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The following supplementary materials include:

S1. Derivation of the asymptotic kernel function of degree two based on Kullback-Leibler
distance.

S2. Proof of Theorem 2, the consistency of the pseudo-kernel variance estimator of degree two.
S3. Expression of jackknife variance estimator using a pseudo-kernel of degree one.

S4. Proof of Theorem 3, the third-order unbiasedness of a pseudo-kernel variance estimator of

degree three.

S1 Derivation of the asymptotic kernel of degree two

Let 60* be the true value of the parameter # in © C RP. Assume f is twice-
differentiable at point 6* and define 6 = é(Xm). According to Taylor series,

the log-likelihood function can be expanded around 6* as follows:

log 73() = 10g - (2) + (6. 6%)7 5% 1og fo(e) s +
where the remainder term Re = o(||§—6*|)) and ||-|| represents the Euclidean
norm.

Under the regularity conditions C1-C5 (Lehmann (2004)) shown in
Appendix A1, the Maximum Likelihood (ML) estimator 0 of 0% is consistent,
ie. 8 2 0% as m — oo. Denote the Fisher score, i.e. the first derivative of
the log-likelihood, evaluated at 6* as u(x). Then,

log f3(x) = 1og fo-(x) + (6 — 67)"u(x) + o[ — 7).
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Given a training sample &, of size m, write the joint log-likelihood as

1(6) = 1(0]X,) = ) log fo(x;).

z;E€EXm
We have
U(0)=1(6%)+1"(6")(0 — 6%) + o(||0 — 67])).
Let H(0) =1"(0) = >_, ex, % log fo(z;) be the px p Hessian matrix. Be-
cause the ML estimator 6 is the root of /() = 0 and I'(6*) = ijexm u(z;),

we have

1(0%) + H(0*)(0 — 0°) =0+ o(]|0 — 67|).

This implies

Q

0—60"~—H"'6") > ulz)
T;€EXm
with an error of order o(||@ — 6*|)). Let I(6*) be the Fisher Information
matrix evaluated at 6*, defined as

2

16%) = -5 | g 108 o) e

Because X1, ..., X,, are independent and identically distributed with finite
variance, by the Law of Large Numbers as m — oo

2

1 a a.s.
— Y apagr o8 folX)) = —1(0).

XjGXm

Therefore, L H(9*) == —I(6*), which implies that H~1(6*) = —(1/m)I*(6")+
o(1/m). We then have

1

—HN07) ) ule) =107 - > () | +o(1).
l‘je.}(m LU]'EXm
For large enough m
T
1 o\ —
log fy(w;) = log fo-(x:) + o u(zy) | 10)  ulzy).

Zj E-Xm
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Therefore, under Kullback-Leibler distance the symmetric kernel function
&(Xt1) defined in Equation (2.1) has the following approximation:

¢)(X17 A ~,Xm+1)

1
- T m+1 Z

Xi€Xmt1

logfe*(XiH(l > u(XJ-)) I(e*)‘lu(x,-)]+o(||é—e*|)

m (i)
—i
XjE€Xm

3 (m + 1) Z {i [log fox(X;) + log fo= (X;)] + u(Xj)TI(G*)*lu(Xi)}

2
1<i<j<m41

The error of the approximation is of order o(]|6 — 6%||).

When 6 is y/m-consistent, ||§ — 6*|| = O,(1/y/m). In this case, the
error of the approximation is of order O,(1/y/m). The detailed proof for
this statement is shown below:

Denote the approximation error as error = o(||§ — 6*||) and assume 6 is
v/m-consistent for 6*. We have

lerror|

16—
that for m > M we have

= o(1). That is, for any € > 0, there exists an integer M such

lerror| <
- €.
o—ol —

e |0 —6%|| = O,(1/1/m). That is, for any e > 0, there exists C. and M,
(both depend on €) such that for m > M, we have

P (% > Ce) <e.
For any € > 0, let M} = max{M, M.} and C' = e¢C.. If m > M}, then
(i). ﬁ <e
(ii). P (“fj—}m“ > CE> <e

From (i) we have
lerror| _ €||0 — 0]

v =

Let A = {M > Cj} and B = {M > CE*}. It’s easy to see that

1/y/m 1/y/m
A C B. Therefore,

error o -l _ .. 16— 67|
p( cmor <p (D220 =p (1 <e
Qm%>q)— (Mw5>q vm )=
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The last inequality holds because of (ii). As a result, if 6 is \/m-consistent,
the error of the approximation satisfies error = O,(1/y/m).

S2 Proof of Theorem 2

Let v = Var(U,,). By the Chebyshev’s inequality, for any € > 0,

P(|Ves —7|>€) < € *E[(Vhbs —7)7]
= e’z[biasg(f/ps) + Var(Vps)].

