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Supplementary Material

1 Calculations for §2.2 of main paper

Note that for integers [ and m,

/ " cos (Iw) dw — 271 (1 = 0), (B.1a)
/_: cos (lw) cos (mw) dw = { 27;” 5 z Z i 8’ (B.1b)
We have
[Py (W), = cos(wlk —t;]) for 1 < j <n,1<k<N.
We use special matrices
B () = (1(lt; — el = ), -0 x 1,
E,n(s)=(lk—=t;]=s));; :nxN,
A,y =la,(1), -, a,(N)]:nx N.
Some useful identities:
E,n(0)A] vy = Ay, (B.2
A,_LlAnyN = B, y, implying (B.3
E,x(0)B;, y=E,(0)=1,. (B.4)

1.1 Calculation of the integral of H,
Claim:

4 1
/ H,(w)dw =27 (1 + N (||Bn7N||2 — Qn)) ,

where we use the Euclidean norm ||P||, = VirP'P = />, p3,.
Details: In matrix terms, the expression preceding Theorem 1 is

/ H,(w)dw = / {1 + NtrMn(w)anNB'n’N - NtranN(w)B;} dw
1 T , 2 T ,
=27 + Ntr M ,(w)dwB, nB;, y — Ntr P, n(w)dwBy, y.
(B.5)
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Each off-diagonal element of M, (w) is of the form cos (lw) with | # 0, and
each diagonal element is = 1, so by (B.1a),

/ M, (w)dw = 271,.

Thus
tr / TrMn(w)den,NBj%N = 2rtrB, nB), y = 27 | Bun| 3 -
Next,
/W [P (W), dw = /” cos(wlk — tj])dw = 2n1 (k =t;),
so that
/7r P, y(w)dw =27E, 5 (0);
thus '

tr/ P, n(w)dwB,, y = tr2rE, y (0) B;, y = 27tr (A, 'A,) by (B.4) = 2mn.

These expressions, substituted into (B.5), give
™ 1 s , 2 ™ ,
H,(w)dw =21+ Ntr M, (w)dwB, yB;, y — Ntr P, n(w)dwB:, v

2T 2 4mn
— o+ LB - 2

1
=27 <1 + N (||Bn7N||2E — ZTL)) s

as required.

1.2 Calculation of R(s)
Claim: for |s| =0,1,2,... we have

eml (s #0)

R(s) = A(s)+ NTE,

[trE, (s) Bu,nB., y — 2trE, y (s) B, x| . (B.6)

Details: We seek

R(s) = A(s) + m /_7r K, (w) cos (sw) dw,
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where
1
Ky (w) =+ [(trM . (w)B, xBl, y — | Bunl3) — 2 (trPon(w)B, x —n)] .
Then

/ K, (w) cos (sw) dw
_ 1 { fj (trM,,(w)B, nB!, v — HBnN||2E) cos (sw) dw }

N =2 [T (trP, n( )B;l —n) cos (sw) dw
B tr [T M, (w)cos (sw) dwB, yBl, xy — 27 | Bun |5 I (s = 0)
B N -2 [tr ST Prn(w)cos (sw) dwBy, y —2mnl (s = O)]
(B.1b)

By (B.1b), if s # 0 then

[ " M, (w) cos (sw) dw} - /_ " cos(wlt; — t]) cos (sw) duw
=ml(|t; —tx| =) =7 [E, (s)]

gk
so that -
/ M, (w) cos (sw) dw = TE,, (s);

if s = 0 we instead have

M, (w)dw = 2r1I, = 27E, (0).

—T

In general,

/7r M, (w)cos (sw)dw =7 (E,(s)+1(s=0)1,);

—Tr

thus
tr/ M, (w) cos (sw) dwB, nBl, y =tr [7 (E, (s) + I (s = 0)I,) B, yB), y]
= mtr [B, y (En(s)+1(s=0)1,)(s) Byn] .

