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Supplementary Material

Appendix I: Proof of the Asymptotic Properties.

In this supplementary material, we will sketch the proofs for the asymptotic properties of

the proposed estimator of regression parameters. For this, we first give Lemma 1 below, which

is needed below.

Lemma 1. Suppose that f(Z) and E{φ(Z, u)|Z = z} are continuous and twice differentiable

at z and E{|φ(Z,U)|2 <∞}. Then as n→∞, we have

sup
Z∈Z

∣∣∣∣ 1

nbn

n∑
i=1

K

(
Zi − z
bn

)
φ(Zi, Ui)− E

[
1

bn
K

(
Z − z
bn

)
φ(Z,U)

]∣∣∣∣ = O(δ̄n) a.s.,

where Z is the support of Z, δ̄n = b2n + (
log b−1

n
nbn

)1/2.

Lemma 1 could be proved along the lines of Lemma A.2 in Xia and Li (1999).

Proof of Theorem 1: To prove Theorem 1, by Theorem 5.7 in Van der Vaart (1998), it is

suffices to prove that:

(1). supβ∈B‖`sn(β)− `(β)‖ = op(1)

(2). β0 is the unique maximizer of `(β).

The proof of statement (1) can be obtained by the following results,

J1 = sup
β∈B,s

| 1

nbn

n∑
i=1

δiK(
Ri(β)− s

bn
)− dP (δ = 1, R(β) ≤ s)

ds
| = op(1),

J2 = sup
β∈B,s

| 1

nbn

n∑
i=1

∫ ∞
Ri(β)−s

bn

K(u)du− P (R(β) ≥ s)| = op(1),
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J3 = sup
β∈B,s

| 1

nbn

n∑
i=1

∫ ∞
Hi(β)−s

bn

K(u)du− P (H(β) ≥ s)| = op(1),

J4 = sup
β∈B,s

| 1

nbn

n∑
i=1

∫ ∞
Ri(β)−s

bn

δiK(u)du− P (δ = 1, R(β) ≥ s)| = op(1),

J5 = sup
β∈B,s

| 1

nbn

n∑
i=1

∫ ∞
Ii(β)−s
bn

δiK(u)du− P (δ = 1, I(β) ≥ s)| = op(1).

We just need to verify J1 = op(1). The remaining terms can be obtained in similar way. By

Lemma 2.8 of Pakes and Pollard (1989), it is sufficient to verify that ε1 = {δK(R(β)−s
bn

),β ∈ B, s}
is an Euclidean class with an integrable envelope function. The Euclidean property of ε1 can be

obtained by the Euclidean properties of {δ}, {K(R(β)−s
bn

,β, s} with constant envelope F1 = 1,

F2 = sup |K(.)|. By example (2.10) in Pakes and Pollard (1989), and condition (C5), the latter

class has Euclidean property. By Lemma 22(ii) in Nolan and Pollard (1987), the former class

is Euclidean class as the indicator function is bounded variation function. Hence, J1 = op(1).

By similar argument, we have Ji = op(1), i = 2, 3, 4, 5. Therefore, statement (1) holds.

For statement (2), note that `(β) has unique maximizer is equivalent to that the score

function has unique root. We just need to verify that:

sup
β∈{‖β−β0‖≥δ}

∥∥∥∥∂`(β)

∂β

∥∥∥∥ > 0.

Note that by condition (C4),

inf
β∈{‖β−β0‖≥δ}

∥∥∥∥∂`(β)

∂β

∥∥∥∥ = inf
β∈{‖β−β0‖≥δ}

∥∥∥∥∂`(β)

∂β
− ∂`(β)

∂β
|β=β0

∥∥∥∥
= inf

β∈{‖β−β0‖≥δ}
‖`(2)(β∗)(β − β0)‖

= inf
β∈{‖β−β0‖≥δ}

∥∥∥∥∇2
βE

{
δ log

(
dP (δ = 1, Y eβ

TX ≤ t)/dt
N1 −N2 +N3 −N4

)}∣∣∣∣
β=β∗

(β − β0)

∥∥∥∥
> 0,

where β∗ lies between β and β0. This completes the proof.

Proof of Theorem 2: For simplicity, for any functions f1, f2 and f , denote f1(Y,X;β) +

f2(Y,X;β) = {f1 +f2}(Y,X;β) and define f (1) to be the first derivative of f . Since
∂`sn(β̂)

∂β
= 0,

we have

1

n

n∑
i=1

{
δiX − δiR(1)

i (β̂) + δi
g1n(Yi, Xi; β̂)

g2n(Yi, Xi; β̂)
− δi

{g3n − g4n + g5n − g6n}(Yi, Xi; β̂)

{g7n − g8n + g9n − g10n}(Yi, Xi; β̂)

}
= 0,
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where

ψ(y, x;β) = log(y exp(βTx)), ψ(1) =
∂φ(y, x,β)

