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Robust Estimation of Dispersion Parameter
in Discretely Observed Diffusion Processes

Department of Computer Science and Statistics, Jeju National University

Supplementary Material

In this supplementary note, some technical lemmas and the proofs of Theorems 2.1, 2.2, and
2.3 are provided. In particular, we deal with the case of & > 0 and refer to Kessler (1997)
), bi—i(o) = b(Xt?_l,a)
and ¢;—1(0) = b(Xer_, o)? for notational simplicity. Also, we drop ko and ki in Vii(os ko, k1)

for the case of a = 0. In what follows, we denote a;—1 = a(Xp |

without confusion. Further, let

1
Zi = —=(Win — Win_ ),

o o
A; = {a(XS) - a(thrLl)}dS + {b(XS, 0'0) — b(Xt;Ll,O'O)}dWs,
iy 25
1
Ari=Ai — bio1(00)dubi-1(00)(Z7 — 1)hn, (1)

2
provided O0,b exists. We shall use the relation A,, < B,, where A,, and B,, are nonnegative, to
mean that A, < CB,, for some constant C' > 0. For example, A < 1 means that A is bounded

by some constant C.

S1 Proof of Theorem 2.1
Lemma 1. Suppose that A1 and A3 holds. Then, for k > 1,
Iln<a5<E|Ai|2k < hZF. (S1.1)
If, in addition, O2a and O3b exist and belong to P, then
rz_ngazcE|A1,i|2k < ik, (S1.2)
Proof. By Lemma 6 of Kessler (1997), we have that for tj | <t <7,
B|X.— X |" < hY> (S1.3)

Using this and Theorem 6.3 in Friedman (1975), one can prove (S1.1)).
In order to show (S1.2)), note that

t? s hn 2
/ / AW.dW, = (22 — 1).
oy 2

Then, by (1.17) in Chapter 5 of Kloeden and Platen (1999), we can write that
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/ / Loa( dzds+/ / L?a(X;)dW.ds

n / / Lob(X.,0)dzdW, + / ! / / LoL7b(X., o) dudW.dW,
ti oy Gy Sy
3 s z

+ / / / LELOb( X, o) AW dW.dW,
iy Joy o

= Dii+ D2+ D3+ Das; + Ds i,

where L, is the one given in (2.4) and L% = b(z,0)d,. We first deal with E|Dy4;|?*. It follows
from Theorem 6.3 in Friedman (1975) and Jensen’s inequality that

EDw,* < B 1/ {/ / L,L° qu,a)dudW} ds
tTI n
7 s 2 2k
S ht / hit / E / LoLb(Xy,0)du s dzds
2 2 i

24 s z
< hf;l/ h’:;l/ hi’“’l/ E|LoL7b(Xu,0)|* dudzds < hiF.(S1.4)
0, o ¢

Analogous to the above, it can be shown that
E|D1i*" S 'y E|D2a|™ S B3, B|Dsl** S h3F and B|Dsi** < b3,

which together with (S1.4]) yield (S1.2)). O

Lemma 2. Suppose that A1 and A3 hold. Then, if f : R x © — R belongs to P and nh:, — 0
for some p > 1,

supmax’fj (Xen ,J)ZkAlhm}—o (1) as.,
ce® i<n .

where 3, k,1 € {0,1,2,---} and m > —I.

Proof. Due to A3 and (S1.1), we have that for any €,k > 0,

oo oo
c m n C m|k
ZP(I}?TLX|(1+|X%|) ZEALR| >e) < Y SmaxB|(1+ X )OZEARY|
n=1 - n=1 -
5 Znhg+7n)m — Z O(nlf(H»m)K,/p).
= n=1
By choosing & such that 1 — (I + m)x/p < —1, the lemma is asserted. O

Lemma 3. Suppose that A1-A3 hold; let f(x,0) € P: Rx0© — R be differentiable with respect
to x and o. Then, if Oz f, Ocf and g : R — R belong to P and nht, — 0 for some p > 1,

sup *Zg JXep o) — /f:v o)duo(z)| = o(1) a.s.

