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In this online supplementary note, we provide all proofs, discuss the calculation of the

transformation matrix, and provide a notation table.

S.1. Proof of Theorem 1:

Before we prove Theorem 1, we show an intermediate result in Lemma 2.

Lemma 2 Suppose Assumptions (L1)-(L3) hold and X\, = o(n"'/?). Then we have 6, =

~ p
0o, and Dy, — Dgr, as n — 00.

To show 0 L — Oor, we apply Theorem 5.7 of van der Vaart (1998). Firstly, we show that,
uniformly in 6, the empirical risk O,,1(0) converges to the true risk R;(0) in probability.
Assumption (L3) guarantees that the loss function L(yf(x;0)) is convex in 0, and it is easy
to see that O,,1(0) converges to R (0) for each 8. Then we have supg |O,.(0) — R.(0)] —
0 in probability by uniform convergence Theorem for convex functions in Pollard (1991).
Secondly, according to assumption (L2), we have that R (6) has a unique minimizer 6.
Therefore, we know that EL converges to By, in probability. The consistency of lA)(b\L) can
be obtained by the uniform law of large numbers. According to Assumption (L1), p(x) is
continuously differentiable, and hence |y — sign{f(x;0)}| = |y — sign{@”8}| is continuous

in each @ for almost all . This together with |y — sign{f(x;0)}| < 2 leads to uniform
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convergence sup, | D(6) — T E|yo — sign{f(xo;0)}|| — 0. Therefore, we have D(81) — Doy,
in probability. This concludes the proof of Lemma 2. [
Proof of Theorem 1:
We next prove (4) in three steps. Let M;(0or) = VoL (Y;f(X;0))]e=0,,- In step 1, we
show that
V(0 — 6o) = —n"Y2H(O Z M;(8or) + op(1) (S.1)

=1
by applying Theorem 2.1 in Hjort and Pollard (1993). Denote Z = (X',Y) and A8 =

(Ab, AwT)T. Taylor expansion leads to
LY f(X;00, +A8)) — L(Yf(X;8001)) = M(00)" A8 + R(Z,A6), (S.2)

where

o)
=0/ o a6)

(20)" (VL(Y (X 0))|
M(80.) = VoL(Yf(X:0))| _ : R(2,06) = 2

According to Assumption (L1), it is easy to check that E(M(6o.)) = VeRL(0)|e—e,, = 0,
and

E[R(Z,A0)] = %(AO)TH(OOL)(AG) +o(|A0]1"); E[R*(Z, A8)] = o(||AB]).

Denote s = (b, w!)", Z; = (X7,Y;), and

n

An(s) = S EOU(X5 00n + 5/v/)) — LS (X15601)) )

i=1
+ A\ (wor + ws/\/ﬁ) (wor, + ’ws/\/_) nwOLwUL

Note that A, (s) is minimized when s = \/n(8, — 6oy ) and nE[R(Z, s/\/n)] = 2sTH(0or.)s +



o(||s]|?). Based on the above Taylor expansion (S.2), we have

n

As) = Y {MZ-(OOL)TS/\/E + R(Zi,s/v/n) — ER(Z;, s/\/ﬁ)} +nE[R(Z,s/vn)] + AwTw,

i=1

— U7y %STH(QOL)S +ollsl?) + 3 {R(Zus/vi) — ERZs/Vi) | + N,

where U, = n~Y23""  M;(0o1). Note that Y. {R(Z;,s/v/n) — ER(Z;,s/v/n)} — 0, and
)\anws — 0 since A\, — 0 and w; is bounded. In addition, Hessian matrix H(6g.) is
positive definite due to Assumption (L5). Therefore, we can conclude that (S.1) holds by
Theorem 2.1 in Hjort and Pollard (1993).

