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Supplementary Material

S1. Proof of Lemma 1: Let us consider h? € A4(RP), the affine subspace spanned by the
origin and the first d vectors of the canonical basis in RP. Take r > 0 such that Px (S(h%,r)) >
1 — « and consider the trimming function 74 = g4,y € Ta—. We have

Vaa(X) < |z — Prya(x)|?dPx(z) < r*. O

i ).
Px (S(h, 7)) Js(na

S2. Proof of Lemma 2: For every 7 € T, 5 and 7' € T3, we have that

7(x)(1 —7'(2)) = O0forallaz¢ S(h,rs(h)),
/7‘(1})(1 —7'(2))dPx(z) = /TI(CL‘)(l — 7(z))dPx(x), and,
7' (x)(1 —7(z)) = Oforall x€ S(h,rs(h)).

Hence, by applying the above equalities, we have

/ (@)1 — 7' (2)) |z — Pra(2)|*dPx (z) < r3(h) / 7(2)(1 — 7(2))dPx () (s2.1)

— 12 () /T'(x)a — 7(2))dPx(z) < /T'(m)u — @)z — Pra(@)|PdPx (z).  (S2.2)
So, we have
[ 7@l = Pru(e)apx @)
— [ r@r @l - Pr@|*dPs (@) + [ @)1~ @) - Pra(o)dPx(z)
[r@r @l = Pru@)Fap + [ 7@ - r@)la - Pra@) Faps (o)

IN

/T/(l')H{E — Prh(x)HQdPX (z).
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Moreover, the equality holds if and only if (??) and (??) are equalities. However, (?7) is

an equality if and only if
[ @)= @)irda) =0,
S(h,rg(h))

which implies that
/ (1 — ' (2))dPx (z) = 0,
S(h,rg(h))

and, thus, we conclude that Isn,rz(n)) < 7', Px-a.e. . The equality in (??) would analogously

imply 7/ < I§(h,rﬁ(h))’ Px-a.e. Therefore, assertion (b) in this Lemma is also proven. O

S3. Proof of Lemma 3: Without loss of generality, we can assume that 7, g > 7h,q, Px-a.e.,
for 8 < « (in fact, we can always choose 7,3 and 75, such that 7,38 > 7,0 pointwise).

Now, we can see that

[ ma@dPs(@) [(ns(a) = na(@)le - Pruo) s (o)
> [ ma(@)dPx(a) 720 [(n5(2) 70 (@) dPx (@) (83.1)
> [ ma@le - Pr@[fdPs @) [ (s - na@)dPela),  ($32)
and then we have
[ ma@irs(@) [ sl - Pr@|Pdry (@)
_ / The(2)dPx () / Tha(@)|z — Prn(a)|2dPx (2)
+ [ Da@dPx (@) [ (ns(@) = mha@)lle — Pru(o) PPy (@)

\%

/Th,a(x)dPX(:E)/Th,a(x)HxfPrh(x)HZdPX(m)
+ [ 1l = Pra@|*dPs (@) [ (7h5(a) = 7)) dPx (@)
= /Th”g(:c)dPX(:c)/Th,a(x)Hm—Prh(:r)szPX(x).

Now, by using [ 7h,(z)dPx(z) =1 — a and [ 74 p(z)dPx(z) = 1 — B, we have

ﬁ /Th,ﬁ(x)HfE — Pry(z)|?dPx (z) > ﬁ /Thva(f’?)ﬂx — Pru(2)||*dPx (x).

and result (a) is derived.
Moreover, the equality in (a) holds if and only if (??) and (??) are equalities. Now, the

equality (??) holds if and only if

/, (7h.5(2) — Thoa())dPx (2) = 0,
S(h,ra(h))c
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which holds if and only if 7o (h) = rg(h). Analogously, (??) is an equality if and only if
/ Th,a(2)dPx (z) = 0,
S(h,ra(h))

which implies Px (S(h,r«(h))) = 0. In other words, all the probability mass is concentrated on
the boundary of S(h,rs(h)). O

S4. Proof of Lemma 4: Let us consider a ball B centered at the origin and with radius
R > 0, such that Px(B) > max{l —«a,a}. As Px(S,) <1l—-a< Px(S,), it can be easily seen
that S,,NB # () and B € S,,. Therefore, d,, — R < r,, < d,, + R for every n € N, and {rn}n will
be bounded if and only if {d,}» is bounded. We will prove that {d»}» is a bounded sequence.

Let {e,}n and {yn}n be two sequences of positive numbers such that &, | 0, v, 1 co and
Px(B(0,v,)) > 1 —&y,. If {dn}n were not bounded, we could find a subsequence (denoted as
the original one) such that d,, > 2, for every n € N. Then, we would have

1
Vaalhn) = R T (z)||z — Prp, (2)]|*dPx (z)
1
> [ n@le - Po @) P
L—a /B
1 / )
> () 75, dPx ()
L=a Jpoqm)
> 7271_0[_8" 1 00 as n — 0o,

1—
contradicting the boundedness of Vg . Thus, {d»}» and {r,}, are bounded. O

S5. Proof of Theorem 1 (existence): Taking into account the comments and results
at the beginning of Section 3, we can take a sequence {hn}n C Aq(RP) satisfying Vi a(hn) |
Vi, as n — 00, and such that the corresponding sequences of unitary director vectors, distances
to the origin and radius are convergent. Let us denote ho € A4(RP) the limit subspace, ro the
limit of the radius sequence and So = S(ho,r0) the corresponding limit strip.
We have that
Isy(X) <liminf 7, (X) < liyrlnsuan(X) < Iz, (X),

n

and then, Fatou’s Lemma implies

n

/Iso (x)dPx(z) < /lim inf 7, (z)dPx(z) <1 -«

IN

/liTILnsuan(ac)dPx(m) < /Igo (z)dPx (z),

which means that ro = ro(ho) and So = S(ho, 7a(ho)).
We can consider a trimming function 7o := 7hy,o € Ta associated to the limit strip So. If

we prove that ho satisfies limn oo Va,a(hn) = Va,a(ho), then

Via,a(ho) = Va,a = Va,a (h),

inf
hE A, (RP)
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and the proof would be finished. To do this task, we need to prove that

‘ /Tn(I)HI — Pry,, (:c)||2dPX(x) - /To(x)H:U — Pry, (:c)||2dPX(x) — 0.