ceO
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Proof. First, we show that for each o € ©,

n

1 a.s.
- Zf(Xt;l—l7o-) — /f(x,a')d,uo(ac) as n — oo. (S1.5)
i=1
In view of ergodic property, we have
1 nhy,
s f(Xs,0)ds &% /f(x,a)d,uo(x) as nm — oo. (S1.6)

By using Jensen’s inequality, Cauchy’s inequality and (S1.3)), we have that for any r > 0,

hi/ X, o) = F(X0) |

1 ~ t? r % b 4r
< mz/ﬂ {E|Xt?_1 — X, } {/0 B|0sf(Xs + u(Xen | — X4),0)| du} ds
i=1"%%—1

= O(h%) = o(n™"/?).

[N

Hence, it follows that for any € > 0 and r > p,
iP(‘lii/t? {f(Xep_,0) — f(Xs }ds‘>€) io P < 0o
n=1 ni han t1 v ,

which together with (S1.6) establishes
Next, let Si(o) := {9(Z:) — E(g ( ))}f(th »0) and GI' := ofW, : s < t'}. Then,
{(Si(0),Gi") }i=1 becomes a martingale difference, and thus, using Burkholder’s inequality and

Jensen’s inequality, we have that for any r > 1,

1 ¢ LA R . .
E’E;Si(a)’ Snr+1i:ZIE|Si(0)I2 —o(n™).

Therefore, we have

3920 (X 10— Blg(2)5 3" 1(Xe . 0)| =o(1) as. (51.7)

and so the point wise convergence in the lemma is asserted from (S1.5). To establish the
uniform convergence, it suffices to show that {n=' > " | 9(Zi) f(Xep_,,0)} is equicontinuous

with probability one. Observe that

IR
sup mgé’g(zi)f(xt?_lvgl)—Q(Zi)f(Xt?_17U2)’

01,00€0

n

< sup 3" [o(Z00. 1 (X, 0)| S Zg L+ Xy )

=1

=0(1) a.s.,

where the convergence of the last line is due to (S1.5) and (S1.7). Hence, we can ensure the

lemma by the compactness of ©. ]
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Lemma 4. Suppose that A1-A4 and A6(i) hold; let f(xz,0) € P:RXx O — R be differentiable
with respect to x and o. If Oz f and 0, f belong to P and nh¥, — 0 for some p > 1, then for any
ke {071327'“}7

k41
sup fo (Xin l,a)zgke*%ﬁ;l;{’f))zgf (22kkk)!!/<1+a%)_ ’ f(x,cr)d/m(x)‘:o(l) a.s..
Proof. Let
To) = I )zt TS p i oyt TS R
T e (RSO e S

For any 7 € {1,2,-- -}, since max;<, sup, .o E|Ti(c)*" < 1 by A3, it follows from Burkholder’s

inequality and Jensen’s inequality that

B o) < 5 S Eme) = o). (s18)
i=1 i=1

The point wise convergence is therefore proved by (S1.5) and (S1.8]). Moreover, since

ci—1(90) 2 5 _a ci=1(90) 3
ci—1(o1) 7t _f(Xt?_l70'2)Zz‘ e 2¢i—1(o2) 7t

—a
2

o S e
|O’1 — 0’2| n

01,02€0

ci—1(o0) 2

_ o 2
2 cj_1(op) 71

a Ci— 1(0’0)8 Ci— 1( )
o)ty (o) Z: f(Xen

1

Jo)|z2ke

T oecomn
1 n
< - ;(1 + IXty,llzc)(l + 2272 = 0(1) as.,

ci—1(o0) 2

{n 30, f(Xer s 0)ZFe % eima(o) 0 } is equicontinuous with probability one, and thus the

uniform convergence is established. O

Lemma 5. Suppose that A1-A4 and A6(i) with some 2k hold. For any ko € {1,--- ,k} and
k1 € {0} UN, if nh — 0 for some p > 1, then

sup fZVnal - )‘ =o(1) a.s.,

cEeO

where

Proof. Since

Xen = Xyn |+ ai—1hn + bi—1(00)ZivVhn + A, (51.9)