In step 2, we show that W, = v/n{D(0.) — Dor} — N(0, E(¢2)). As shown in Jiang
et al. (2008), the class of functions Gg(d) = {|Y —sign{f(X;0)}] : |0 — Oor| < 5} is a
P-Donsker class for any fixed 0 < 6 < oco. This together with (5.1) and consistency of 0

implies that

Vn <5(5L) - D0L>
= Va(D(®Br) ~ D(6ur) ) + vin(D(6or) ~ Do)

\/ﬁd(HOL)T(aL —6or) + ﬁ(ﬁ(GOL) - D0L>

[I=

n

L2 3L sign{ £(X e 000} — Do — d(Bor)" H(Bow) My (60r)

i=1
= 0723 g -5 N0, B(Y)),
i=1
where “ <7 means asymptotical equivalence in the distributional sense.
In step 3, the distribution of W, = n'/2{D, — Dy} is asymptotically equivalent to that
of Wy, as shown in Theorem 3 in Jiang et al. (2008). This concludes the proof of Theorem
1. |



S.2. Proof of Theorem 2

According to Appendix D in Jiang et al. (2008), we have
Wy L 12 Z¢i1(Gi —1) and W5 L1 Z@Diz(Gi —1),
i=1 i=1

where wij = %’Y; — Slgn{f(X“ 9%)}’ — DOj — d(eoj)TH<90j)_lMi(00j), for j = 1, 2. Recall
that “ < ” means the distributional equivalence. As shown in Jiang et al. (2008), conditional
on the data, W} converges to a normal with mean 0 and variance n~ty wfj for j =1,2.

Note that

n

Wy =W £ 0723 (v — ) (Gs — 1),

i=1
Here, (12 —¥i1)’s, i = 1,...,n, are i.i.d random vectors with E(1; — ;1) = 0 and E|);s —
i |* < oo. Independent of (b;2 — 1), (G; —1)’s are i.i.d random variables with mean (0 and
variance 1. Since (¢;2 — ;1) depends on the sample (x;,y;), Lemma 2.9.5 in van der Vaart
and Wellner (1996) implies that, conditional on the data,

n™Y2 N " (i — 1) (G — 1) =5 N(0, Var (s — 911)). (S.3)

=1

Next, as shown in Theorem 1, W, L -1/ > i and Wy L -2 > Vi, therefore,
Wy — W, Lot Z(¢z2 — i) -2 N(0,Var(yrs — ¥n1)).

=1

This together with (5.3) and the asymptotic equivalence of W, and Wy, (Jiang et al. 2008)

lead to the asymptotic equivalence between Waio and W3 ,, which concludes the proof. W

S.3. Calculation of the transformation matrix in Section 3.2

Given a d dimensional hyperplane f(x;0) = b+ wix; + -+ + wgry = 0, we aim to find

a transformation matrix R € R%¢ such that the transformed hyperplane f(x; OT) = b +



wal + 4 wj;xd = 0 is parallel to X},...,X;_1, where (wi,--- ,w;)T = R(wy, - ,wqg)T

and b' = b. Here, we implicitly assume that wg # 0.

We construct a class of linearly independent vectors spanning the hyperplane:

1 0 0
0 1 0
0 0 1
_w _ w2 _ Wd—1
L wq L wq L wq

Denote these vectors as vy, vs,...,u4_1. Then, by Gram-Schmidt process, we can produce the

following orthogonal vectors vy, Us,..., Ug_1:

v = Vi,
Uy = vy — %_1,
Gia = vy M o Sumleerg

where the inner product < u,v >= Z?Zl wv; for u = (u1,...,ug) and v = (vq,...,vq).
Denote 04 = [wy,- -+ ,wg]?, which is orthogonal to every v;, i = 1,--+ ,d — 1 by the above
construction. In the end, we normalize u; = v;||t;]|™* for i« = 1,--- ,d, and define the
orthogonal transformation matrix R as [uj,...,uq)’. By some elementary calculation, we
can verify that that w,j =0fori=1,---,d—1 but wil # 0 under the above construction.
Therefore, the transformed hyperplane f(x; OT) is parallel to &, ..., Xy_1. |

S.4. Asymptotic Normality of 8., and D, for LUM

This section establishes the asymptotic normality of 137 and /057 (with more explicit forms
of the asymptotic variances) by verifying the conditions in Theorem 1, i.e., (L1)—-(L5). In

particular, we provide a set of sufficient conditions for the LUM, i.e., (L1) and (A1) below.
(A1) Var(X|Y) € R™ is a positive definite matrix for Y € {1, —1}.
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Assumption (Al) is needed to guarantee the uniqueness of the true minimizer ,. It is
worth pointing out that the asymptotic normality of the estimated coefficients for SVM has

also been established by Koo et al. (2008) under another set of assumptions.