Let us denote E,, = S§N Sy, Frn = SoNSE and G, = So N Sy. Note that the convergence
of the sequence of strips S,, toward the strip Sp implies that Px(E,) — 0 and Px (F,) — 0 as
n — oo. Thus, taking into account that 7,(z) = 7o(z) = 0 for € (E, U F, U Gy)°, we can

decompose

\ / 7o (@) — Pra, (2)2dPx (z) — / 70(z) [ — Prg ()|2dPx ()

< / 7o (@) — Pra, (2)||2dPx () - / 7o(2) [ — Prag (2)|2dPx (x)

n n

+ | [ m@le = Pr,@IPdPx(e) - [ n(@)lz - Pray @) dPs (o)

n n

+ | [ m@le = P, @PaPs @) ~ [ mo(@)la - Pray @) dPs (o)

n n

= AW 4 A® 4 4B

We need to prove that A%l), AP and A converge to 0. For AS), recalling the bounded

character of the sequence {rn}n from Lemma 4, we have:

AY < | [ n@)le - Pun, @) aPx (o)
+\ [ w@lle = Prsy @)lFapx )
< 72 / Tn(z)dPx (x) + 5 / 70(z)dPx ()
< 12Px(En) +roPx(BEy) = (r2 4+ r3)Px(En) — 0.

In a similar way we can prove that Ag) converges to 0. To study the convergence of AS”

we can obtain the following decomposition:

A9 < | [ n@le = Pru, @IF - Lo = Prug (@) P)aPx (2)

+ = AP + APY.

/ (tn(z) = 10(2)) || — Prng (2)[|*dPx (z)

n

As for x € G, it holds 7, (z) = 7o(z) = 1 and then 7,(z) — 70(z) = 0, we have AP =0

and it only remains the convergence of AS? @), Now, taking into account the uniform continuity

of the real valued quadratic function g(x) = x? on the compact set [0, sup,, ], we have

AS < sup {nx o, @)~z — Prho<x>||2}<1 Ca) 0,
z€Gp

and the proof is complete. O
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S6. Proof of Theorem 2 (continuity): It suffices to prove that every subsequence of {hy }»
(resp. {Vi}n) admits a new subsequence which converges to ho (resp. Vo). Along the proof, all
subsequences will be denoted as the original sequences.

For every n = 1,2, ..., let us denote by 7, = 7,,(X;) a trimming function in Tx,,«. So, with

r,n =1,2,..., the radius associated to 7, that is,
r, = inf{r > 0: Px, (S(ho,7)) <1—a < Px, (S(ho,7))},
we have Is(ngr) < 7 < Ig(ny 1 y- Moreover, denote

1

|/
" l-a

To(@)llz — Prag (2)|*dPx, ().
Obviously, {r},}. is a bounded sequence, so we can assume, without loss of generality,
that r;, — 7 for some r, € R. Then, because of the continuity of Px,, we have 7;,(X,) —

IS(hg,'r'é)(XO) P-a.e., and, then, taking into account that |7;,| < 1, we may write

1—a= /T,'L(x)dPX,,L (z) — /[s(ho,r())(x)dpxo (z), asm — oo.

Therefore, we have g,y (Xo) = 70(Xo), P-a.e. .
The sequence {7 (X,)||Xn — Prag (Xn)?||}n is uniformly bounded and satisfies

Tn (X)X = Prag (Xn)|I* = 70(Xo0) [ Xo — Pray (Xo)||?, P-ace. .

Hence we have

1
Vo<Vl = o [ m@)lle - Prag @)l *dPx, (2)

1
=+ 2o [ @z = Pray @) dPs, (@) = Vo
and, consequently, recalling the optimal character of V,, for X,,, we have
limsup V,, < limsupV,, < V. (S6.1)

Taking into account Lemma 5 and the boundedness of the sequences of unitary spanning
vectors, we can take a subsequence of {hn}, C Aq(RP) such that the corresponding sequences
of unitary spanning vectors, distances to the origin and radius are convergent. Let us denote
R € A4(RP) the limit subspace, r° the limit of the radius sequence and S° = S(h°,r%) the
corresponding limit strip.

In order to prove that S° = S(h°,r%) provides trimming function of level o for Xy, we
note that lim, 7,(X,) = Is0(Xo), P-a.e.. Now, by taking into account that |7,| < 1 for every

n=1,2,..., we have

1—a= /Tn(x)dPxn (z) — /Iso(x)dPXO(x),
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so that Igo is a trimming function of level a for Xo. Let us denote V? the associated trimmed

variation around h°, i.e.

1

V= it [ Iso(@)le - Prio(@)dPy, (o)

Moreover, the sequence {7, (X,)||Xn — Pra, (X5)?||}n is uniformly bounded and satisfies
o (Xn) || Xn — Pra, (Xn)||* = Iso(X0)||Xo — Prjo(Xo)|?, P-ace. .

