cumula-

tiwe distribution function F(-), and k,j > 1, then
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Proof. Indeed, if 14 is the indicator function of set A,
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Proof of Proposition 7?. fo(-) is a well-defined non-negative function on N.

It is sufficient to prove that >, ., f({k+1,...}) = p, but

D kL) = D f),

k>0 k>0 j>k+1

= D ) ) lens,

Jj20 k>0

Jj=0



Sampling Designs with Spreading Parameters

As fo(k —1t) =

[1 — F(k—1t)]/u, to prove (??), it is sufficient to note that

2.2 = F

k— 0] /7 () lhi<erli<jct,

t=1 7j=1
= ZZ [1—F(k—t)] f7* () Lics<ili<j<,
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ko[ k k 1
= ) Z (1) — ZF(k: — 1) f7*(t)| (indeed, f7*(t) =0 if t < ),
i=1 Li= = 1
k k
= Zf ZF — ) f**(t) via lemma [I]
t=1 t=1
k
= F(k) =Y f*V(1) = F(k),
t=1
since fF+1)%(¢) = 0 if t < k, and the result follows immediately. O

Proof of Remark ??7. Consider X a random variable on N with finite mo-

ment of order m + 1, E(X™), m > 0, and its forward transform Xp

according to Definition ??. Then we can write:

> E"Pr(Xp = k)

k>0

k>0 X+1 k>0 i>k X+1
1 1 Lo _
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where F,(z) = > 7 _ k™. O

Appendix B

Proposition 1. The lines of matriz A with general term ay; given at (77)

all sum ton.

Proof. We have

k—t N+k—t
ape = L=y + 1t<kaj(k? — 1)+ 1o Z fi(N+k—1),
j=1 j=1

with f;(t) =0ifj <t¢, ¢t <1,t> N or j > n. We also have that f,,(N) =1

and f;(IN) = 0if j < n. The conclusion follows from
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Appendix C: discrete probability distributions

Let R, denote the set of positive real numbers,

+o0 x
L(r,z) = / tte7tdt, ~(rz) = / t et dt,
T 0

where r > 0,z > 0 and

Bx(a,b):/ t7 N1 — ) tdt, I(a,b)
0

with a > 0,06 > 0,0 < x < 1.



Table 1: Discrete distributions of probability

Name Notation PMF Support Parameters Mean Variance
Bernoulli Bern(p) p*(1—p)t== {0,1} p€1[0,1] p p(1—p)
Forward ForBern(p) pp—_:l {0,1} pe0,1],neN (see below the table)
Bernoulli
Binomial Bin(n, p) (:)p’”(l —p)"T {0,...,n} pe[0,1,neN np np(1 —p)
Forward ForBin(n, p) I"(i’l:i;fw {0,...,n} pe[0,1],n €N (see below the table)
Binomial
Geometric G(1—p) p(l —p)® N pe0,1] 1;1’ 1}:—2"
Negative AB(r, p) 1;('}4{:3) p"(1 —p)® N pel0,1],r € N* r(lp—p) r(lp;p)
Binomial
1 s
Forward ForA(B(r, p) %;3;:-: N pe0,1],r € N* (see below the table)
Negative
Binomial
Poisson 2(3) B N AERy by by
Forward Forp(N) = [1120 T %1121] N AER, (see below the table)
Poisson
(T)(R*T) {0,...,m}N m,r, R € N*, e

S o) m—w (AR T ’ ] (R—7) R—

Hypergeo- H(m,r, R) W b3 T RZT =
™ {r+m-—R,...,r} m,r <R
metric
D(r+a) D(R—rdm—x) m,r, R € N*
Negative AH (m, T, R) ik rl((,itl'{))(miw)' {0,...,m} b % JJ?TT
T(R)m! 1<R—vr
Hypergeo-
metric
2

Uniform u(0,a) %H {0,...,a} a €N 5 %

Remark 77).

Expectations and variances of forward distributions are easily computed in function of the first three

moments of the original distribution (see