Corollary 1 Suppose Assumptions (L1) and (A1) hold and N\, = o(n~/?). For each v €
[0, 1],
Vn(0, — 60,) —5 N(0,%0,) asn — oo, (S.4)

where $o, = H(0o,) ' G(00,)H(Oo,) " with G(0o,) and H(0y,) defined in (S.6) and (5.10)

in the supplementary materials.

In practice, direct estimation of Xy, in (5.4) is difficult because of the involvement of
the Dirac delta function; see (5.8) and (5.9) in Section S.5 of the supplementary materials.
Instead, we find that the perturbation-based resampling procedure proposed in Stage 1 works
well.

Next we establish the asymptotic normality of 737.

Corollary 2 Suppose that the assumptions in Corollary 1 hold. We have, as n — o0,

VD, = Di,) <5 N (0, B(v1,)), (S.5)

where 1, = 3|Y1—sign{ f (X 1; 80,)}|— Do, —d(80,)" H(8o,) ' My(60,), d(0) = Ve E(D.(8)),

and

(1= N1 X1 Ly, (X100, 57}

M1<00»y) = _EX1[{Y1f(X1§007)<7} - 2
(Ylf(X1§ 0o,) — 27 + 1)

Corollary 2 demonstrates that the K-CV error induced from each LUM loss function yields
the desirable asymptotic property under Assumptions (L1) and (Al). It can be applied to

justify the perturbation-based resampling procedure for LUM as shown in Theorem 2.



S.5. Proof of Corollary 1

It suffices to show that (A1) and (L1) imply Assumptions (L2)-(L5).

(L2). We first show that the minimizer 6y, exists for each fixed v. It is easy to see
that R,(0) is continuous w.r.t. 6. We next show that, for any large enough M, the closed
set S(M) = {9 € R': R, (0) < M} is bounded. When yf(x,0) < v, we need to show
S(M) = {0 € R : E[l - Yf(X;0)] < M} is contained in a box around the origin.
Denote e; as the vector with one in the j-th component and zero otherwise. Motivated by
Rocha et al. (2009), we can show that, for any M, there exists a a; ) such that any 0
satisfying | < @,e; > | > oy leads to E[(1 =Y f(X;0)Iys(x:0)<y))] > M. Similarly, when
yf(x,0) >, S(M) is contained in a sphere around the origin, that is, for any M, there exists
a o such that any 6 satisfying | < 8,0 > | > o leads to E[m)((l;;—)w_)zwl(yf(x;g)zfy))] > M.
These imply the existence of 8y,. The uniqueness of 6y, is implied by the positive definiteness
of Hessian matrix as verified in (L5) below.

(L3). The loss function L, (y f (x; 8)) is convex by noting that two segments of L. (y f(x; 8))
are convex, and the sum of convex functions is convex.

(L4). The loss function L. (yf(x;@)) is not differentiable only on the set {x : 760 =
v or 270 = —v}, which is assumed to be a zero probability event. Therefore, with probability
one, it is differentiable with

(1-)zy .
(yCNCTH . 2,.)/ + 1)2 (yz' 6>7)>

VoL, (yf(x;0)) = —2yl z79<) —
and hence

G(00,) = B[ToLy(Y [(X:0))0L(Y F(X:0))lo=0,,

(1-7) XX Y? y }
(VX" 0y, — 2y + 1)0 FX 0=
P(X)A(X. 0,) + (1= p(X))B(X, 0,)] }. (3.6)

Y2

_ E{XX

T
(YX" 00,<7)

- E{XX



where A(X,0,) and B(X,6y,) are defined as

1— 4
AX,00,) = Tor, _ + ~T( ) I
(X" 0y, — 2y + 1)

(X" 00,>7)

BX.0) = I on 4=
» Y0y (=X 00»Y<"{) (XTOO +2’)/— 1)4 (=X eo,yz,y).
Y

Obviously, |A(X, 6o,)| and |B(X, 6,,)| are both bounded by one. Therefore, G(8,,) < oo
based on the moment condition of X.

(L5). We prove it in three steps. First, we show the risk R,(0) is bounded. For each

fixed v € [0, 1],
R.(0) < E|L,(Yf(X:0))| = E|(1- YXT@)](YXT@< S+ — (Tl —)° Ty xTosn)
7YX 0—-2y+1 =7
< E(l—YXTH)[ T ‘—i-E’ (1_fy>2 T
= (YX 6<y) YXT9—27+ 1 ¥X 627
< T
< Ell-vx e)I(YXTkU‘ 1 =] < o0, (S.7)

where the first term in (5.7) was shown to be bounded in Rocha et al. (2009).