Then, we have

Ve = 1= / 7u(@)|lx — Pry, (2) | *dPx, (2)

= o [ 1@l = Pro(a)|*dPx, (@)

and, consequently, recalling the optimal character of Vy for Xy, we have
lim inf V,, = Vo> 1. (86.2)
Finally, from (??) and (??) we obtain
limsup V,, < limsup Vi<V<V0< lim inf V., (S6.3)

i.e., lim, V,, = Vi, P-a.e. and the convergence of the variations holds.

Moreover, from (??) we also have Vo = V° and then h° is optimal for Xo, but taking
into account the uniqueness of the d-dimensional trimmed principal component subspace of X
we must have hg = h°, Px,-a.e., and then it also holds the convergence of the optimal affine

subspaces. O

S7. Proof of Theorem 4 (uniqueness in the elliptical case: We first start stating a
technical lemma given in Davies (1987) which will be later considered in the proof of this

theorem:

Lemma (Davies 1987): Let i € R? and X be a symmetric positive definite matriz. Let & and
g:RY = RT be nonincreasing functions with J g(z'z)dx < co. Then

[ el == @ = mgta'onin < [ ¢S g(aln)do.

Without loss of generality, let us now assume that g = 0. The proof of the Theorem is
arranged in two steps:

1. Any optimal affine subspace pass trough pu = 0. In the first step we will prove that given
any h € A4(RP), the value of the target function Vy o (h) is strictly decreased when choosing the
affine subspace ho € A4(RP) parallel to h and passing through the origin. ILe., let us consider hg

the affine subspace passing through the origin and spanned by the columns of a matrix U, where
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the d columns of U are unitary and orthogonal vectors spanning the original affine subspace h.
Consider an orthonormal basis spanning hg, the p — d affine subspace orthogonal to hg, and let

us denote V the p x (p — d) matrix having these vectors as columns. Notice that
d(x, ho)* = ||z — Pry, (2)||* = |[Pryg (2)* = V']
As h is an affine subspace parallel to ho, then there exists x1 € R? such that h = ho + 21 and
d(z,h)* = ||lz = Pra(a)||* = IV (@ — 20|

Without loss of generality, we have assumed g = 0 and, then, we have X ~ F,(0,%) and
Y =V'X ~ E,_4(0,V'EV) with p.d.f. equal to

fr(y) = V'SVIT2R (VSV) ),

with h a decreasing radial density function.

If we denote ro = ro(ho), the trimmed variation around ho can be written as

1
Via(ho) = / e Pry @ fx e
0,70

1—«

1 1
= / 2VV'zfx(x)de = / lyll® £y (y)dy
-« S(ho,ro) l-a B(0,r0)

where B(0,r9) C RP~% denotes the ball with radius 7o around 0 € RP~%.

In a similar fashion, we get

1

Via(h) = / iz — Pr(@)|2fx (2)de
L= Js(nra(n)

1
- / ly — w1l fr () dy,
B(y1,7a(h))

11—«

with B(y1,7«(h)) C RP~ and y1 = V'xy.
Now, we take £(-) = |[V'SV|"Y2h(.) and g(-) = (1 — )o,r0)(+), for applying Davies’s
lemma with § = —y; and the positively defined matrix V'EV, we obtain that (I1) < (I2) with

(1) = / £y + 1) (V'SV) ™y + 11))9(v/ v)dy

= /fv(y +y1)9(y'y)dy

2 / Py (g + y)dy — / 1l2 v (5 + y1)dy
B(0,r0)

B(0,r0)

2 _ o2
2 /B O / v — il v (4)dy

B(y1,70)

o /S(hyro)fx(x)dmf/ |z — Pra(@)|% fx (z)de

S(h,ro)
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and
(12) = /ﬁ(y/(V/EV)_ly)g(y/y)dy
- / fr W)a(y'y)dy

7”0/ fy(y)dy—/ lyll® fy (v)dy
B(0,r0) B(0,r0)

/ fx(@)da / 2 — Pra () |2 fx (x)da
S(ho,ro) S(ho,ro)

Then, we have

rg fx(z)dz — (1 — a)Vg,a(ho)
S(ho,ro)

> b [ o= [ o= Pr@) (@),
S(h,ro) S(h,ro)
Now, adding and subtracting (1 — a) Vg, (h) and rearranging terms in the previous expression,
we obtain the inequality

(1 = a)[Vi,a(h) = Va,a(ho)]

> g [/S(hm)fx(w)dw—/S(hwo)fX(w)dl}

- / i — Pry ()2 x (2)de — / e - Prh<x>||2fx<x>d:c]
S(h,ro) S(h,ra(h))

= r(z)/ fx(x)dx—/ fx(z)dx:|
S(h,ro) S(h,ra(h))

- [ / e — Prn () 2 fx () dee — / = Prh(x)llgfx(w)dm] ,
S(h,ro) S(h,ra(R))

where we have used Px(S(ho,70)) = Px(S(h,7a(h)) = 1 — a. Now, taking into account
that ro(h) > ro (that is a trivial consequence of the Anderson lemma for strictly unimodal

distributions (Anderson 1955), fx(z) > 0 and ||z — Prp(z)||*> > r§ for all z € S(h,70)° N
S(h,ra(h)), we have

(1 =) [Vi,a(h) = Va,a(ho)]

>

|z — Prh($)|l2fx(x)dx]

—rg [/ fx(w)da;]
S(h,rp)¢NS(h,ro(h))

> g |:/ fx(m)daz:| — 75 [/ fx(a:)dm:| =0.
S(h,r0)°NS (hyra (h)) S(h,r0)eNS (hyra (h))

/S(h,ro)cms(h,m(h))



ROBUST PCA BASED ON TRIMMING 9

Thus, it holds the desired inequality Vg o (h) — Vi,a(ho) > 0.