Next, if s # 0 then

{/i P, n(w) cos (sw) dw} iy = /Tr cos(w|k—t;]) cos (sw) dw = 71 (|k — t;| = s),

so that -
/ P, n(w)cos (sw)dw =1E, n(s);
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if s =0 then i
/ P, n(w)cos (sw) dw = 21E, x (0);

—T

thus in general
/7r P, n(w)cos (sw)dw=m(E,n(s)+ E,n(0)I(s=0)),
so that
r / " P (w) cos (sw) dwB, y = trr (B (s) + Evy (0)1 (s = 0)) B, x.
Thus

/ 1 K, (w) cos (sw) duw

tr fjﬂ M ,(w) cos (sw) dwBy yB;, \y — 27 HBnNHQE I(s=0)
{ —2 [tr TP, n(w)cos (sw) dwB), — 2mnl (s = O)} }
{ mtr [B! y (En (s) + 1 (s =0) 1) (s) Bun] — 27 | Bunl% 1 (s = 0) }
=2 [trm (Enn (s) + E,n (0)I (s =0)) B, y — 2wl (s = 0)]
tr [B), yE (s) Bun| — 2 [trE, n (s) B, y]
{ +1(s=0) [trB}, yBun — 2| Ban|y — 2trE, v (0) B), y + 4n] }

T { tr (B, vE, (s) Bun] — 2 [trE, n (s) B;,N} }
+1 (s = 0) [| Buxlz = 2|1 Bunlly — 2n + 4n]

e e e

N
- % {tr [B!, yEn () Bun] — 2 [trEnn (s) Bl y] + 1 (s =0) [2n— | Boyl%]} -

Collecting these terms gives

R(s)=A(s)+ m /7r K, (w) cos (sw) dw

Em tr [En (s) Bn7NB’n7N} }

YRR |
) N\ 2 [rBun (5) Bloy] +1(s = 0) [20 — [Boy|3]

As a check, at s = 0 we have R(0) = A(0) + times

ET
NK.T,,

tr [E, (0) B, yBl, ] =2 [trE,~ (0) B, y] + [2n — | B, ~|3]
=tr [B, B!, | —2[trL,] + [2n — |B,x|3]

= | Bunll3 — 2n+2n — | By

pr— (]7
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as must be the case. Thus

ET tr [En (s) BunB, N} }
R(s)=A(s) + ——— / S
(s) = A() + ¥, ||L { 9 [trEnN( ) B, y] +1(s=0) 20— ||Byx|3]
671'] !
:A<8>—|— NHK ||L2 {t [ nNB ] 2[tTEn,N (S>Bn,N]}7
as claimed.

1.3 Calculation of the norm of K,,

Claim:

=2

-1
N|K,| =\|7) [trE,(t)B,nB) y —2(1,E, n(t)B) y1, )] (B.7)
t=1

Details: We have
1
K,(w) = ~ [((trM ,(w)B, xB), y — | Banly) — 2 (trPon(w)B), y —n)],

and need N || K,|| = \/Nz I K2 (w) dw, where

N2/ KTQL (w) dw :/ (tTMn(W)Bn,NB;@N - “Bn,NHJZE)QdW

—4 / (trM,(w)B,~Bl x — | Bun|3) (trPon(w)B), y — n) dw

—T

+ 4/ (trP, n(w)Bl, y — n)2 dw. (B.8)

—T

In the next three sections we derive

s 2
/ (trM, (@) B v B, — [ Bal})” dw

N—1
w[z (B, () Bun By — 1Bowllt] ®.9)
t=0

/ (t Mn(w)anNBng — HBnN”2E) (trPnyN(w)B;lvN — n) dw

:w[ (1, [Enn (m) B, ] 1, - trE, (m) BonBl, ) — n||Bunl5] .
m=0

(B.10)

N-1
=7 [ (lilEn,N(TrL)B’W\,ln)2 —n?|. (B.11)
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Substituting these expressions into (B.8):

o (B, (1) BunBly)" — | Bunlly)

(NI =78 4 [0 (1) [Ban (m) By] Lo 7B, (m) BuwBl ) — | B

4 [ S0 (1B (m) Bl y1,)" = 2]
(trE, (t) BuxB., y)°

_ ) XN A [Eux () B ] 1, 1E, (75)2 B, xB, )
+4 (1,E, n(t)B], y1,)
[HBnNHE —4n HBn NHE +4n ]
-1

=7 { [trE, (t) BuyBly — 2 1,E,n(0)B, y1,]" — [|Bunl - 2n]2}

+=0

-1
- Z [trE, (t) B,nB, v — 2 (1,E,.x(t)B, y1,)]°,

which is (B.7).