∂β
,

g1n(y, x;β) =
1

n

n∑
j=1

δjK
(1)(

Rj(β)− ψ(y, x;β)

bn
)
R

(1)
j (β)− ψ(1)(y, x;β)

b2n
,

g2n(y, x;β) =
1

n

n∑
j=1

δj
bn
K(

Rj(β)− ψ(y, x;β)

bn
),

g3n(y, x;β) =
1

n

n∑
j=1

R
(1)
j (β)− ψ(1)(y, x;β)

bn
K(

Rj(β)− ψ(y, x;β)

bn
),

g4n(y, x;β) =
1

n

n∑
j=1

H
(1)
j (β)− ψ(1)(y, x;β)

bn
K(

Hj(β)− ψ(y, x;β)

bn
),

g5n(y, x;β) =
1

n

n∑
j=1

δj
R

(1)
j (β)− ψ(1)(y, x;β)

bn
K(

Rj(β)− ψ(y, x;β)

bn
),

g6n(y, x;β) =
1

n

n∑
j=1

δj
I
(1)
j (β)− ψ(1)(y, x;β)

bn
K(

Ij(β)− ψ(y, x;β)

bn
),

g7n(y, x;β) =
1

n

n∑
j=1

∫ Rj(β)−ψ(y,x;β)

bn

−∞
K(s)ds,

g8n(y, x;β) =
1

n

n∑
j=1

∫ Hj(β)−ψ(y,x;β)

bn

−∞
K(s)ds,

g9n(y, x;β) =
1

n

n∑
j=1

δj

∫ Rj(β)−ψ(y,x;β)

bn

−∞
K(s)ds,

g10n(y, x;β) =
1

n

n∑
j=1

δj

∫ Ij(β)−ψ(y,x;β)

bn

−∞
K(s)ds,

Furthermore, we denote the expectations of gk,n(y, x;β), k = 1, ..., 10 as gk,0(y, x;β).

Note that

g1n(y, x;β) =
1

n

n∑
j=1

δj lim
h→0

K(
Rj(β)−ψ(y,x;β)

bn
+ h

bn
)−K(

Rj(β)−ψ(y,x;β)

bn
)

h/bn
×
R

(1)
j (β)− ψ(1)(y, x;β)

b2n

= lim
h→0

bn
h

[
1

n

n∑
j=1

δjK

(
Rj(β)− ψ(y, x;β) + h

bn

)
R

(1)
j (β)− ψ(1)(y, x;β)

b2n

− 1

n

n∑
j=1

δjK

(
Rj(β)− ψ(y, x;β)

bn

)
R

(1)
j (β)− ψ(1)(y, x;β)

b2n

]
=: lim

h→0

1

h
{J1 + J2},
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and

EJ1 = E

{
δjK

(
Rj(β)− ψ(y, x;β)

bn
+

h

bn

)
×
R

(1)
j (β)− ψ(1)(y, x;β)

bn

}
= E

{
E

[
δjK

(
Rj(β)− ψ(y, x;β)

bn
+

h

bn

)
×
R

(1)
j (β)− ψ(1)(y, x;β)

bn

∣∣∣∣
δj ,R

(1)
j (β)

]}

= E

{
δj(R

(1)
j (β)− ψ(1)(y, x;β))E

[
K

(
Rj(β)− ψ(y, x;β)

bn
+

h

bn

)
1

bn

∣∣∣∣
δj ,R

(1)
j (β)

]}
= E{δj(R(1)

j (β)− ψ(1)(y, x;β)){f
Rj(β)|R(1)

j (β),δj
(ψ(y, x;β)− h) +O(b2n)}},

where fR(β)|R(1)(β),δ is the conditional density function of R(β) given R(1)(β) and δ.

Similarly, we have

EJ2 = E{δj(R(1)
j (β)− ψ(1)(y, x;β)){f

Rj(β)|R(1)
j (β),δj

(ψ(y, x;β)) +O(b2n)}}.

By lemma 1, we have supRj(β)∈χ |J1−EJ1| = O(δ̄n) and supRj(β)∈χ |J2−EJ2| = O(δ̄n), where

χ is the support of R(β) and δ̄n = b2n +
log b−1

n
nbn

. Hence J1 = EJ1 +O(δ̄n) and J2 = EJ2 +O(δ̄n)

and

g1n(y, x;β) = lim
h→0

1

h
{J1 − J2}

= lim
h→0

1

h

{
E

[
δj(R

(1)
j (β)− ψ(1)(y, x;β))[f

Rj(β)|R(1)
j (β),δj

(ψ(y, x;β)− h)

−f
Rj(β)|R(1)

j (β),δj
(ψ(y, x;β)) +O(b2n)]

]}
→ −E{δj(R(1)

j (β)− ψ(1)(y, x;β))f
(1)

Rj(β)|R(1)
j (β),δ

(ψ(y, x;β))}.

