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Abstract: In this document, we present the assumptions and the proofs for Theorems 1-4.

Let f(y;6,~) be the density function. Denote the corresponding score functions,
evaluated at (6,,0), by

T — [ T ] _ [ dlog f(y; 0,v)/00 ]
T2 01og f(y;0,7)/07 Jg_g, 40

Denote the quasi-score functions, evaluated at (6,, 0), by

R R B 4 o N

The corresponding second derivatives are denoted as

9%Q/96000"  92Q/000~"
H = 2 T 92 T :
9°Q/0v00 " 0°Q/0vIY |g_g, ~—0

To study the large sample properties of the proposed model selection criterion AAIC,
we need some regularity conditions.

A.1 Assumptions and two preliminary lemmas

(C.1): The log density function logf(y; @,~) has continuous partial derivatives with re-
spect to (8,~) in a neighborhood around (8, 0), which are dominated by func-
tions with finite means under fy(y) = f(y;6,,0). The true density f,(y) =
f(y;6,,0n"'/?) can be represented by f(y) as

£) = e {1+ T3 (y)n 2 +r(y,dn7"7)},

where r(y, t) is small enough to make fy (y)r(y,t) is of order o (||t||) uniformly
iny.
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(C.2): The log quasi-likelihood function (€, «;y) has third continuous derivatives with
respect to (0,+y) in a neighborhood around (6,, 0), which are dominated by func-
tions with finite means under f\(y). The quasi-information matrix X (defined
below) exists and is non-singular under fy(y).

b > _ 200 201
Y = Ey(—H) = var,(U) = [ 2(1’2 Z‘i ] and 27! = [ S0 st ]

(C.3): Theintegrals [ U(y)fy(y)r(y,t)dy and [ ||U(y)|>fx(y)r(y,t)dy are of order
o ([[£][*)-

(C.4): Forsome ¢ > 0, theintegrals [ [|[U(y)||*"¢ fy(y)dy and [ || U(y)||?* fu(y)7(y, t)dy
are of order O(1). Also the variables \UIQI:FE (y)T2(y)| and \U22l+f (y)T2-(y)| have
finite mean under the null density fu-(y), fork € {1,--- ,p}andr,l € {1, --- ,q}
with Uy, = 0Q /00y, Uy = 0Q /07, and Ty, = Ologf /O,

The similar assumptions have customarily been assumed in the literature on quasi-
likelihood function, GEE and local misspecification framework. See, for example, Wed-
derburn (1974), McCullagh (1983), Liang and Zeger (1986) and Hjort and Claeskens
(2003) .

Lemma A.1. Under the misspecification framework and the regularity conditions given
in the Assumptions, we have

Rin | 4 o1
[ Ropn } HNW’([ i ]672)’

1 & 1 &
Ri,=—) Ui(yi) and Ro,=—)> Us(y)).

In particular, for the submodel S:

Ri, | 4 Yo1
[ Ran ] - Npﬂ‘([ 7311 ]5’&)'

Q9 d » . . . .
Here “—" denotes convergence in distribution under the sequence of f,(y).

where

Proof. We shall finish the proof by three steps. In the first two steps, we calculate
the expectation and variance of the quasi-score under f,(y), respectively. In the third
step, we verify the requirement for the Lyapounov central limit theorem, and complete
the proof.
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Step 1. Consider E, (U, ) first. E,(Uz) can be manipulated by the similar arguments. A
direct calculation yields that

E,(U)) = / Ui(y)fu(y)dy + / Ui (y) fuly) TS (y)on 2y
T / Uy (y) fe(y)r(y, 8n-)dy. (A1)

It is easy to see that the first term in (A.1) equals to zero by the fact U(y) = DTV~ (y—
p) with p = Ey(y). Note that

/ U(y)fv(y)T (y)dy = / Uly) f(y) [0log £ (y)/08) dy
= / D'V ~l(y — ) [0fn(y)/08]" dy
D'V [y [0fs(x)/087|dy - DTV [ [ofu(v)/087] ay

0 0
DV / fuly)dy - DIV / Fu(¥)dy

1 On

=D'V~
87

—0=D'V'D=3,
where the interchanges are justified by Assumption (C.1) that |T(y)| is dominated by
function with finite mean under f,(y) and (C.4) that |U(y)T(y)| has finite mean under
fn(y). So the second term in (A.1) is Xp1dn~'/2. Also by Assumption (C.3), we
conclude that the third term in (A.1) is of order o(1/4/n).