2. The optimal affine subspace is spanned by the d largest eigenvectors of the scatter
matriz 3. Once proved that the d-dimensional trimmed principal component pass through the
origin, we will search for the directions of the optimal subspace. Without loss of generality,
we continue assuming that g = 0 and, thus, that X ~ FE,(0,%). Let us consider again Y =
V'X ~ E,_q(0,V'EV). When trying to minimize Vg (h) on h € A4(RP), but restricted to

affine subspaces passing through the origin, we need to minimize

Vv

min/ Il fv (y)dy,
B(0,7a,y)

(0 now stands for the zero vector in Rpfd) where ro,y is defined as
Ta,y := inf{r: Py(B(0,r)) >1—a}.

Take Z = (V'£'2)7'Y (in such a way that Z ~ E,_4(0, I,_4)). We have that
/ lyll* v (y)dy = \Elm/ [V'S22)° f2(2)dz
B(0,ra,v) B(0,2a)

= \2|1/2/ trace[V'SY222'SY 2V f4(2)dz
B(0,zq)

= \E|1/2trace[v/21/2(/ zz/fz(z)dz)Zl/QV},
B(0,z«)
(S7.1)

with zq := inf{r: Pz(B(0,r)) > 1 — a}.

It can be seen (see, e.g., Theorem 8.1 of Liu et al. 1999) that there exists a positive
constant (, depending only on «, the dimension p — d, and, the elliptical family considered,
such that

/ 22 fz(2)dz = Calp_a.
B(0,z«)

Therefore, from (?7), the problem reduces to the minimization of
mVin {trace[V’EV}],

where V is a p X (p — d) matrix with unitary orthogonal vectors in its columns. This problem
admits a unique solution if the eigenvalues of ¥, Ay > ... > A, > 0, satisfies \¢q > Adqy1.
Moreover, the solution is obtained from the matrix with columns equal to the eigenvectors

associated to these d largest eigenvalues, see for example Jolliffe (2002). O

S8. Proof of Theorem 5 (Fisher consistency): Without loss of generality, we assume that
# = 0 and that ¥ is diagonal with decreasing diagonal elements. Theorem 4 and Corollary 2
yields that the d largest eigenvectors of C'(P) are the same as those of X, showing Fisher consis-
tency for the eigenvectors. So we restrict attention to the eigenvalues. The first d eigenvectors

are the first d canonical basis vectors, and they span the axis of the strip S(P). Hence

S(P) = {z = (z1,...,2p) €ER?|2dyy +... + 25 <r*(P)},
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with 7(P) the radius of the strip. The strip is thus unbounded in the first d coordinates, and
we get that the first d eigenvalues of ¢ C'(P) are given by

Ay (P) = 5 C BIXZI(XZ,+... +X2<r3(P))

—

for 1 < j < d and with X = (X1,...,X,). Denoting )\; the eigenvalues of the covariance
matrix, which is a multiple of ¥, we have that the distribution of X;/1/); is the same for every
7. Hence

85(P) = 12 B /N T (X -+ X2 < (P,

We get A;(P) = Aj, hence Fisher consistency, for 1 < j < d, if we set

11—«
COB[(X/M)PI(XG -+ XE < r2(P)]

c (S8.1)

Note that the expression above is not depending on j. For the normal distributions, we can use
independency of the marginals, resulting in ¢ = 1. Hence at the normal model no correction for

Fisher consistency is needed. O

S9. Proof of Theorem 6: Given a sequence of distributions @Q,, n = 1,2,..., converging
weakly to P, we can obtain through the Skorohod Representation theorem a sequence of r.v.
Zn,n=1,2, ..., and Zy with distributions Q,, n = 1,2, ..., and P, respectively, and converging
almost surely. Thus, we can apply Theorem 2 to the sequence {Z,}nZq to obtain the weak
continuity of the functional.

Now, if P™ denotes the product measure on R™*?, the weak continuity together with the
continuity of T, as a point function on R", except for a set of P"-measure 0, would imply the
qualitative robustness of T}, (Theorem 1l.a in Hampel 1971). In our case, the point continuity
is achieved, except perhaps in those points where we have (at least) two optimal subsets of
the sample X reaching the same minimum value in the target function (2.1). However, for
absolutely continuous distributions with respect to the Lebesgue measure, those points are a

finite union of P™-measure 0 zones, so those points have null P"-measure. O

S10. Proof of Theorem 7: Let P be an elliptical symmetric distribution X ~ E,(u, X) and
let T'(P) = (do, 70, Vo) denotes its unique d-dimensional trimmed principal component. Let us
consider the point-mass contaminated distribution P: -, = (1 —€)P + €d(4,}, and T'(Px ) the
corresponding trimmed principal components. As P. ,, — P when ¢ | 0, we can use Corollary
3 to obtain the convergence T'(P: z,) — T(Fo).