Therefore,

g1n(y, x;β0)→ −E{δj(R(1)
j0 − ψ

(1)(y, x;β0))f
(1)

Rj0|R
(1)
j0 ,δj

(ψ(y, x;β0))},

and similarly we can obtain that

g2n(y, x;β0) → E[δjfRj0|δj (ψ(y, x;β0))],

g3n(y, x;β0) → E[(R
(1)
j0 − ψ

(1)(y, x;β0))f
Rj0|R

(1)
j0 ,δj

(ψ(y, x;β0))],

g4n(y, x;β0) → E[(H
(1)
j0 − ψ

(1)(y, x;β0))f
Hj0|H

(1)
j0 ,δj

(ψ(y, x;β0))],

g5n(y, x;β0) → E[δj(R
(1)
j0 − ψ

(1)(y, x;β0))f
Rj0|R

(1)
j0 ,δj

(ψ(y, x;β0))],

g6n(y, x;β0) → E[δj(I
(1)
j0 − ψ

(1)(y, x;β0))f
Ij0|I

(1)
j0 ,δj

(ψ(y, x;β0))],

g7n(y, x;β0) → P (Rj0 > ψ(y, x;β0)),

g8n(y, x;β0) → P (Hj0 > ψ(y, x;β0)),

g9n(y, x;β0) → P (Rj0 > ψ(y, x;β0), δj = 1),

g10n(y, x;β0) → P (Ij0 > ψ(y, x;β0), δj = 1),
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whereRj0 = Rj(β0), R
(1)
j0 = R

(1)
j (β0), Hj0, H

(1)
j0 and Ij0, I

(1)
j0 have same definition. f

Hj0|H
(1)
j0 ,δj

, f
Ij0|I

(1)
j0 ,δj

have same definition as f
Rj(β0)|R

(1)
j (β0),δj

.

By Taylor expansion, we can obtain

0 =
√
n
∂`sn(β̂)

∂β

=
√
n
∂`sn(β)

∂β

∣∣∣∣
β=β0

+
∂`s2n (β)

∂β2

∣∣∣∣
β=β0

√
n(β̂ − β0) + op(1)

=
1√
n

n∑
i=1

{
δiX − δiR(1)

i (β0) + δi
g10(Yi, Xi;β0)

g20(Yi, Xi;β0)
− δi

{g30 − g40 + g50 − g60}(Yi, Xi;β0)

{g70 − g80 + g90 − g100}(Yi, Xi;β0)

}
+
∂`s2n (β)

∂β2

∣∣∣∣
β=β0

√
n(β̂ − β0) + op(1).

Hence it is easy to obtain that

√
n(β̂ − β0) = −

(
∂`s2n (β)

∂β2

∣∣∣∣
β=β0

)−1
1√
n

n∑
i=1

{
δiX − δiR(1)

i (β0) + δi
g10(Yi, Xi;β0)

g20(Yi, Xi;β0)

−δi
{g30 − g40 + g50 − g60}(Yi, Xi;β0)

{g70 − g80 + g90 − g100}(Yi, Xi;β0)

}
+ op(1),

= −
(
∂`2(β)

∂β2

∣∣∣∣
β=β0

)−1
1√
n

n∑
i=1

{
δiX − δiR(1)

i (β0) + δi
g10(Yi, Xi;β0)

g20(Yi, Xi;β0)

−δi
{g30 − g40 + g50 − g60}(Yi, Xi;β0)

{g70 − g80 + g90 − g100}(Yi, Xi;β0)

}
+ op(1).

Thus it follows that
√
n(β̂ − β0) converges to the normal distribution with mean 0 and the

variance-covariance matrix that can be consistently estimated by Â−1V̂Â−1. The proof of this

theorem is completed.

Proof of Theorem 3: By the Taylor expansion and Theorem 1, we have

Λ̂n(t) =

∫ log t

−∞

2(nbnt)
−1∑n

i=1 δiK(Ri(β0)−u
bn

)

1
n

∑n
i=1

∫ (Ri(β0)−u)/bn
(Hi(β0)−u)/bn

K(s)ds+ δi
∫ (Ri(β0)−u)/bn
(Ii(β0)−u)/bn

K(s)ds
du

+
∂Λ̂n(t)

∂β

∣∣∣∣
β=β0

(β̂n − β0) + op(|β̂n − β0|)

=

∫ log t

−∞
2

dP (δ = 1, R(β) ≤ u)/du

P (H(β) ≤ u ≤ R(β)) + P (δ = 1, I(β) ≤ u ≤ R(β))
du+ op(1).

Note that u = log t in the equation above. By the third equation on page 1194 of Shen, Ning,

and Qin (2009) and the third equation on page 955 of Huang and Qin (2012), we have

Λ̂n(t) =

∫ t

−∞

feε|X(s|X)

Seε|X(s|X)
du+ op(1) = Λ(t) + op(1),

where feε|X(u|X) and Seε|X(u|X) are the density function and survival function of eε given X,

respectively. Hence, the proof is completed.
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