Next, we derive the form of Hessian matrix. The moment assumption of & and the
inequality (yz70 — 2y 4+ 1)2 < (1 — )% lead to E|VeL, (Y f(X;0))| < E| — XY| + E| —
XY| < 2E|X| < oo. Then, dominated convergence theorem implies that VgR.(0) =

E[veL,(Y f(X;0))]. Hence, the Hessian matrix equals VoE[VeL,(Y f(X;0))]. We next



derive the form of E[VeL,(Y f(X;0))]. Note that

E[veL, (Y f(X;0))] = E[ - XY]{YXT(;@} - (Y;;T;?Zfi )2 {YXTOEW}]
= L {I{Y=1} [ = XIixrge ~ ( X%_—?jf )2 {XTezv}}
+ Liy=-1} [XI{_XT0<7} + (X;IE':—VQ)j)—( 1)2 {—XTHZV}} }
= E{p(X) [ - XI{XTe@} N (5(50_—72);); 1)21{5(T9>7}] }

+ E{(l —p(X)) [Xj{fXTea} + (Xgelé)j)_( 1>2I{XT027}] }

= FE1(0) + Ex(0).
After tedious algebra, we can show

VoE1(0)o—0,, = E{XX

VoE(0)o—0,, = E{XX

where

- T N2
(L=)*6(X 60, =) 20 =D 50,2
(X600, —2y+1)2 (X 0y —2vy+1)3
(1-7)%0(X 00, +7) 20—V 579 5,

~ T )
D(X,00,) = 6(v+ X 0o,) — —— - = , (8.9)
! U (X0, +2y -1 (X0, +2y— 1)

C(X.00,) = 0(v—X 00,) — (S.8)

and 0(-) is the Dirac delta function. Hence, we can write the Hessian matrix as

H(6,) = E{XXT [p(X)C(X, 0o,) + (1 — p(X))D(X, 007)} } (S.10)

Finally, we establish the positive definiteness of H(6o,). We write H(8¢,) = R1(600,) +



Ri(80,) = E{XXT P(X)3(7 = X 00,) + (1= p(X))3(y + X 6y,)] }

- < X 2I .r
Ry(60,) = (1 - 7)2E{XXT (-0 S0+ X b)) X )
(X 00, +27—1)2 (X Oy, +2y— 1)
0 XTOO’Y) -7 2I(XT00V§7)
—p(X) (=7 S— )t
(X 60, —2y+1)2 (X g — 27+ 1)

Next we show the positive definiteness of R (0, ). Let f, be the density of 2 @y,. According
to Lemma 9 in Rocha et al. (2009), Assumption (L1) implies that fz(y) > 0, fz(—7) > 0,
P(Y = 1|)~(T007 =) >0, and P(Y = —1|}~(T007 = —v) > 0. Note that R;(6¢,) can be

rewritten as

< o T < T < T
Ri(60,) = E[XX'|Y =1,X"60, = 7| P(Y = 11X "8y, = 1) fx(7)

~ ~ T ~ T T
+E[XX v =-1,X Oovz—y]P(Y:—HX 00, = —7) fx(—7).

In order to show R;(6o,) is positive definite, it remains to show that £ [X X T|Y =1, X T(S’O7 =
”y} or £ [XXT\Y = —1, XTHO7 = —”y} is strictly positive definite. Rocha et al. (2009)

showed that

T . —b
E[XXT|Y,XT007:7] - E[XXT|Y,Xva07:7 OV}

[[woy||
—b 2 —b
<7 0’Y> (Uwovvgov) + Var <X|Y, XTUwO“{ = uééll)
[[woy|l [[woy||

where S; = Sy means S; — Sy is positive semi-definite, and vy, = oy

= Twoll" By assumption

(A1), Var(X1Y) is non-singular, and hence Var <X|Y, X 0y, = \’\Y;SZTI) has rank (d —1) .
Therefore, the right hand side of (5.11) is strictly positive definite when vy # by,. Similarly,
E[X X T|Y, X T«907 = —7] is strictly positive definite when v # —bg,. Therefore, either

E[XXT|Y = 1, X% wy, + by, = 7} or E[XXT|Y = —1, X" wy, + by, = —7] will be

10



strictly positive definite at 6y,. This leads to the positive definiteness of Ry(6o,).