S1. PROOF OF THEOREM 2.15

we can express that

ko
b i
Xin =1y (hny Xin_,0) = bi—1(00)ZivVhn + Ay — Z ?Laxt;"_l
j=2 7
= bi_l(a'())Zi\/ ]’Ln =+ Ji(a), (8110)

and therefore

(Xen — 7o (B, Xyn 1,0’))2 ki
: = Jd mn
o {143 mds(Xep 00}

Jj=1

Ci71(0') ¢ Cifl(O')hn

= [e1(0) o | Decrlon SOV A TN 4 S o)

= CC"_;((?))Zf + Ki(0). (S1.11)

Note that by Lemma[2]

max itelg |K;(o)] =o(1) a.s.. (S1.12)
Let
U2 (o) = CHL)% [\/117& ~(1+ é) exp (- %72*_11((”;’)) z2)]. (S1.13)

Then, we have that

k1
1 1 ;
| ’ (U) (U)| Ci_1(0')5 \/m; ]( i U)

a Ci—1(90)

k1
: d —3Ki(o —§ ey ZE
,(1+a)[{uzlh;dj(xth,g)}e 3R ) F A
=

S ha(14 |Xt?_1|)c(1 + 67%K"(U)) + |e*%Ki(o> 1],

and thus it follows from Lemma and (S1.12)) that

~

1 - max, 2K, C
w2 SR Vi) U (@)] 5 (L e oo BN max(1 + X ) h
P

+ max sup | K; (o) [ ¥i<n SUPoeco 21K (o))
i<n scO

= o(1) a.s.. (S1.14)
Moreover, by Lemmas [3] and [, we have

1 n
sup |— » U(o) = V(o) =0(1) a.s..
oc0 1M i

Combining the above and (S1.14)), we obtain the lemma. (I
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Proof of Theorem 2.1. Note that

a/2
1 1 1 To\ —1/2
= —(1+ ) (1+e™) T ,
(m) {\/17 + a ( a) * } z>0,20>0

is minimized only at * = xo. Then, V(o) has a unique minimum at ¢ = o9 by A5. Since ©

is compact and the contrast function converges uniformly to V(o) with probability one, we can

establish the theorem by standard arguments. g

S2 Proof of Theorem 2.2

Lemma 6. Suppose that A1, A3-A4 and A6(ii) with some 2k hold. For any ko € {1,--- |k}
and k1 € {0} UN, if nh2 — 0, then

‘\FZavn"Zao ZSU Uo’—OP

Proof. Let Ri1,;—1(0) be such that

3 1 i o _7% agc7;71(0') )
9o [Ciil(g) z {1 + leh d Xt 170)}] - 2 Cifl(o')%Jrl + han,z—l(U)7

then, from (S1.11)), we have

05 Vi(0)
={- %cajf( ;( ) 4 bRy )} 11+a - (1+ é)exp(f %%zﬁ%m(@)}

+1 {1+Zhg Xi1,0 )}{_ Ci_l(UO)a”Ci_l(U)Zf+8(7K,-(U)}

cia( ci—1(0)?

oci_ 1(00) 5 o )
— 7 _—K; .
Xexp( 3 ooy 25K
(%)

Further, let [70‘( ) be the term without (*) in the RHS of the above equation. We first show
that ‘ > {8 Vii(o0) }! = op(y/n). For this, we decompose 9. V,;;(00) — Uf‘ (00) into
Ii + II; + ITI;, where

L = 14+ a Oscimi(o ) (Z —1)e - (1_6—%K5(r70))7
2 Ci— 1(0’0)
k1
1+a 1 Ooci—1(00) 2 j
I]z = o Z,L _ang hzlda Xi— 3
[ 2 C¢—1(00)5{ ci-1(00) (UO)}; i)