We now start with the derivation of the influence function. Recall that we assumed p = 0,
and ¥ a diagonal matrix with decreasing diagonal elements. Denote

1—¢ €
Me = M(Pegy) = a /( )de(a:) + T aIS(Pg’I())(.’IJO)fIJO
S(Pe,zg

C. =C(P.z,) = c{ / zx'dP(x) + c Iscp. .y (z0)zox'o — mem'g}. (S10.1)
11—« S(Ps,a;0> 11—« 0
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‘We have by definition

oC,
IF(z0,C, P) = ( ) .
85 ‘5:0

Differentiating (?7) gives

zx'dP(x)

le=0

< 1 1
oC. = c{ -— zx'dP(x) + 9
Oe le=0 11—« s(P) 1—a«a0e S(Pe xg)

+

1- a[g(p)(l‘o)l‘omlo}. (810.2)

By definition, the first term is just —C(P). The third term is easily handled. We now turn to

the differentiation of the second term. We introduce the notation

I(e) = / x2'dP(z)
S(Peng)

To obtain a tractable integration domain, we apply the change of variables y = V."!(z — m.),
where V; is the matrix of eigenvectors of C.. To obtain an admissible change of variable, it must
be that all eigenvalues are distinct. However, it is easily seen that, making an arbitrary choice
where needed, the results for the first d eigenvalues and eigenvectors remain even if the last
p—d eigenvalues are equal. To avoid further notational complications, we develop the argument
assuming all eigenvalues to be distinct. The domain of integration then becomes a strip of the

same radius 7. but with axis equal to the span of the first d coordinates of the space.
_1 /
I(e) = |Ve[[Z] 72 (Vey + me) (Vey + me)

2 2 2
Ygpptotyg<r?

h((Vey +me)' 571 (Vey + me)) dy.

Now to make differentiation easier, we rewrite the last p — d coordinates in polar form :
(Yat1,---,Yp) = re(0) with r € [0,7], 0 € © = [0, 7[x...[0, 7[x[0, 27], and e(f) € SP~*"'| the

unit hypersphere in p — d dimensions. Denote by J(r,6) the Jacobian of this transformation.
’

We get, with y1.a = (y1,...,ya)
I(e) = IV'E\IEF% /d/ / J(r,0) [Ve(yi.a, 7 e(0)) + me] [Ve(y1.a, 7 €(0)) + me]’
R [0,re] /O

h ([Vg(yljd, re()) +me)’ »t [Vz(y1.a,7€(0)) + mg}) df dr dyi.q.
By matrix differentiation, and since V) = I we have

Odet (Ve) = trace(IF(zo,V, P)). (S10.3)
8€ ‘5:0
Applying the Leibniz formula, the derivative of the integral in the expression of I(¢g) is given by

Ore
66 ‘5:0

A(ro, h,3) +/ §3(57h,27y)|5:0dy (S10.4)
s(p) O€
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where

A= A(ro,h,X) = \Z|_% /@ J(ro,0) /]Rd [y1:4, 70e(0)] [y1.4, T0e(0)]

h ([y1:a,70e(0)] B [y1.a, 70e(0)]) dys.a dO (S10.5)

and
B(e, h,£,y) = [Vey + me] [Vey + me] |17 2h ([Vey +me) S7" [Vey +me]) .

Using symmetry arguments, it is clearly seen that A is a diagonal matrix. An exact expression
is available for some specific distributions, but in the general case, there seem to be no further
simplification.

Differentiating B one gets

%B(Ey b2, y)_ = {IF(ﬂco, V, P)yy' + yy'IF (0, V, P)’
+IF (z0,m, P)y' + yIF(z0,m, P)’}|E|7%h(y'271y)

Tyy' |22k (y'='y) {27/2*111?(%, m, P) + 2y'S 7 IF (2, V, P)y}. (810.6)

Due to the symmetry of integration domain and distribution, the quantities with an odd number
of y’s integrate to zero. This implies that terms including IF(xo, m, P) give a zero contribution
to the integral.

Now let us take care of

ore
88 ‘5:0 ’

By definition of a solution strip, one has
l-—a= (1—5)/ dP(z).—o +els(p. ) (20).
S(Pe,zq)

Differentiating both sides w.r.t. € yields

1o}
0=~ [ ap@)+ dP(z),._, + Ls(r (o).
5(P) € J5(Peag)

In a similar fashion as was already done, one easily verifies that

4 dP(z)_, = (1— a)trace(IF (o, V, P)) + %7:;‘
=0

_ G(T07h7 Z)
92 J5(Pe ug)

+2|5|7 / h(y'S™'y) y' S IF (2o, V, Pydy
S(P)
where

G =G(ro,h, %) = |82 /

J(ro, 0)/ h ([yl:d,roe(ﬁ)}' v ! [y1:4, roe(ﬁ)]) dyi.q df.  (S10.7)
(€] R4
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By symmetry of the integration domain, the integral in the last term reduce to the diagonal

terms, hence:

887:: - = é ((1 — a)(1 — trace(IF(xo, V, P))) (S10.8)

_2|E\_% / h (y/E_ly) y'E_ldiag(IF(xo, V, P))ydy — Is(p) (xo))
S(P)

At this point, we have an expression of IF(xo,C, P) as a function of IF(xo,V, P) where
V is the matrix of eigenvectors of C. By Lemma 3 in Croux and Haesbroeck (2000), the last
influence function elements may be expressed in term of the firsts. So we’ll end up with an
expression involving only IF(zo, C, P) and some constants.