In addition, similar argument implies that Ry(6o,) is positive definite at 8,. This is due
to the fact that (XT(%7 + 27 —1)3 < 0 when )NCTHOAY +v <0, and ()~(T4907 —2y+1)3>0
when X T007 — v > 0. Therefore, the Hessian matrix H(60y,) is strictly positive definite for

any 7 € [0, 1]. This concludes the proof of Corollary 1. [ |

S.6. Proof of Corollary 2

Following the proof of Theorem 1, we only need to show that
V0, = 60,) = —n P H(B0,) " D Mi(B5,) + 0p(1),
i=1

where )
(1 = 9)?YiX il (v £(X:60,)27)

(Kf(Xﬁ 0oy) — 2 + 1>2

M;(80,) = =i X il {v,f(X::00,)<7) —
Similarly, we denote Z = (X*,Y) and t = (b;, w!)”, and write

Ly(Y (X500, +1)) = Ly (Y f(X6005))

_ T (1—7)?
= (=YX 0oy + )11y 37 60, 1)<} YXT(HOV T)_2 1 1[{YXT(90A,+15)27}
o T (1—9)°
—(1-YX'0)I Ly %7005

OXon<d v xTe, oy 11
= M(00,)"t + R(Z,1),

11



where

T (1-— 7)2YXT

M(00,) = —YX Iy 1570, )y ~ (YF(X':00)— 27+ 1)2]
) Y

(Y F(XT100,)>7}

2
(1—=7) ]{Yf(XT;eowt)zv}

R(Zt) = (1=YF(X:00,+0) Iy pix7 00 10en — Loy sxmsomet|

(1—7)° =YX
YF(X"100) —27+1 YF(X ;60,)—2v+]1

YF(X 100 +1) —27+1

I V(X" 00,)>7}

It is easy to check that E(M(60y,)) = VoR,(0)|o—0,.,
1
E[R(Z,1)] = 5t" H(00,)t + o([[t]*) and E[R*(Z,1)] = O(|lt]).
The remaining arguments follow exactly from the proof of Theorem 1. [

S.7. Proof of Lemma 1

In the proof of Corollary 2, we showed that for any v € [0, 1],

VB, 80) =~ PH(B,) ] Mi(By,) + op(1); (512
Va(Dy = Doy) = 0723 i +op(D), (S.13)

where ¢, = |Y; — sign{f(X; 6o,)}| — Do, — d(8¢,)" H(00,) ' M;(8y,). In addition, (S.12)
and (5.13) converge to normal distributions.

Next, we show that the right hand sides of (5.12) and (5.13) are uniformly bounded over

12



v € [0,1]. Denoting the L; norm as || - ||1, we have

sup || M;(6oy)

~€[0,1] 1
. (1= ¥ X L1y, f(X1:00,)27)
< sup || = YiXilvir(x,00)<v)| + sup 2
selo el (VX 60) — 2y + 1)
< Q)X . (S.14)
1

In addition, Amax(H(60,)) < ¢ in Assumption (B1) implies that each component of the
Hessian matrix is uniformly bounded since ||H(0¢y)||max < ||H(004)||2 = Amax(H (0o,)). This

combining with (5.14) and Central Limit Theorem leads to

-~

\/5(07 B 00’7)

sup
~v€[0,1]

= 0p(1). (S.15)

Similarly,
sup 2/}i'y
v€[0,1]
1 ) < T : _

< sup -|Y; —sign(X; 0o,)| + sup |Do,| + sup |d(0o,)" H(0o,) ' M;(6,,)

v€[0,1] v€[0,1] 7€[0,1]
< 141+ sup (d(6o,)| sup H(Goy)’l‘ sup ||M;(6oy)

~v€[0,1] Lyefo.1] max ye[0,1] !

