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Supplementary Material

1 Calculations for §2.2 of main paper

Note that for integers l and m,Z �

��
cos (l!) d! = 2�I (l = 0) ; (B.1a)Z �

��
cos (l!) cos (m!) d! =

�
�; l = m 6= 0;
2�; l = m = 0:

(B.1b)

We have

[P n;N(!)]j;k = cos(!jk � tjj) for 1 � j � n; 1 � k � N:
We use special matrices

En (s) = (I (jtj � tkj = s))j;k : n� n;
En;N (s) = (I (jk � tjj = s))j;k : n�N;
An;N = [an(1); � � �;an(N)] : n�N:

Some useful identities:

En;N (0)A
0
n;N = An; (B.2)

A�1
n An;N = Bn;N ; implying (B.3)

En;N (0)B
0
n;N = En (0) = In: (B.4)

1.1 Calculation of the integral of Hn

Claim: Z �

��
Hn(!) d! = 2�

�
1 +

1

N

�
kBn;Nk2 � 2n

��
;

where we use the Euclidean norm kP kE =
p
trP 0P =

qP
j;k p

2
jk.

Details: In matrix terms, the expression preceding Theorem 1 isZ �

��
Hn(!) d! =

Z �

��

�
1 +

1

N
trMn(!)Bn;NB

0
n;N �

2

N
trP n;N(!)B

0
n

�
d!

= 2� +
1

N
tr

Z �

��
Mn(!)d!Bn;NB

0
n;N �

2

N
tr

Z �

��
P n;N(!)d!B

0
n;N :

(B.5)
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Each o¤-diagonal element of Mn(!) is of the form cos (l!) with l 6= 0, and
each diagonal element is = 1, so by (B.1a),Z �

��
Mn(!)d! = 2�In:

Thus

tr

Z �

��
Mn(!)d!Bn;NB

0
n;N = 2�trBn;NB

0
n;N = 2� kBn;Nk2E :

Next, Z �

��
[P n;N(!)]j;k d! =

Z �

��
cos(!jk � tjj)d! = 2�I (k = tj) ;

so that Z �

��
P n;N(!)d! = 2�En;N (0) ;

thus

tr

Z �

��
P n;N(!)d!B

0
n;N = tr2�En;N (0)B

0
n;N = 2�tr

�
A�1
n An

�
by (B.4) = 2�n:

These expressions, substituted into (B.5), giveZ �

��
Hn(!) d! = 2� +

1

N
tr

Z �

��
Mn(!)d!Bn;NB

0
n;N �

2

N
tr

Z �

��
P n;N(!)d!B

0
n;N

= 2� +
2�

N
kBn;Nk2E �

4�n

N

= 2�

�
1 +

1

N

�
kBn;Nk2E � 2n

��
;

as required.

1.2 Calculation of R(s)

Claim: for jsj = 0; 1; 2; ::: we have

R(s) = A (s) +
"�I (s 6= 0)
N kKnkL2

�
trEn (s)Bn;NB

0
n;N � 2trEn;N (s)B

0
n;N

�
: (B.6)

Details: We seek

R(s) = A (s) +
"

kKnkL2

Z �

��
Kn (!) cos (s!) d!;
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where

Kn (!) =
1

N

��
trMn(!)Bn;NB

0
n;N � kBn;Nk2E

�
� 2

�
trP n;N(!)B

0
n;N � n

��
:

ThenZ �

��
Kn (!) cos (s!) d!

=
1

N

� R �
��
�
trMn(!)Bn;NB

0
n;N � kBn;Nk2E

�
cos (s!) d!

�2
R �
�� (trP n;N(!)B

0
n � n) cos (s!) d!

�
=
1

N

(
tr
R �
��Mn(!) cos (s!) d!Bn;NB

0
n;N � 2� kBn;Nk2E I (s = 0)

�2
h
tr
R �
�� P n;N(!) cos (s!) d!B

0
n;N � 2�nI (s = 0)

i )
:

By (B.1b), if s 6= 0 then�Z �

��
Mn(!) cos (s!) d!

�
j;k

=

Z �

��
cos(!jtj � tkj) cos (s!) d!

= �I (jtj � tkj = s) = � [En (s)]j;k ;

so that Z �

��
Mn(!) cos (s!) d! = �En (s) ;

if s = 0 we instead haveZ �

��
Mn(!)d! = 2�In = 2�En (0) :

In general, Z �

��
Mn(!) cos (s!) d! = � (En (s) + I (s = 0) In) ;

thus

tr

Z �

��
Mn(!) cos (s!) d!Bn;NB

0
n;N = tr

�
� (En (s) + I (s = 0) In)Bn;NB

0
n;N

�
= �tr

�
B0
n;N (En (s) + I (s = 0) In) (s)Bn;N

�
:

Next, if s 6= 0 then�Z �

��
P n;N(!) cos (s!) d!