Deviation for the bias is as follows:
From Theorem 1 Vg is second-order unbiased so that E (Vps) = (]1“)2 (711) _1(5%—1—

(5)2(;‘)_1(55—1—0(71_2), where §%’s (1 < ¢ < k) are the variances of the orthog-
onal terms in the Hoeffding decomposition of U, as defined in Appendix
A2. Thus,

~

bias(Vps) = o(n™?).
Deviation for the variance is as follows:
Let R (21,...,2.) (1 < ¢ < k) be the orthogonal terms in the Hoeffding

decomposition of the original U-statistic U,,. From the proof of Theorem 1
(Appendix A2)

k(k —

k 1
dps (i, ;) = 0+ [V (2;) + Y (2;)] + T>h(2) (x;, ;) + remainder,

2

where the remainder involves A9 terms for 3 < ¢ < k and the leading term
in the remainder is {k(k — 1)(k — 2)/[2(n — 2)]} Y21 ana 1 P (i, 25, 31).

Let olesz) = (k/2)[A0 () + hO(x))] + [k(k — 1)/2)h® (2, ,), a
symmetric kernel function of degree two. Write ¢ps(x;, ;) = 0+¢o(z;, z;)+

remainder. Therefore, Ups = 6 + Uy + remainder, where

—1 -1
n n
Ups = (2> Z ops(zi, v5), and Uy = <2) Z Po(ws, ;).
1<i<j<n 1<i<j<n
It is easy to show that Uy can be equivalently written as

() B () 3

i=1 1<i<j<n
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Next, we show that the following equation holds:
Vps = Vo + O(n_Q).

From the derivation of the pesudo-kernel function ¢pg in the Proof of The-
orem 1 (Appendix A2), we have

orsanay) = 0+ 5 [0 + 1)) + (5 )0 o)

k(k—1)(k—2)
2(n —2)

Z [h(?’)(ﬂsi, zj, 1) + O(n—l)] + remainder,

l#i or j

where O(n~!) is of order n~! and only depends on ), and the remainder
terms involve h(® (4 < ¢ < k) and are orthogonal to each other and to the
previous terms.

By the definition of Upg we have

Ups = (Z) Z ops(zi, 75)

1<i<j<n

S () B () 5 e

1<i<j<n

T (’;) <g>_1 Y M9 a5,2) + O(n")] + remainder,

1<i<j<nl#i or j

where the remainder terms are orthogonal to the previous terms.
Denote the Hoeffding orthogonal terms of Upg as h*(©) (1<c<k). We
have

() = W (zy),
h*(z)(ﬂfl, 132) = h(2)<x1, .f(fg),
and h*® (1,0, x3) = h(?’)(xl, Ty, 13) + O(n ).

In general, h*©(zy,...,2.) # hO(21,...,2.) for 3 < c < k.
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Let §;2 be the variance of h*(®). Then,

i = £(Y()

c=1

- OO ()6 )

In addition, recall that

- () 6) %+ ()

As discussed in Section 1 of the manuscript, the unbiased U-statistic
variance estimator as defined in Equation (1.3) (Wang and Lindsay (2014))
is equivalent to the unbiased variance estimator in Maesono (1998), where
the latter estimates the variance of each Hoeffiding orthogonal term unbi-
asedly. Let 62 be the unbiased estimator for 62 (¢ = 1,2) and let 6?2 be
the unbiased estimator for §;? (3 < ¢ < k). Since the unbiased U-statistic
variance estimator has a U-statistic representation itself (Wang and Lind-
say (2014)), it is the best unbiased variance estimator and can be written
as a function of the order statistics. Recall that the set of order statistics is
the complete sufficient statistics in nonparametric inference (Fraser (1954)).
By Lehmann-Scheffe theorem, the best unbiased variance estimators for Upg
and Uy can be written uniquely as

N2 /! N2 /) ! BN /!
A 52 52 $42
= () () () G) e () () o
~ kK\? (n —1A2 kK\? (n —1A2
= () G) e G) ()

which implies Vpg = Vj + o(n™2).

Wang and Lindsay (2014) point out in their Remark 3 that the unbiased
variance estimator of a U-statistic can be written in the form of a U-statistic
itself with a kernel function of order 2k. Since the degree for ¢ is k = 2,

‘7(): <Z> Z ¢($il,...,xi4).

1<i1 < <ig<n

we can write
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The definition for the kernel function i (x;,, ..., z;,) is given below:
Let S,, be a data subset of size m (m € N*T). The kernel function ¢ (x;,, ..., z;,)
for Vj is defined by

¥ (S1) = ¥a(Ss) — ¥o(S4),

where

Vo(Sy) (Z) Z $0(52,0)P0(S2,6) {524 N Sap = 0},

(;) (TLQQ) 52,a,52,5bCS4

Pa(Sy) = () D> G0(Saa)do(Sap)w(a,b),

(3)2 52,a,52,5CS4

w(a,b) = 1/n(a,b), and n(a,b) = ("_(f_c)) with ¢ being the number of
overlaps between S, and S3,. More details on the derivation of the U-

statistic representation of the unbiased variance estimator V., can be found
in Wang (2012).