1 o @ e
+(1 + E)han,ifl(UO)} 67721‘2 (1 - 677K1(00>)7

14+« 1 _ag2 — 2K, (00)
11I; = - ———= 0, Ki(op)e” 27 (1 — e~ 2770)),
7 ai(00)? (00) ( )
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To deal with n='/23°" | I;, we note that

n

1 8 C; 1( ) 2 a 72 1 ~ 28 C¢71(O'0) 3 _az2 Al
N G0 (22 )e 34 Ki(00) = —— il 7}~ Z)e 24
\/ﬁizl ci—1(00)2 H( e (o) \F 7 ci-1(o )§+1bi—1(00)( ) Vhn
1 ° 8(701;1(0'0)

2 2272
+% . Ci—l(UO)%+l (Z; —1)e” 27 Ry ;(00)
I

- 3

+17) (S2.1)

where
Qbifl (0‘0) ZZAZ

Ry (o) = Ki(o) — ci(o) Vi

By simple calculations and (S1.1), we have

sup max {E|RQ,Z-( )25V B0y Ra.i(o Q’f} < h2*. (52.2)

c€O 1<n

Observe that from ,

ZI? _ Vh Z 0s¢i—1(00)0sbi—1(00) (73— Z)(Z - 1)67%21.2 (52.3)
i=1

ci—1(o0)2 !

n

1 28067;71(0'0)

- o 72
o (Z,;3 — Zi)e_izi Al,i-
nhn = ci—1(00)2 T1b;—1(00)

Since

\/7 8 Ci—1 00)8 bz 1(0’0)
f Z Ci— 1(00) +1

and, by Lemma [2]

E[(2} - Z)(27 = 1)e 37|, ] =0 (S2.4)

72{8 o Ci—1(00)0obi— 1(00)} E[(Z?*Z) (72— 1)% —az?

ci—1(o0) 2!

gia] o (s25)
< m<ax(1 +1Xi1)hn = 0(1) a.s.,

according to Lemma 9 of Genon-Catalot and Jacod (1993), the first term of the righthand side
of (S2.3)) converges to zero in probability. Also, by using Cauchy’s inequality, Lemma 1| and

(S2.2), it can be shown that

1

nhny

205ci—1(00)

3 7}~ Ze 7| S Viha, $2.6
im1 Cifl(Uo)fﬂbi,l(go)( ) Lil SVn ( )

BN |1 £ Vah, (52.7)
i=1
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and
Z O CZ 1("0) (72 —1)e” 2Ki(0'0)2‘ (52.8)
Ci— 1
1 & C (2 2
S E\(l + X)) (22 = D228+ —= 3T B[+ X6 )C (27 = 1) Rai(o0)
> PP
< Vb
Since )
1— e 2Hilo0) = %Ki(ao) - %Ki(ao)%g,

where |¢;| < a|K;(00)|/2, by combining (S2.4)-(S2.8) and the fact that e™#*i [Ki(e0)l = (1) a.s.,
it follows that
1—|—a) e oy Q214 a) 1T = docimi(oo) 0 a2 2 G
o= US4y - ST N S0 (22 ) EK (00) e
\[Z Z( ) 16 \/’EZCZ 1(0_0) a ( ) ( 0)
= op(1). (S2.9)

=1

Now note that
bi—l(UO)aaCi—l(U) ZiA;

ci-1(0)? Vhn
Using this equation, (S2.2)) and a similar method as for (S2.9), we can show that Y .  II; =
op(v/n) and >°7_ | I1I; = op(y/n). Hence, we have

0-Ki(o) = -2

+ 05 R2,i(0).