�
j;k

=

Z �

��
cos(!jk�tjj) cos (s!) d! = �I (jk � tjj = s) ;

so that Z �

��
P n;N(!) cos (s!) d! = �En;N (s) ;
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if s = 0 then Z �

��
P n;N(!) cos (s!) d! = 2�En;N (0) ;

thus in generalZ �

��
P n;N(!) cos (s!) d! = � (En;N (s) +En;N (0) I (s = 0)) ;

so that

tr

Z �

��
P n;N(!) cos (s!) d!B

0
n;N = tr� (En;N (s) +En;N (0) I (s = 0))B

0
n;N :

ThusZ �

��
Kn (!) cos (s!) d!

=
1

N

(
tr
R �
��Mn(!) cos (s!) d!Bn;NB

0
n;N � 2� kBn;Nk2E I (s = 0)

�2
h
tr
R �
�� P n;N(!) cos (s!) d!B

0
n � 2�nI (s = 0)

i )

=
1

N

�
�tr
�
B0
n;N (En (s) + I (s = 0) In) (s)Bn;N

�
� 2� kBn;Nk2E I (s = 0)

�2
�
tr� (En;N (s) +En;N (0) I (s = 0))B

0
n;N � 2�nI (s = 0)

� �
=
�

N

�
tr
�
B0
n;NEn (s)Bn;N

�
� 2

�
trEn;N (s)B

0
n;N

�
+I (s = 0)

�
trB0

n;NBn;N � 2 kBn;Nk2E � 2trEn;N (0)B
0
n;N + 4n

� �
=
�

N

�
tr
�
B0
n;NEn (s)Bn;N

�
� 2

�
trEn;N (s)B

0
n;N

�
+I (s = 0)

�
kBn;Nk2E � 2 kBn;Nk2E � 2n+ 4n

� �
=
�

N

�
tr
�
B0
n;NEn (s)Bn;N

�
� 2

�
trEn;N (s)B

0
n;N

�
+ I (s = 0)

�
2n� kBn;Nk2E

�	
:

Collecting these terms gives

R(s) = A (s) +
"

kKnkL2

Z �

��
Kn (!) cos (s!) d!

= A (s) +
"�

N kKnkL2

�
tr
�
En (s)Bn;NB

0
n;N

�
�2
�
trEn;N (s)B

0
n;N

�
+ I (s = 0)

�
2n� kBn;Nk2E

� � :
As a check, at s = 0 we have R(0) = A(0) + "�

NkKnkL2
times

tr
�
En (0)Bn;NB

0
n;N

�
� 2

�
trEn;N (0)B

0
n;N

�
+
�
2n� kBn;Nk2E

�
= tr

�
Bn;NB

0
n;N

�
� 2 [trIn] +

�
2n� kBn;Nk2E

�
= kBn;Nk2E � 2n+ 2n� kBn;Nk2E
= 0;
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as must be the case. Thus

R(s) = A (s) +
"�

N kKnkL2

�
tr
�
En (s)Bn;NB

0
n;N

�
�2
�
trEn;N (s)B

0
n;N

�
+ I (s = 0)

�
2n� kBn;Nk2E

� �
= A (s) +

"�I (s 6= 0)
N kKnkL2

�
tr
�
En (s)Bn;NB

0
n;N

�
� 2

�
trEn;N (s)B

0
n;N

�	
;

as claimed.

1.3 Calculation of the norm of Kn

Claim:

N kKnk =

vuut� N�1X
t=1

�
trEn (t)Bn;NB

0
n;N � 2

�
10nEn;N(t)B

0
n;N1n

��2
: (B.7)

Details: We have

Kn(!) =
1

N

��
trMn(!)Bn;NB

0
n;N � kBn;Nk2E

�
� 2

�
trP n;N(!)B

0
n;N � n

��
;

and need N kKnk =
q
N2
R �
��K

2
n (!) d!, where

N2

Z �

��
K2
n (!) d! =

Z �

��

�
trMn(!)Bn;NB

0
n;N � kBn;Nk2E

�2
d!

� 4
Z �

��

�
trMn(!)Bn;NB

0
n;N � kBn;Nk2E

� �
trP n;N(!)B

0
n;N � n

�
d!