< 24 o] Xy, (S.16)

where c3 in (5.16) is a constant according to || H(0gy) ™ |lmax < [|1H(00y) 2 = 1/Amin(H (6o)) <

1/¢; from Assumption (B1), and

1460l < 4|[VE (Toisixiony<n ) || < 40(-Yi05 X1 Xilli =0 as,

13



with 0(z) =0 for z # 0 and co at z = 0. So (5.16) leads to

sup \/ﬁ)ﬁ7 — Dy,

~v€[0,1]

= Op(1). (S.17)
In the end, the definitions of 4§ and 7 imply that
DO’YS - DO%k S 0 and ﬁ% - 673 S 0. (818)

Therefore, we have DO’YE; — ﬁ:;g = DO'y(j — D():%f + Do:%f — 6@6 S Do:%f — ﬁ%ﬂ = Op(nfl/Z) based
on (5.17) and (5.18). Using similar arguments, we have ﬁ:ﬁ; — Dyye < Op(n™/2). The above

= Op(n~"/?). This concludes the proof of Lemma 1. W

discussions imply that ‘5% — Doy

S.8. Lemma 3

The following Lemma will be used in the proof of Lemma 4.
Lemma 3 The generalization error Do, = 3 E|Yy — sz'gn{XOTb\VH is continuous w.r.t. 7y a.s.

. .. . . A o~ .
Proof of Lemma 3: The discontinuity of sign function happens only at X6, = 0, which
is assumed to have probability zero. Hence, it is sufficient to show 57 is continuous in vy by

dominated convergence theorem. Recall that 57 = argminge pa+1 O, (0) with

Awlw

2

Note that O, (0) is continuous w.r.t. v due to the continuity of L. (u) w.r.t. 7. Then, for any
sequence v, — Yoo With v € [0,1], continuous mapping theorem implies that |O,,, (0) —

Onrgo (0)] < 6 for any 6 > 0 when n is sufficiently large. Denote 5700 = arg ming Oy, (0)

and G = {0 : (|0 — 5700H < €}. For each fixed €, we construct

min@eRd“\Q O"’YOO (0) - O?Woo (0700)
5 .

6:

14



Then we have

O”’YOO (0700) = geg%liﬂ\g O”’YOO (0) — 20
< geg}ianl\g O”’YOO (0) + O”’Yn (0) - O"’YOO (0) - 5
S On’yn (0) - 67

which is true for any 8 € R%*!. Therefore,

On’Yoo (0700) < GE%LI}\Q OTL'Yn (0) - 5 (819)

~

On the other hand, |0, (0) — Ony (0)] < 6 implies that Oy, (0+,,) — Onreo (5%0) < ¢ and

-~

hence minge ga+1 Opy, (0) < Opagy (64,) + 9. This combining with (S.19) leads to

min Oy, (0) < min O, (0).

OcRd+1 OcRI+IN\G

Therefore, arg minge ra+1 O, (0) € G, and hence /éAY is continuous at vyy9. Note that € can be
made arbitrarily small and v is an arbitrary element within [0, 1]. This concludes Lemma

3. |

S.9. Lemma 4

Lemma 4 shows the (element-wise) asymptotic equivalence between Ay and KO. It will be

used in the proof of Theorem 3.

Lemma 4 Suppose that the assumptions in Lemma 1 hold. We have, as n — oo, (i) for
any v € /A\o, there exists a v € Ng such that 5 R v; (ii) for any v € Ao, there exists a7 € Ao

satisfying 5 ER .

Proof of Lemma 4: Our proof consists of two steps. In the first step, for any 7 € KO with

15



~ P
~ — 7, we have

~

Doy = Doy = (Doy — Doy) + (Dog — D5) + (D5 — Dy;) + (Dy; — Doyg)

= I+I1T+1IT+1V.

Obviously, we have I = op(1) according to continuous mapping theorem and Lemma 3, and
1,1V = 0p(1) due to (S.17). As for I11, we have I11 < Ds; — Doz +1Y2¢5 55.0/0 < 0p(1)
since 7 € JA\O defined in (15). The above discussions lead to the conclusion that Dy, — Dy <
op(1). Therefore, we have P(y € Ag) > P(Doy — Doye < 0) — 1.

In the second step, we apply the contradiction argument. Assume there exists some
v € Ag such that 7 ¢ /AXO for any 7 Rt v. The above assumption directly implies that
133 — 7533 > op(1). The analysis in the first step further implies that there exists some
7" € Ao, i.e., Doy- = Doy, with probability tending to one such that 7 R ~v*. Then, we

have

Doy = Doy = (Doy — Dog) + (Dos — Dy) + (D5 — Dg;) + (D5 — Doy)

= I+ II+1IT"+1V".