Useful integrals already derived, and used again in the next three sections, are:

™

M, (w)dwB, yB), y =27 | Bun|%

—T

tr/ P, y(w)dwB;, y = 27n.

1.3.1 First term: (B.9)

™

2
(trM,(w)B,~Bl, v — | Banll3) " dw

i

—Tr
K

(trMn(w)Bn,NB;%N)2 dw — 2 HBn,NHg/ trM ,(w)B, B!, ydw + 27 | By, x|},

—T

T 2
| (rMo@)B Bl do = 2Bl 27 B + 27 Bl

™

(trM o (w) B, v Bl y)” dw — 27 | By [} - (B.12)

—Tr



Robust Sampling Designs for Stochastic Processes 7

We then require

2

/7r (trM ,(w)BnnB;, )~ dw

n

/ Z ”LJ nNBnN]z Z nNB/nvN]l,k:dw

k1l

:/ S (ML), Mo (@), do [BuxBly]  [BunBiyl,,

T 0.kl

_Z/_ cos (w [t — t;]) cos (w |t — 1) dw [BuwBln]. | [BuwBlnl,,

i,5,k,l

— T, |t =t = [tk — ] #0, ) )
Z { 2m, |t — tj’ =ty =t =0, [B"’NB”’NLJ [Bn’NB”’N]l,k

=T Z |t — tj| = |tk — tl|) [BTL,NB;L,N]JJ [B”’NB;%NL,IC

1,5,k,1
+m ) I(lti =t = |tn = ti| = 0) [Bun Bl ], [BanBin],,
ijk:l
=7 Z YLt =t =) I (jte — i = 1) [Bun Bl x] ., [Bun By,
t=0 1,5,k,l
+7 Zkl —t;] =0) I (ty, —t;| = 0) [B,nB) ] Ny [Bn,NB;L,NL,k
4,
N-1
= WZ Zf(ltz —t| =1) [BnNB;N} Z (Itx —til =1) [BunB ],
t=0 4,5
v 2
:ﬂz<21|t—t|:t) B, nB. . ) +7r<21 . nNB’n’N]N)
t=0 7
N-1 ! 2 2
— ﬂz <Z n ()] [Bn7NB;,N}j7i> +7r <Z [E. (0], [Bn,NB;,N}jJ
t=0 2,] %,J
N-1
— Z (trE, (t) BuyB., y)" + 7 (trE, (0) B,xB., y)”
N—-1

2
T WE nNB%N)_+”BmN%i'

t=0
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Substituting into (B.12):

™

2
(trMn(w>Bn,NB;17N - HBn,NH?E) dw

M

—T

- / (trMn(w)Bn’NB;u\,)2 dw — 27 HBmNHéfE

=2

I
3
[~

2
(trE, (t) BunBi )" + | Buly —2 HBn,NH‘E]

=2

=7 (trE, (t) B,LNB;%N)2 — ||BnN||4E] ,

i
o

which is (B.9).

1.3.2 Second term (B.10)

/ (trM () Bun By — |Bunll2) (trPon(@) By — ) du

—T

- / tTMn<w>Bn,NB;L,NtTP”’N (M)B;%Ndw

™

s

Bl / 1Py () B!, i — n / M., () B,y B, ydio + 21 | By |2

—T

- / trMn(“J)Bn,NB;z,NtTP”’N (M)B;%Ndw

- HBn,NH2E 21 —mn - 2w HBn,NH2E +2mn ”Bn,NH2E

= / trM ,(w) By nB;, ytr Py, n(w)B;, ydw — 27 ||Bn,N||2E . (B.13)