+ 4

Z �

��

�
trP n;N(!)B

0
n;N � n

�2
d!: (B.8)

In the next three sections we deriveZ �

��

�
trMn(!)Bn;NB

0
n;N � kBn;Nk2E

�2
d!

= �

"
N�1X
t=0

�
trEn (t)Bn;NB

0
n;N

�2 � kBn;Nk4E

#
; (B.9)Z �

��

�
trMn(!)Bn;NB

0
n;N � kBn;Nk2E

� �
trP n;N(!)B

0
n;N � n

�
d!

= �

"
N�1X
m=0

�
10n
�
En;N (m)B

0
n;N

�
1n � trEn (m)Bn;NB

0
n;N

�
� n kBn;Nk2E

#
;

(B.10)Z �

��

�
trP n;N(!)B

0
n;N � n

�2
d!

= �

"
N�1X
m=0

�
10nEn;N(m)B

0
n;N1n

�2 � n2# : (B.11)
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Substituting these expressions into (B.8):

(N kKnk)2 = �

8>>><>>>:
hPN�1

t=0

�
trEn (t)Bn;NB

0
n;N

�2 � kBn;Nk4E
i

�4
hPN�1

m=0

�
10n
�
En;N (m)B

0
n;N

�
1n � trEn (m)Bn;NB

0
n;N

�
� n kBn;Nk2E

i
+4
hPN�1

m=0

�
10nEn;N(m)B

0
n;N1n

�2 � n2i
9>>>=>>>;

= �

8>>><>>>:
PN�1

t=0

264
�
trEn (t)Bn;NB

0
n;N

�2
�4
�
10n
�
En;N (t)B

0
n;N

�
1n � trEn (t)Bn;NB

0
n;N

�
+4
�
10nEn;N(t)B

0
n;N1n

�2
375

�
�
kBn;Nk4E � 4n kBn;Nk2E + 4n2

�
9>>>=>>>;

= �

(
N�1X
t=0

�
trEn (t)Bn;NB

0
n;N � 2 � 10nEn;N(t)B

0
n;N1n

�2 � �kBn;Nk2E � 2n
�2)

= �
N�1X
t=1

�
trEn (t)Bn;NB

0
n;N � 2

�
10nEn;N(t)B

0
n;N1n

��2
;

which is (B.7).

Useful integrals already derived, and used again in the next three sections, are:

tr

Z �

��
Mn(!)d!Bn;NB

0
n;N = 2� kBn;Nk2E ;

tr

Z �

��
P n;N(!)d!B

0
n;N = 2�n:

1.3.1 First term: (B.9)

Z �

��

�
trMn(!)Bn;NB

0
n;N � kBn;Nk2E

�2
d!

=

Z �

��

�
trMn(!)Bn;NB

0
n;N

�2
d! � 2 kBn;Nk2E

Z �

��
trMn(!)Bn;NB

0
n;Nd! + 2� kBn;Nk4E

=

Z �

��

�
trMn(!)Bn;NB

0
n;N

�2
d! � 2 kBn;Nk2E � 2� kBn;Nk2E + 2� kBn;Nk4E

=

Z �

��

�
trMn(!)Bn;NB

0
n;N

�2
d! � 2� kBn;Nk4E : (B.12)
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We then require

Z �

��

�
trMn(!)Bn;NB

0
n;N

�2
d!

=

Z �

��

nX
i;j

[Mn(!)]i;j
�
Bn;NB

0
n;N

�
j;i
�

nX
k;l

[Mn(!)]k;l
�
Bn;NB

0
n;N

�
l;k
d!

=

Z �

��

X
i;j;k;l

[Mn(!)]i;j [Mn(!)]k;l d!
�
Bn;NB

0
n;N

�
j;i

�
Bn;NB

0
n;N

�
l;k

=
X
i;j;k;l

Z �

��
cos (! jti � tjj) cos (! jtk � tlj) d!

�
Bn;NB

0
n;N

�
j;i

�
Bn;NB

0
n;N

�
l;k

=
X
i;j;k;l

�
�; jti � tjj = jtk � tlj 6= 0;
2�; jti � tjj = jtk � tlj = 0;