Recall that I, I1 = op(1) and 11" > op(1) as shown in the above. We also have I'V' = 0p(1)
due to (S.17) and the fact that 7} L . In summary, we have Dy, — Dyy+ > op(1), which

contradicts the definition of . This concludes the proof of Lemma 4. |

S.10. Proof of Theorem 3

The proof consists of two major steps. In the first step, we show that

sup n|DBI(S(X:0.)) — DBI(S(X:8.))| — 0. (8.20)

~v€[0,1]
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Denote DBI(S(X;/O\W)) =153, az, Var(nw) i(_qy» Where CI:Z( o = (1 ,(Rvazi)(T_d))T and

R, is the transformation matrix associated with the loss function L.. Then we have

sup n‘ﬁB\I(S(X; 6.)) — DBI(S(X;0.))

~v€[0,1]
< sup n’@(S(X;@W)) ——BI(S(X;@Y))‘ + sup n]—DBJ(S(X@)) — DBI(S(X;86.)).
v€[0,1] 7€[0,1]
(S.21)
Next we show each summand in (S.21) converges to 0. For the first summand, we have
sup n’l?B\I(S(X,aw)) - DBI(S(X;@W))‘
~v€[0,1]
= sup n‘ wz Var - — Var
e Z Z ()i,
— sup (Z (Var@!) — Var@))z!_, . (S.22)
~v€[0,1]
where T o
)Y _ by
Var(@h) = 2% and Var(fl) = —2-2
! "(wi,d)g ! n( :ryd)2

op(1) due to the boundedness of de. In addition, uniform law of large numbers implies
that each component of iL — E(Th uniformly converges to 0 w.r.t. -, because each element

of EA]L is continuous w.r.t. v (by similar arguments as in Lemma 3). Therefore, we have

o ~ D
n|Var(n!)—Var(n)| = @ )2 - (wT7 B
v,d v,d
DPERESE S —aor(l)

_ Zud) (=) (= (593
(w] 2 +op(1) (] 2[(w] ;)2 + op(1) 52

17



where the second term in (5.23) uniformly converges to 0 due to Assumption (B1) and the
boundedness of wiyd. Therefore, each element of (5.23) uniformly converges to 0, which
implies that (5.22) converges to 0.

As for the second summand of (S.21), we again apply uniform law of large numbers to
show

sup n|DBI(S(X;80,)) — DBI(S(X;8.))| — 0.

~v€[0,1]

1T ~ . . . .
Note that X Ifd)Var(nw)TX Z*d) is continuous w.r.t. v by similar arguments as in Lemma 3,

and
n X Var(n,y X( d)‘ = ‘ (R a:) )TnVar(ﬁL)(l, (RV:I;)(T_d))’ < 04‘1+w{_d)w(_d) < ¢s,

where the first inequality holds because each component of nVar('ﬁL) is uniformly bounded

due to the boundedness of wl;’ ; and Assumption (B1). Then the uniform law of large number

implies
sup n’DBI(S(X; 6.)) - DBI(S(X;9,))|
~v€[0,1]
= ~TT -2yt A 1T 1 =2yt ot
- vsel[tpll _Z o v,(~d )(777) H(—d )_E<X(_d)(w%d) ZO%(fd)X(—al)ﬂ
- 0 (5.24)

Combining (5.22) and (5.24) leads to (.5.20).
In the second step of the proof, we show n(ﬁB\I(S(X, 5%)) — DBI(S(X; 5%))) < op(1)
and n(DBI(S(X;b\%)) — @(S(X;b\%))) < op(1), from which the desirable result (20)

follows.

Firstly, we prove

n(DBI(S(X;85,)) - DBI(S(X;8,,))) < or(1).