By the similar arguments, E,(Usz) = X116/v/n+0(1//n). As aresult, the expec-
tation of the quasi-score under f,(y) becomes

=l =[5 [

Step 2. Similarly to calculating the expectation of the quasi-score, we first consider
vary(Uy). The rest terms can be manipulated by the similar arguments. Note that

E,(U;U) :/Ul(Y)UI(Y)fN(Y)dY'f‘/Ul(Y)UI(Y)fN(Y)T;—(Y)‘sn1/2dy
(A2)
+ [T )b w)r(y, 8 2)dy.

The first term is E5 (U1 UY ). By Assumption (C.4), we see that

\ / U%k<y>T2r<y>fN<y>dy‘ < [ 1036 T ) ety = O0)
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and for k1, ke € {1,-- ,p},
' / Utk (y)Ulkz(Y)Tw(Y)fN(Y)dy‘
= ;|:/‘U12k1(y)T2r(Y)fN(Y)‘dy+/}Ulsz(y)Tgr(y)fN(y)‘dy —0(1).

Therefore [ Ui (y)U] (y) fa(y)Tq (y)dy is of order O(1). It follows that the second
term in (A.2) is of order O(1/4/n). By Assumption (C.3), we conclude that the third
term in (A.2) is of order o(1/y/n).

A direct simplification yields that var,(U;) = vary(U1) + O(1/y/n) = o +
O(1/+/n). Go through the similar arguments for var,(Uz), cov,(U1, U ) and cov,(Us, U7 ).
The variance of the quasi-score can be expressed under f;(y) as

Varo[ g; ] _ [ gi’g gif ] +O(1/y/n) = =+ 0(1/v/n).

Step 3. Because y;’s are independent, the corresponding quasi-scores, denoted by
U, = U(y;), are independent too. By Assumption (C.4), for some £ > 0

E,(lUM)I***) :/||U(Y)H2+£f/\/(3’)d}’+/HU(Y)HQJrng(Y)T;(Y)‘sn1/2dy
+ / UMW) furly)r(y, on~/?)dy = O(1).

Therefore ||U,;||?>*¢ has bounded mean under the true density f,(y). Sois ||U,; —
E,(U,;)||**¢. Denote the true distribution of U, ; by F, ;(u). Then

n—o0

im0~ S [ u = B (U () -0,
=1

Thus Lyapounov condition is guaranteed. Applying Lyapounov central limit theorem to
the quasi-score U, ; indicates that

1 n
=2 (U~ E(U.0) % Npig(0,3).
=1

Therefore

Rl,n d 201
[ Ra, ] %Npﬂ({ 2 }6’2)

Q.E.D.
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Lemma A.2. Under the misspecification framework and the regularity conditions given
the Assumptions, the GEE estimates have the following equivalence in distribution form:

/9\ — 00 w1 Rl,n
\/ﬁ[ 5 ] =3 [ R, } + 0p(1),
In particular, with the submodel S:

/0\—00 Rl,n
RSN R e R

Proof. Consider a Taylor series expansion of the quasi-score around (6,, 0):

[ R1.(6,7) ] _ { Ri, ] N [ OR1,(0,7)/90 OR1,(0,7)/077 ] y [ -0, }

Ro.,(0,79) R OR9.,(0,7)/00" OR2,(0,7)/0v" |g_g, -0 5

+1[ 0-0, r y [ 82R1n( v)/00T96 2Ry, (6,~)/0~ 06 } y {5—90]
21 -0 ’Ro5(0,7)/007 0y °Rop(0,7)/07T07 |g_ge yeeye | A ’

with 0" being between 6, and 0, and ~* between 0 and 4. Recalling the consistency of
the GEE estimates, it is easy to see 8* = 0, + 0,(1) and v* = 0,(1). Also Assumption
(C.1) indicates the matrix of the second derivative in the third term of (A.3) is stochastic
bounded, so the third term is of order 0,(1). Thus, (A.3) becomes

R R o o rodi ookl I A PR

=31

N

Therefore

] R Al IO B A

Again Assumption (C.2) and the law of large number yield

1 [ OR1.,(0,7)/007 ORy,.(60,7)/0~" ]
= -2 +o0,(1
\f[ OR2.,(0, )/89T ORopn(0,7)/0yT 6=0,,7=0 (1)
and
OR1,(0.7)/00] OR1u(0,7)/0yT |7 -1
n s — —2 + o) ]_ .
\F[ OR2.5(0,7)/00" OR2,(0,7)/0v" | g, ~—0 A
Consequently,
b\— 00 — [ Rl,n
\/ﬁ[ o } = (= +0,(1)} R, } + 0p(1)

This completes the proof. Q.E.D.
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A.2 Proof of Theorem 1

Based on Lemma A.2, the estimator of the uncertain parameters under the full model
becomes

VA =EPRy, + ZMRy, +0,(1)
= 3" (Ra, — T10Z50 Rin) + 0p(1).