Combining (??), (?7?), (??), (??), and (??), IF(x0, C, P) becomes

C

, 1
= I - —A
- s(p) (o) (mom e )

«

+(trace(IF (zo,V, P)) — 1) (C’(P) — %)

cA -1 ; Iv—1 rv—1 q-
—“_9m 2/ h(y's Y~ 'diag(IF (zo, V, P))yd
(i-a)C 1= s ( Y)y g(IF (0, V, P))ydy

(1-a)

- \ZI_%/ yy'h (y' S~ 'y) 29/ ST IF (w0, V, P)ydy
s(P)

+

i / (IF (20, V, P)yy/ + yy/ IF (20, V. P)'} h(y/ S~ y)dy
S(P)

+1—oz

Using Lemma 3 of Croux & Haesbroeck (2000) and the diagonality of C'(P), the diagonal
elements of the influence function of V', the matrix of eigenvector functionals, is zero, hence is

also the trace, and that the non diagonal elements are given by

IF C,P);
IF (20, V, P)ji = % (810.9)

So that we have to assume that all eigenvalues are distinct. As was mentioned above, a more
refined change of variables, with the identity on the last p — d coordinates, would avoid this

assumption. We end up with the simplified form for IF(zo, C, P):

_ c / 1 cA
= 1_als(p)(l'o) (:Ijox() GA) C(P)+ IE
+7 < \EI_%/ {IF(z0,V, P)yy’ + yy'IF (z0,V, P)'} h(y'S ™ y)dy
-« 5(P)
= \Zlf%/ yy'h (Y= 1y) 20/ ST IF (w0, V, P)ydy,
l-a s(p)

where the two terms in the integral of the second line above involve the matrix C'(P), so that

we can further simplify into

1 A
IF(:E(),C,P) = 1faIS<p>(x0) (l’oajlo — aA)*C(P)#’%
+IF(z0, V, P)C(P) + C(P)IF (zo, V, P)’ (S10.10)
R / w'h (' S"y) 20/ S IF (20, V, P)ydy.
1-a s(p)
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Regarding the second line in the above formula, we are using (??) for the element in position
I E
[IF(xO, V,P)C(P) + C(P)IF(zo,V, P)'} i
= IF (0, V, P)i; Aj(P) + IF (20, V, P);iAi(P)
IF(IO CP)Z IF(JZQ,C,P)V; )
= (1— 9 <77 s oA (P
U=\ 5w - ap) APy a,p) )
= (1= 6i;)IF (20, C, P)i;

A;(P) +

since IF'(xo,C, P) is a symmetric matrix, and C'(P) has its eigenvalues A;(P) on its diagonal.

Let us now treat the last integral in (?7):

C

J= \zr%/ ' b (5 S y) 20/ S IF (o, V, P)ydy.
s(p)

11—«
We consider a typical element of the resulting matrix

C

Jij =

: IEI%/ yiyih (y'S7'y) 2y'S T IF (20, V, P)ydy.
o 5(P)

The integrand is given by

»
: _ IF(z0,V, P)
’ 1 o 0, V, kl
20 (y27) D vy =5
kyl=1
where we recall that A1,..., A, are the eigenvalues and also diagonal elements of the matrix 3.
By symmetry of the integration domain, only those terms where the indices i, j, k,[ are such
that only even powers of y are present will contribute to the integral. Moreover, for k = [ the
influence function is zero. That is, non-zero contributions come from k # [ and i = k,j = [ or
i =1,7 = k. So that for the element i, j of J, the contribution comes from
[F(ibo,‘/,P)ij [F($0,‘/,P)ﬂ
+ .
i Aj

2h (y'S™1y) yiy7 (
Using (??) and the symmetry of IF(xo,C, P), we get

)\j — )\1 2¢
(A (P) = Ai(P))Aidj 1 — «

1 .,
Jij = (1 — 035)IF (x0,C, P)ij; |~ 2 /( )y?y?-h (y b 1y) dy
S(pP

j — Ai 2
= (1= 8P (@0, C. Py Gy T o
with
Hiy=|8°% / yiysh (y'S™ty) dy. (S10.11)
S(P)

In the end, following up on (?7), we can write an element ¢, j of the influence function for
C:

IF(z9,C, P)y; = 1 _CaIs(p)(aco) (Jco,-xoj — féj> —C(P)i; + Céf'j

2c Aj— i
#0801 € P (14 6725 G s )
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Given the expression above, it is profitable to give separate expression for diagonal and off-
diagonal terms. We have

Is(py(zo) (:Bgz -G ) —Ai(P) + %

c

IF(:r07C7P)ii: 1_ o

and for an off-diagonal term (i # j), we use that A in (??) is diagonal,

C

IF (20, C, P)ij = T—ols@ (wo)ToiTo;

—

2c i — A
F P, (1 i A H
- F (w0, G, )]< +1—a(A]-(P)—AZ-(P))>\Z->\j J)

which gives
A;(P) — Ai(P)AiXj Is(p)(zo)Toizo;

O
2005 — i) H;j

IF(‘TOaCaP)ij = 7(

S11. Proof of Theorem 8: Let X = {z1,...,2,} C R? be the original sample and hx €
A4(RP) the empirical d-dimensional trimmed principal component of X. Assume, without loss
of generality, that D(X) = d(hx,0) = 0. Let us denote R = max;=1,..,n d(x;,0). Then the
original sample satisfies X C B(0, R).

We will develop the proof for the case (|na|+d+1)/n < (n— |nal)/n. In the other case

the proof is easier. Note that this inequality may be equivalently rewritten as n—2|na) —d > 1.
The proof will be arranged in two steps:

1. We first prove that €;,(D,X) > (|na) + d + 1)/n. If we replace at most |naj + d
points of X in order to obtain a corrupted sample X', then at least n — |na| — d original points
remain in X’. Let hys € Aq(RP) be the empirical d-dimensional trimmed principal component
of X', which is based on a subsample }' C X’ containing n — |na] data points. Note that
n— |na| — (|na] +d) = n —2|na) —d > 1, therefore any subsample )’ C X’ contains at least
1 data point from the original sample X.