—T

We then require
/ 1M, () By B, P () Bl

/ Z iy [BanBiy] . > [Pun(w)B,],, dw
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= Z Z Z/ (W)]z,t dw [B;LNL,I@ [B’“NB;%N]J‘J

i, kil t=1Y7T

_ ZZZ/ cos ( ;]) cos (w [t — t]) dw [B;7N}t7k [BnaNB;L,N:Ijﬂ'

ij kil t=1Y"T

= WZZZI(\E —t;l =t —tl) [B,y],, [BanBoy],,

i7j kvl t=1

n n N

S OSSN (-t = - 4] = 0) [Bl o], [BuxBll,,
ij kil t=1
N—-1 n n

_WZZZZI (It _t|_|t_tl|_ )[B;%N]t,k [B”vNB;LNL,i

mOzg kil t=1

+7TZZZI —t;| =0) I (|t —t| = 0) [B},w],, [BunBlin],,

t=1 4,5 kil

=w]§[ii1<u—m— ) [B)4), ”ZI -t =m [nNB;,NL,i]

m=0 L &k, t=1

S IEIEUIESH ) ITEIERIEREN

=1

=7 - [Z Z [E, N (m)]l,t [B;LNL,IC]

+

Z [En (mﬂi,j [B?LNB;L,NL'J]

0Lkl t=1 i,
N n n
| 3D (B O, (Bl | |20 EL O, [BmNB%’NLn]
=1 ki 0.
N—-1 n
= Z [E,~ (m)B), \] jo 1P Em (m) B, nBj, v
m=0 k,l

+7)  [Enn (0) By, trEn (0) BuyB, y

k
] SN (B (m) By L, - B, (m) B,y B,
1, [Buy (0) Bl ] 1 | B2
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Substituting into (B.13), and using (B.4):

/ (trM (@) Bun By — |Bul2) (trP oy (@) By —n) de
= / trM ,(w) By v B, ytrP, x(w)B), ydw — 270 | B v ||,

:W{ (1 [E nN(m)BnN]1 trE, (m )BnNBnN)}
(1 [Bay (0 Bly] 1, - 20) B ol

N—-1
=T [Z (1, [Enn (m) B, v 1, - trE, (m) B, vBy, y) — n||Bn,N||2E] ,
which is (B.10).

1.3.3 Third term (B.11)

/7r (tTPn,N(w)B;%N — n)2 dw

—T
m

:/ (trPn’N(w)B'mN)de—2n/ trP, n(w)Bj, ydw + 2mn*

—T —T

= / (trPn’N(u))B'n’N)2 dw — 2n - 27tn + 2mn?

= / (trPn’N(u))B'n’N)2 dw — 27n?. (B.14)

—T

We then require

/ (trPn7N(w)B;7N)2 dw

2,7 k,l
n n ~ N N
- /
_ZZ/ [Pn’N S]Z B”N] kd
ij kil YT s=1 t=1

XYY [P Pt e (B (B,

4,5 kil s=1 t=1

_ZiZZ/ cos ( i|) cos (w ‘t_tl‘)dw[B;lN} [B/nN] K

i,7 kil s=1t=1
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n n N N
_ T, s —ti| =]t —t|#0,
_ZZZZ{ 2, |S—ti’:|t—tl|20, .[B;,N}s,j [B;,N]t,k
i kil s=1 t=1
N—-1 n n

:szzzzz s —til =m) I (jt = tif = m) [By, ], [Bin],,

m=0 4,5 k|l s=1 t=1

—HTZZZZI ti| = 0) (|t—tz|—0)[B;N} [B;N}k

,j kil s=1t=1

s | —

m=0 Ls=1 1i,j t=1 k|l
N n ' N n
) S [B;,NL,J.] S St =0 [B;,N}t,k]
s=1 14,5 Lt=1 Kk,
N-1[ N n 7 N n
WZ [ZZ N (m Zs B/nN] ; [ZZ[EnN(m)]z,t [B;,NLJC]
m=0 Ls=1 4j t=1 k|l
N n n
+m ZZ[EnN is B;zN ] [Z O)]u [B:%N}t,k]
s=1 i, t=1 k|l
N—-1 n n
=7 [Z [E B/nN 1]2 B/nN l,k]
m=0 L %,j k,l
b1 | S BB, S [EnN<o>B;,NL,k]
1,5 k,l
N-1
. [Z (1., n(m)B), y1,)° + 0| .
m=0

Substituting into (B.14):

/ (trP,n(w)B), x — n)2 dw

—T

- / (trPn,N(w)B;u\,)2 dw — 2mn?

2

=7 (1;LE,LN(m)B;J\,ln)2 +n?— 2n2]

=3
LD

=7 (1,E, n(m)B) y1, ) 2] ,

3
]
[e=)

which is (B.11).

I—I