RS 1~
LV (00) — —— S T (00)| = op(1). 2.1
‘\/H;:lja Vii(o0) \/ﬁ;U (00)| = or (1) (S2.10)
Next, letting

a ci—1(90)
1+« 1 _ 8UK¢(0)67§4‘ 171(0) ZQ’
2 ci_l(g)f

Rs.(0) := Uf(0) — 8,Uf (o) —

then it can be seen that |Rs;(0)| < hn(1 + |Xi_1|)c(1 + Z} 4+ 0,Ki(c)). Using again and
Lemma 9 of Genon-Catalot and Jacod (1993), we can establish that

LS 0 (00) = 320,07 (0)| = o (1)

\/ﬁ =1 \/’E =1
which together with (S2.10) completes the proof. O

Lemma 7. Suppose that A1-A4 and A6(ii) with some 2k hold. If nh: — 0 for some p > 1,
then

1 - « d *
% ;80(]2' (UO) — N(O7 Za)>

where

c_ 1[0+ (1427 o (Do, 00))
Y= {2(1 +20)2v1+2a 1 +a}/ (@, 70)+2 dpo(z). (S2.11)



S2. PROOF OF THEOREM 2.29

Proof. According to Theorems 3.2 and 3.4 in Hall and Heyde (1980), it suffices to verify that

1 - a n P
NG ; E[@c,Ui (00) gH} 20, (S2.12)
1 — .
=3 B[(0:U7 (00))*| 01| > =2 (52.13)
i=1
1 « o n
= ZE[(&,UZ- (00))* gi_l] 0. (S2.14)
i=1
Note that
o _ 1 9sci—1(00) o2y —ez2 @
0:UF (00) = 5 e o {avaa -z - L (52.15)

Then, it follows from the fact that E[e_%Z? gri =@ +a)"? and E|(Z;

(14a)”? that

21]:

y iE[aon(ao) g =o,

which yields (S2.12)). Next, by (S2.15)), we have that

1« N 2 om 1, (14 a)*(1+2a2) } (Osci—1(00))

= E|(0-U; G|l =12 — ,

’I’L; |:( (0'0)) 1] 4{ (1+2a)2 /1+206 1+0[ §=: Ci—1 (70 a+2
where we have used the fact that E[(l — 72 2gmaz} ] = 2(1 + 2« ) 1+2a)7% and E[(l —

_ uZ2 _3 . . . .
Z?) e 1} = a(l + a) 2. Hence, l) is asserted by Lemma Finally, using again
Lemma [3 and the fact that
1 — o 4
i=1

(1S2.14)) is verified. O

Lemma 8. Suppose that A1-A4 and A6(ii) with some 2k hold. For any ko € {1,--- ,k} and
k1 € {0} UN, if nh? — 0 for some p > 1, then

n 2 2
%Zag nofi(o'o)i) - +2 /(806(5570'0)) duo(m)
=1

n

QZL] N % > (141X,

i=1

4(1—1—04)% c(x,00) 22
Proof. Let
ig _ Cim1 00)8 ci-1(o) 2 4 ci=1(00)05¢ci-1(0) 2
R47, {1+Zh 7, 1,0 }{ Ci_ 1 )2 Z1 +8UKZ(U)}+ Ci—l(U)Q Zz
and
(o) = T p L Ruilo) I _aciai(00) o g
Rs.i(0) le,z,l(a)+(1+a){20i71(0)% "Ry (0) fexp (- 5 X CKi(0)).
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Then, we can rewrite

1« Osci—1(0)
2T+ aci_1(o)zH
1+a( Osci—i(o) ¢i—1(00)0sci—1(0) le} exp ( e ci-1(00) 2 «

0 Vini(o) =

2 ci_l(o_)%Jrl ci_l(o_)%+2 57&_—1(0) Zi - §Kz(0'))
+Rs,i(0),
and thus we have
A2V, i(o)
__1_«@ { dzci-1(0) —(1+ E) (80@,1(0))2}
21+« 0171(0)%+1 27 ¢ 1( )%+2

1+ar 02ci-1(o) (Ooci—1(0))? 2ci—1(o)
2 [01;1(0')%+1 -1+ 5) ci1(0)5 72 - {01;1(0')%

x@xp(_gcl‘;(g())Zf){l_iK C(U)}

5~ (2+

2 cifl(a)
(%)
a(l+a) [ ds-ci—1(0) _ cie 1(00 )0o c1 1(0 2) [ Ci—1 00)8 cz 1(0) 2 _
T {Ci_l(g)%ﬂ cioi( Zi }{ ci—1( le}