As a result, the variance of Vj, can be expressed explicitly as shown in
Hoeffding (1948). Let h*® (1 < ¢ < 4) be the orthogonal terms in the
Hoeffding decomposition of Vg, and denote 52‘2 as the variance of h*(©) (1 <
¢ <4). We have

. N e\, 16,
Var(Vp) = ) )LL) 8 =6 +o(1/n).
c=1

Assume the original U-statistic U, is well defined so that 62 = Var[h(!(X;)] <
oo. We then have 6** = Var{E[{)(zy,...,24) | 2, = X1]} < co. Therefore,

Var(Vps) = Var [VO + o(n_2)} = %651‘2 +o(1/n).

Based on the above deviations for the bias and variance of Vpg, for any
e>0

. 16
Pl Vhs =7 > 0 < ¢ (oft/nf) 4 2262 4 of1 )
n
_ 2672 2 . 20r? :
Let M = 16 ([=4-] + 1) ¢ , where the notation [=4-] represents the integer

202
62

part of . Then, for any n > M we have

2
~ €
P(| Vps — 7 ’> 6) < &4—51*24—0(62).
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Therefore, P(| Vps —7 |> €) — 0 as n — oo. That is, Vpg is consistent for
Var(U,).

S3  Expression of jackknife variance estimator using

pseudo-kernel of degree one

Consider a degree-one pseudo-kernel function defined as

1 1
= U, — (n— DU,

ops(z;) = (n) U(zy,...,zn) — (n— 1)U(:v1,...,xi_1,xi+1, Ceey Ty)

Let ¢ps = (1 /n) Yo ¢ps(X;). The jackknife variance estimator is
defined as V; = m S (dps(X;) — ¢ps)?. It can be re-expressed in the
following way:

n

= n_1<i¢Ps ——ZZm D) ps(X )
(X

n n

dps(Xi)pps(X ))
1

=1 j=

lel

— Z ops(X;)ops(X Z¢Ps ) ops(X;)
1<z J<n ”éj
= (¢ps)’ — il §¢Ps i)ops(X;)
i#j

— V, the unbiased variance estimator Q(m) — Q(0)

This result agrees with Comment 1 in Efron and Stein (1981), i.e. when the
statistic is a linear functional (assuming the true kernel of the U-statistic is
of order one) the jackknife variance estimator is unbiased.
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S4 Proof of Theorem 3

Using the orthogonal terms in Hoeffding decomposition (Hoeffding (1948))
as defined in Appendix A2, we have

c=1 ( (n—2(-11,=12) ¢)
; n—3\"'<~ n—3—c
Uy ™™ =0+ ( k- > 9,
c=1 (n—3(=11,=i2,~13) )

The notation »_, , indicates the summation is taken over all subsets of

size ¢ taken out of X,,. The pseudo-kernel of degree three can be expressed
as

-1, '
ops(Tiy, Tig, Tiy) = g) [04— (Z) Z(Z_j) Zh(j)(xul,...,x,,j)]
n—1 | n—1 T n—1—c¢ . |
3 ) 9+( k > g( E—ec ) Z h()(:r,jl,...,xuc)

(n—1(=%1) ¢)

- . -
n—1 n—1 n—1—c¢ (<)
3 ) 9+( b ) Z( b o ) Z [N G |

(n—1(=i2) )
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S W@, )

(n—2(—%2,=13) )

-1 g
o (P ] 2 (0 I ol (P D R e

(n—3(—i1,—i2,-13) ()

Following straightforward but tedious algebra simplifications, we can
re-express ¢ps(Ti,, Ti, Tig) as

oos (g, T ) = 0 (’f) (1/3)[RO () + b () + WO ()]
* (];) (1/3)[h(2) (xiu xiQ) + h(2) (xinxi:s) + h(Q)(xizv CEB)]

k
+ (3) R (x;,, 24y, x,) + remainder

where the reminder term only depends on Al® for 4 < ¢ < k.

As a result, we have

—1
n
Ups = (2> Z Ops(Tiy, Tiy, Tiy)

1<i1<i2<iz<n
= 0+ k i hV(z;) + (n) - (n - 2) Z O (s )
" WS
+ n\ " (=3 Zh(S)(, . d
(k> <k’ — 3> &3 Tiy, Tiy, Tig) + remainder.

From here it’s easy to show that the variance of the remainder terms is of
order n=*. Thus, Vps is third-order unbiased.



	Derivation of the asymptotic kernel of degree two
	Proof of Theorem 2
	 Expression of jackknife variance estimator using pseudo-kernel of degree one
	Proof of Theorem 3