Assume that for any arbitrarily large constant C > (y/n+1)R, we could get a contaminated
sample satisfying D(X’) = d(hx+,0) > C. Then, we would have

(n— [na])Vaa(hy) = Z d(y,hx)? > Z d(y,hx)? > (C — R)®> > nR>.
yey’ yey’'nx
On the other hand, if we considered a subsample Y* C X’ made of n— |na| —d points belonging
to X together with d arbitrary points belonging to X’ — X and the affine subspace hy+ € Aq(RP)

containing the origin 0 and those d arbitrary points, then we would have
(0= [na)Vaalhy) = 3 iy hy)* = 3 dly, hy)* < nR>.
yeY* YeEY*NX

Then, we would get Vio(hy+) < Vg a(hxs), contradicting the fact that hys is a d-dimensional
trimmed principal component of X’. Therefore, sup s d(hx/,0) < oo and the first inequality is

proven.
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2. We now prove that €,(D,X) < (|na| +d+1)/n. The goal is now to built a corrupted
sample X’ replacing at least [na] + d + 1 points of X' in such a way that the optimum hx/
satisfies that D(X”) is arbitrarily large. Firstly, note that hys would be based on a subsample
V' C X' of size n — |na) containing at least d + 1 corrupted observations belonging to X’ — X
and at most n — |na] — d — 1 points from the original sample X. Given M > 0, let us consider
a d-dimensional subspace ho parallel to hx and satisfying d(ho,hx) = M. Take a corrupted
sample X’ satisfying:

(i) X —XcC ho,
(ii) d(y,y’) > M for every y,y’ € X' — X for y # ¢, and,
(iii) every subset of d + 1 points in X’ — X are in general position.

Some technicalities that will be here omitted (see San Martin (2008) for details) lead us

to limas— o0 d(hx7,0) = 0o and the result is proven. O

S12. Obtention of Asymptotic Variances in the elliptical case: For an elliptical con-
toured distribution with g =0 and ¥ = diag(A1,...,Ap), Theorem 7 and the fact that

ASV(T, P) = / IF(z, T, P)IF (x, T, P) dP(z)

»
give
AV ) = [ (St @ (- ) - e S ] b s
_ W / . S8 (S ) de + [% A P)}
[ s e s () ey
= ﬁ /S(P) G| RS ) de — Ay(P)? + . <cgﬁ)2 +2Ai(P)Cgﬁ(1i&a)'

For the eigenvectors, we obtain

ASV(V;,P) = /Rd (Z

J#i

Aidj IS(P)(f)xiij__
A=A 2Hy ’

. I i ,
kit

k= Ai 2H,x,
By symmetry of S(P) and P, the terms for j # k integrate to zero. Hence there remains

NAZ 0 [gp ziz3dP(x)
ASV(Vi, P) =" IESwE Ve ;. (S12.1)
g i
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S13. Obtention of Asymptotic Relative Efficiencies in the gaussian case: By definition
of G and A, see (??7) and (?7), and by using the property that the marginals of a multivariate

normal are independent, we have that

N A

=JR__ ),
¢ / B/ dy

where ¢(-) denotes the probability density function of the standard normal. These results allow

for simpler expressions of the asymptotic variance of the eigenvalues with 1 <1i < d:

ﬁ /S(P) xf|2|7%h(ml271$)dx

Ai\? Ayi
S Wliid
(G) g

1 4 2 1 1 2 2 2
- 1P (z) — X - N3 -1)= —= 2
(1704)2/S(P>x1 () ‘1—a 1-« i( ) 1—a™"

ASV(A;, P) =

[e%

—\?
Z+17a

For the eigenvectors with 1 < ¢ < d, the definition of H;; in (?7?) together with the fact
that, under the gaussian assumption, we have h (y'E_ly) = f%h (y'E_ly) gives

H;; = —1/ zia] f(z)de. (S13.1)
2 s

Inserting (?7?) in the expression for the asymptotic variance (?7?) gives

AN 1
(i — A )2 fS(P) x?x3dP(x)

ASV(V;,P)=>
JFi

. ./
VU5 .

Now, since i < d, we have

1—
/ ziaidP(z) = M) a,
S(P)

Cj

with

1 fS(P) z3dP(z)

T A-a
for 1 < j < p. We, thus, finally obtain

- _ 1 )\iAjCj .
ASV(V;, P) = — ; Do o2
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S14. Additional simulation results

As a complement to Table 8.1, we computed additional finite sample and asymptotic
efficiencies for the settings (i) p = 5,d = 4, = 0.10 or 0.25 and (ii) @ = 0.1,p = 8,d = 3
or 7. The findings of Table 8.1 are confirmed, see Table ??. Increasing « leads to decreasing
efficiencies, increasing d slightly increases efficiency. Again, we observe the remarkably high

efficiencies for smaller sample sizes in the last setting of the Table (p = 8,d = 7, design 2).

In Table ?? we report the finite sample efficiencies for the untrimmed PCA estimator. We
see that some values are larger than 1, confirming that finite sample efficiencies may be larger
than the asymptotic counterparts, even for the ML estimator. Furthermore, in the last setting
of Table ?? it is observed that the efficiencies first decrease, and afterwards increase again with

the sample size, similar as for the trimmed case.

To study robustness with respect to point contamination, we follow exactly the same
simulation design as described in Section 8.2, but now the outliers are all concentrated at the
same vector ¥ V(K ..., K)!), with K a scalar. The multiplication with 72 is done to
make the size of the outliers comparable across directions. Figure ?? plots the simulated value
of D? as a function of K, where K takes values between 0 and 30 in steps of size 1. Plots are
given for four different contamination levels: € = 0.05,0.1,0.15 and 0.20. We make the following

observations

- For trimmed PCA, ROBPCA and the MCD, the curves have a maximum at intermediate
values. This means that for these estimators the most dangerous point-mass contamina-

tion is not located at infinity, but much nearer to the data cloud.