(%)
aci—1(0o)

xexp( 2ﬁ22) {1— —K;(o) Ci(‘ﬂ}—f—&,Rm(a)

(%)

= U?(0) + Re.i(0),

where [¢i(0)| < aK;(0)/2 and Uf (o) denotes the term without (x) in the RHS of the above
equation. Then, by some calculations, it can be shown that

|R,i(0)] + |06 Rai(0)| S (1 + |Xic1 )9 (hn Z + |05 Ki(0)] + |02 Ki(0)]),
|00 Rs.i(0)] < (14 | Xim1 ) (hn + |Rai(0)] + |05 Rai(0)]) (1 + Z7 + |0 Ki(0)]) (1 + | Ki ()] ) e+

and

[Rei(0)| S (1+[Xima)9 (14 22) (1 + 27 + 105 Ki(0)]) | Ki(0) e+ |05 Rs i (o).
Furthermore, in view of Lemma [2| one can check that

max sup |Re,i(0)] = o(1) a.s..
i<n 5O



S3. PROOF OF THEOREM 2.311

Therefore, it follows from Lemmas [3] and [] that

1 < 2y,
E ; aaVn,i (J)

LEN % / [—7*10; =+ (1+ a){1+ acc(&’,‘jao)) a1+ acc((‘ij’?)) }_5] c?;fg’%?ld
+ i / [Li:? —(1+a)2+ a){l + acc(&?)) }7 +(1+a)d+ a){l + acc(&‘;o)) }75]
4 a(lz a) / {1 + a—cc((??)) }75 [C(x: :E)J)j’(i;;(fga)) _ 3{1 + a—cc(;;?)) }71
cl, Uc(z):,(j)”gﬁ’ U))T dpo(x) unformly in o,
which yields the lemma. O

Proof of Theorem 2.2. Let I (o) =n~ ' 3.7 | V,;(0). Using Taylor’s theorem, we have that

1
0 = Vnd,ly (00) + v/n (65 — 00) / 21 (00 4+ u(6y — 00))du.
0
Note that by Lemmas [§] and [7}
Vns1(00) & N(0,5%), (S2.16)

where X7, is the one given in (S2.11]). Moreover, since the limit of 921%(c) is continuous in o by
A2, A4 and A6(ii), it follows from Lemma [§] that

1 2 2
~ a.s, + 2 (8UC(I 0'0))
B21% (g0 + u(62 — 00))du £ @ . / L —dpo (). S2.17
/0 ( ( ) 4(1+a)% c(x,00)2 2 @) ( )
Therefore, the theorem is established from (S2.16) and (S2.17). O

S3 Proof of Theorem 2.3

Proof of Theorem 2.3. First, we note that Lemmas [[H4] also hold for the diffusion process of
the form dX: = a(X¢,0)dt + b(X¢, 0)dWy. In this case, Xt;L can be written as

Xt? = Xt;l—l + a(Xt?—l 5 Ho)hn + bi—l(UO)Zi Vv hn + Ai7
and thus, we have

ko hj .
Xen = vio(hn, Xen,0,0) = Xyn — Xpn | —a(Xen |, 00)hn — Y "L o Xon |
j=2

4!
ko h]
=bi—1(00)ZiVhn + {a(th

Jj=2

= bi—1(00)ZiVhn + Ji(0,0),

Lo()

00) —a(Xen O e + A= ﬁLé,ng;;_

1
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where
3 24
A; = {a(XS,Qo) *a(Xt;Ll,gO)}dS‘i’ {b(XS,O'o) 7b(Xt;L71,Uo)}dWS.

n n
iy ti1

Since J;(0,0) is o(h'™*) almost surely for any x > 0, it can be seen that (S1.12) also holds,
which in turn yields Lemma for the general diffusion case. That is,

1 n
sup ‘f Vii(0,0) = V(o) =0(1) a.s.,
(6,0)e0 ' T ;

which establishes the theorem. O
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