18



Denote 75 = arg min_ 3z, DBI(S(X;@V)). For vy defined in (19), Theorem 4 implies that

there exists a %A € Ao such that %A R Y0, then we have

n(ﬁB’\I(S(X; 6-,)) — DBI(S(X )
— n(ﬁj}'ﬁ’\I(S(X;@%))—DBI(S(X 0..)) ) n(DBI(S(X 6.,)) — DBI(S(X; eAA)))
X0,

)

+n (DBJ(S(X; 0..)) — DBI(S

< n<ﬁB\1(S(X;§§g)) ~ DBI(S(X:6.)) ) n<DB] X:0.,)) —DB[(S(X;a%A))>
+n (DBI(S(X; 0..)) — DBI(S(X:0,, )

< s;lfon‘DBI S(X;8.)) — DBI(S(X;8.))| + op(1)

< op(1), (S.25)

where @(S(X;/é%)) < ljB\I(S(X,gag)) according to (18), DBI(S(x; /éag)) < DBI(S(=; /O\%A))
due to 5§ € Ao, DBI(S(X;052)) — DBI(S(X;6,,)) = op(n™") according to 55 = 79 and
continuous mapping theorem. All these together with (5.20) lead to (5.25).

Secondly, we prove
n(DBI(S(X;8,,)) — DBI(S(X;85,))) < op(1).

Denote 7y = argmin. ey, l?B\I(S(X,/O\W)) For 7y defined in (18), Lemma 4 implies that

there exists 58 € Ay such that 7y =R ig, then we have

n<DBJ(S(X;§%)) — DBI

(S(X:85,)))
n(DBI(S(X;85,)) - DBI(S(X;85,))) +n(DBI(S(X;85,)) - DBI(S(X;85)))

<
+ n(zﬁ(sm;%)) — DBI(S(X; 9%»)
< sup n‘l7B\I(S(X;§7)) - DBJ(S(X;@,))) +op(1) < op(1), (S.26)
YEAoQ

where DBI(S(X;0,,)) < DBI(S(X;85,)) by the definition of 7o, DBI(S(X;85,)) <

19



-~

DBI(S(X;85;)) due to the definition of 5, and DBI(S(X:8s)) — DBI(S(X;05,)) =
op(n~1) according to Jy ER ﬁg and continuous mapping theorem.
Consequently, combining (5.25) and (5.26) leads to n ﬁ(S(X; 5%))—DB[(S(X; 5%)) —

0, which concludes the proof of Theorem 3. |

S.11. Notation Table S1
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Table S1: Important notation, its meaning, and where it first appears.

Notation Meaning Section No.
T input variable 2
x = (1,21)7 2
p(x) conditional probability P(Y = 1|X = x) 2
bw, 0 intercept, coefficient and parameter 6 = (b, w’)” 2
S(x;0) the decision boundary induced from 6 2
P(X,Y) joint distribution of (X,Y) 2
Rr risk of loss function L 2
bor, wor, Oor true intercept, coefficient, and parameter 2
(xi,vi), Dp training data D, = {(x;,v;),i=1,...,n} 2
Onr empirical risk of loss function L 2
bL, wr,, 0 L estimated intercept, coefficient, and parameter 2
Dor, GE from loss function L 3.1
D Ls B(EL) empirical generalization error from loss function L 3.1
ﬁL K-CV error from loss function L 3.1
G(60or), H(OoL) the gradient matrix and Hessian matrix 3.1
Wr, = nl/Q(ﬁL — Do) 3.1
Dy(0) = 3 Elyo — sign{ f(z0; 0)}| 3.1
d(o) — VoE(D(6)) 3.1
Dy, Bj, ﬁj GE, empirical GE, and K-CV error w.r.t L; 3.1
A1z, A1o Ajg = Doy — Doy; Ajg =Dy — Dy 3.1
W; = n'/2(D;j — Dy;) 3.1
WhaL, =Wy —-W; 3.1
G; the random variable generated from Exp(1) 3.1
5: W]f", WAL, the perturbed version of the corresponding terms 3.1
5;(T), W]*(r)7 WZ(I? the corresponding terms in the rth replication 3.1
?1.2:0 the ath upper percentile of the sequence WZ(I? 3.1
Xi,..., Xy the original axes 3.2
RL the transformation matrix induced from loss L 3.2
ETL, w;, 0 I transformed estimates of parameters 3.2
E(T) I ZE the covariance matrix and its transformed estimator 3.2
ET L(—d)’ iT L(—d) removing last row and last column of EZ)L and iTL 3.2
L, the LUM loss function indexed by ~ 4
0o, 0 true and estimated parameter from L, 4
R, true risk from L, 4
Doy, 137 GE and CV error from L, 4
o/ %k LUM index of minimal GE, minimal K-CV error 4
Ao, Ao true and estimated set of potentially good classifiers 4
Y0, Y0 optimal index and its estimate 4
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