The estimator of the uncertain parameters under the submodel S can be written as

\/H:)\Is = 2511(7"SR2,71 - EloyszaolRLn) + Op(l)

1 1 (A4)
= Es WS(RQ’TL — 210200 Rl,n) + Op(]_).

A direct calculation indicates the relationship between 7, and 4 as follows
VA, = vaSla (S 715 4 0,(1). (A.5)

Also the large sample behavior of the GEE estimators can be derived by Lemmas A.1
and A.2:

\/ﬁ[ o ;9“ } 4 Nptg <21[ gfi ]5,21) (A.6)

Now, we are going to prove the main theorem. To derive the specific form of AAIC,
consider a Taylor series expansion of the log quasi-likelihood around (6,, 0):

T ~
ao 50 -a0.0m T [0

\/ﬁ{a—aﬁ {8R1n( )06 OR1,(0,7)/0~T ]0 o [2—90 }

2 [ -0 ] [ OR2n(0,7)/007 0Rs,(0,7)/0v" -0

where 6* is between 6, and 0 and ~* between 0 and 7. It follows that
Q(05;D) —Q(6,,0;D)

] o 53 a3
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where the second equality follows from Lemma A.2. In particular,

~ 1[ Ry, 1" R,
~ - — . —_ — ;1 —1 ,n
Q(0,7,; D) — Q(6,,0;D) 2{ R ] >; [ = Ron } +0p(1). (A7)

For the narrow model, it becomes
- 1 B
Q(6,0;D) - Q(6,,0; D) = o R/, R+ 0p(1). (A.8)
Recall the definition of AAIC,, s, which gives

AAIC,, = -2 Q(6,7,y:) +2)_ Q(6,0;y:) +2/S/N]|
i=1

=1

= —2[Q(8,7; D) — Q(6,0; D)] +2|S/N.
(A.7) and (A.8) indicate that
AAIC,,, = —2[Q(8,7:; D) — Q(8,,0;D)] +2[Q(B, 0; D) — Q(8,,0;D)] + 2|S/N]|

Rl i R1
—_ )T —1 N T -1
- { 7Ro,, ] % [ mRo } + Ry, 200 Ripn + 2[S/N| + 0p(1).

Using the expressions given in (A.4) and (A.5), AAIC,, s can be further expressed as
_ T —_
— (mRoy — mE1085 Riy) B0 (R, — 10800 Rip) + 2[S/N| + 0,(1)
~ -1
= — VA, (B51) 7 VA, +2S/N+ 0p(1)
=0y (S) A=A (B1) TS 4 2IS /N + 0,(1).

Recalling (A.6), we see that \/ﬁ?yiNq(é , 3. Thus, the first term of AAIC,, ; con-
verges to a noncentral chi-squared distribution and so

AAIC, % — 2\ (A) + 28/

with A = ny, (211)7171'?2511#5(211)7170. This completes the proof. QE.D.

A.3 Proof of Theorem 2
From Lemmas A.1 and A.2, we have

\/ﬁ /és N (200,5201 + 201’5775211)5 + EOO’SMl + EOI’Sﬂ'SMg
5 (B8 + B 1)8 + BOM + S My
_ [ 200 B016 + S My — Zol Sl Sl (21 A ]

sl (2 'A '

S
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Since ¢ is a function of (0, ), \/n (C -, ) can be expanded by Taylor expansion and
a delta method as:

V(G —¢) = vi{¢8,7,) — ¢(6,,8/vn)}
= (gg)T V(6 - 6,) + (g;: )T Vi, =) — (gg) : 5+0,(1)

S

4 (%) (a2 malh - B mn Bl () A)
T T
o) mmena(5) 0
o\ . o\ " Y\ o LA
~{(55) matma=(55) Jo-{(5) mwmam - (32

zim ()" A+(gg> o0 My

-
= <gg> SaM; +w'd— wTﬂ';rESH‘rrS(EH)flA.

Therefore,
Vi, —¢) S Q=0 4w s— wTﬂ'IEilm(Ell)ilA

where Q, ~ N, (0, 72). The 11m1t1ng variable €2 follows Normal distribution with mean

w'd—wln!slhr(B)” ' and variance i+ winl B,

Q.E.D.

A.4 Proof of Theorem 3

Since the compromise estimator has the form of ¢ = D p(S|A)ZS and (55,'73) is a
linear function of (9 ) in addition to a term of 0,(1), we have

VIl —¢) B0 =3"psIA) = Y +w s —w Y ps|a)r sl (1) A

The limiting variable 2 has mean w ' —w 'E [3(A)] and variance 72 +w " var [S(A)] w
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