- Comparing the four different contamination levels, we see that for trimmed PCA; ROBPCA
and the MCD, the value of the performance measure D? for K large remains pretty much
the same. This is similar to what we observed in Figure 8.3. On the other hand, the
maximum of the D? values over all possible K-values, attained for intermediate outliers,

increases with the contamination level.

- In line with the discussion of Figure 8.3, we observe the good performance of ROBPCA,
but the trimmed PCA performs almost equally well for all values of K and e. On the other
hand, we see that MCD is more vulnerable to point-mass contamination and performs

somehow worse than trimmed PCA.

- For the type of point contamination considered, the classical method, the projection
pursuit PP approach, and the Sign Covariance Matrix based method are not competitive
for large outliers. On the other hand, for intermediate outliers, the classical PCA approach

is even the best in terms of lowest values for D2.

The Table below shows the maximum value of D? over all possible value of K, for the considered

robust estimators and for the different values of the contamination level e. We also report the



value of K where this maximum is attained and denote it K,qz. In line with the observations
made above, we see that this maximum value increases with €, and that trimmed PCA and
ROBPCA are performing best among the robust estimators according to this criterion. Since

K ranges from 1 to 30 in steps of 1, it is also confirmed that intermediate outliers are the most

ROBUST PCA BASED ON TRIMMING

dangerous for the robust estimators (with an exception for the Sign Covariance Matrix).

€ Trimmed ROBPCA MCD PP Sign
max Kpax | max  Kpax max Koax | max  Kpax | max  Kpax
0.05 | 5.77 2 5.53 2 6.58 2 6.58 2 5.72 7
0.1 | 7.27 2 6.94 3 8.63 2 7.85 2 7.09 3
0.15 | 8.09 3 7.88 3 9.45 3 8.50 2 7.99 5
0.2 | 845 3 8.55 5 10.49 4 9.15 3 9.21 10
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Table S.1: Finite sample efficiencies for the trimmed PCA w.r.t. the ML.

Design (a)
p d « n Eigenvalues | Eigenvectors
5 4 10 50 961 668  .622  .552  .472
100 .948 ST 738 718 614
500 .892 877 894  .858 .693
00 .900 .886  .881 .853 .713
5 4 25 50 .824 .b24 470 438  .366
100 .769 .b80  .563 551 .408
500 .761 7114 717 663 .503
00 .750 17 707 649 430
8 3 .10 50 977 620 596 521
100 .947 76 725 669
500 .908 .871 876 .751
00 .900 870  .855  .748
8 7 .10 50 972 .642 595  .Bb87 .5H6  .523 516  .462
100 914 2735 765 774 737 726 .701 .614
500 .897 .856  .890 .901 .860 .832 .814 .745
00 .900 .898  .898 .897 .893 .884 .855 .717
Design (b)
p d « n Eigenvalues | Eigenvectors
5 4 .10 100 1.179 667  .628  .592 .640
500 .955 729 718 789  .846
1000 .894 833  .809 .823 .858
00 .900 900 900 .899 .898
5 4 .25 100 1.163 79 693 539 467
500 .826 492 467 532 634
1000 .808 .604 585  .620 .714
00 .750 749 749 749 747
8 3 .10 100 1.426 1.168 1.168 .974
500 1.167 .b97 560 .607
1000 .995 .695  .674 737
00 .900 .899  .899  .898
8§ 7 .10 100 1.594 1.196 1.106 .914 .734 .612 .562 .599
500 1.087 .644 590 572 .608 .676 .760 .782
1000 978 716 .668 .689 .745 774 .848 .896
00 .900 900  .900 .900 .900 .900 .900 .899
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Table S.2: Finite sample efficiencies for untrimmed PCA

Design (a)
p d « n Eigenvalues | Eigenvectors
5 3 0 50 1.109 714 651 .661
100 1.003 910 873 832
500 .969 946 987  1.017
00 1 1 1 1
5 4 0 50 1.083 689  .678  .642 573
100 1.033 938 910 875  .851
500 0.986 1.019 987  .993 .936
00 1 1 1 1 1
8§ 3 0 50 1.043 813 .73 .626
100 1.059 .853  .852  .871
500 1.021 973 970 967
00 1 1 1 1
8 7 0 50 1.070 731 705 682 .669 .702 .647 .563
100 1.023 .895 878 .851 .830 .788 .831 .806
500 1.016 1.019 1.015 977 951 .958 972 .958
00 1 1 1 1 1 1 1 1
Design (b)
p d « n Eigenvalues | Eigenvectors
5 3 0 100 1.211 7141 692 705
500 1.083 .808  .797  .861
1000 992 929 918 958
00 1 1 1 1
5 4 0 100 1.479 870 776 636 .592
500 1.063 733 707 790 911
1000 1.012 843 836 .891  .950
00 1 1 1 1 1
§ 3 0 100 1.282 816 .699  .626
500 1.129 .890  .812  .803
1000 .960 874 874 903
00 1 1 1 1
8 7 0 100 1.881 1.396 1.406 1.146 .934 .761 .632 .597
500 1.232 .680  .647  .650 .590 .619 .770 .889
1000 1.134 793 715 726 764 816 .901 .894
00 1 1 1 1 1 1 1 1

21
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Figure S.1: Simulated value of D? as a function of the position of the outliers for 6
different estimators, for design (a) with n = 50, p = 5, and d = 3. We consider four

different percentages € of outliers.
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