�
�
Bn;NB

0
n;N

�
j;i

�
Bn;NB

0
n;N

�
l;k

= �
X
i;j;k;l

I (jti � tjj = jtk � tlj)
�
Bn;NB

0
n;N

�
j;i

�
Bn;NB

0
n;N

�
l;k

+ �
X
i;j;k;l

I (jti � tjj = jtk � tlj = 0)
�
Bn;NB

0
n;N

�
j;i

�
Bn;NB

0
n;N

�
l;k

= �
N�1X
t=0

X
i;j;k;l

I (jti � tjj = t) I (jtk � tlj = t)
�
Bn;NB

0
n;N

�
j;i

�
Bn;NB

0
n;N

�
l;k

+ �
X
i;j;k;l

I (jti � tjj = 0) I (jtk � tlj = 0)
�
Bn;NB

0
n;N

�
j;i

�
Bn;NB

0
n;N

�
l;k

= �
N�1X
t=0

X
i;j

I (jti � tjj = t)
�
Bn;NB

0
n;N

�
j;i

X
k;l

I (jtk � tlj = t)
�
Bn;NB

0
n;N

�
l;k

+ �
X
i;j

I (ti = tj)
�
Bn;NB

0
n;N

�
j;i

X
k;l

I (tk = tl)
�
Bn;NB

0
n;N

�
l;k

= �

N�1X
t=0

 X
i;j

I (jti � tjj = t)
�
Bn;NB

0
n;N

�
j;i

!2
+ �

 X
i;j

I (ti = tj)
�
Bn;NB

0
n;N

�
j;i

!2

= �

N�1X
t=0

 X
i;j

[En (t)]i;j
�
Bn;NB

0
n;N

�
j;i

!2
+ �

 X
i;j

[En (0)]i;j
�
Bn;NB

0
n;N

�
j;i

!2

= �
N�1X
t=0

�
trEn (t)Bn;NB

0
n;N

�2
+ �

�
trEn (0)Bn;NB

0
n;N

�2
= �

"
N�1X
t=0

�
trEn (t)Bn;NB

0
n;N

�2
+ kBn;Nk4E

#
:
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Substituting into (B.12):Z �

��

�
trMn(!)Bn;NB

0
n;N � kBn;Nk2E

�2
d!

=

Z �

��

�
trMn(!)Bn;NB

0
n;N

�2
d! � 2� kBn;Nk4E

= �

"
N�1X
t=0

�
trEn (t)Bn;NB

0
n;N

�2
+ kBn;Nk4E � 2 kBn;Nk4E

#

= �

"
N�1X
t=0

�
trEn (t)Bn;NB

0
n;N

�2 � kBn;Nk4E

#
;

which is (B.9).

1.3.2 Second term (B.10)

Z �

��

�
trMn(!)Bn;NB

0
n;N � kBn;Nk2E

� �
trP n;N(!)B

0
n;N � n

�
d!

=

Z �

��
trMn(!)Bn;NB

0
n;N trP n;N(!)B

0
n;Nd!

� kBn;Nk2E
Z �

��
trP n;N(!)B

0
n;Nd! � n

Z �

��
trMn(!)Bn;NB

0
n;Nd! + 2�n kBn;Nk2E

=

Z �

��
trMn(!)Bn;NB

0
n;N trP n;N(!)B

0
n;Nd!

� kBn;Nk2E � 2�n� n � 2� kBn;Nk2E + 2�n kBn;Nk2E
=

Z �

��
trMn(!)Bn;NB

0
n;N trP n;N(!)B

0
n;Nd! � 2�n kBn;Nk2E : (B.13)

We then requireZ �

��
trMn(!)Bn;NB

0
n;N trP n;N(!)B

0
nd!

=

Z �

��

X
i;j

[Mn(!)]i;j
�
Bn;NB

0
n;N

�
j;i

X
k;l

[P n;N(!)B
0
n]l;k d!

=
nX
i;j

nX
k;l

Z �

��
[Mn(!)]i;j [P n;N(!)B

0
n]l;k d!

�
Bn;NB

0
n;N

�
j;i

=
X
i;j

X
k;l

Z �

��
[Mn(!)]i;j

NX
t=1

[P n;N(!)]l;t
�
B0
n;N

�
t;k
d!
�
Bn;NB

0
n;N

�
j;i
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=

nX
i;j

nX
k;l

NX
t=1

Z �

��
[Mn(!)]i;j [P n;N(!)]l;t d!

�
B0
n;N

�
t;k

�
Bn;NB

0
n;N

�
j;i

=

nX
i;j

nX
k;l

NX
t=1

Z �

��
cos (! jti � tjj) cos (! jt� tlj) d!

�
B0
n;N

�
t;k

�
Bn;NB

0
n;N

�
j;i

= �
nX
i;j

nX
k;l

NX
t=1

I (jti � tjj = jt� tlj)
�
B0
n;N

�
t;k

�
Bn;NB

0
n;N

�
j;i

+ �
nX
i;j

nX
k;l

NX
t=1

I (jti � tjj = jt� tlj = 0)
�
B0
n;N

�
t;k

�
Bn;NB

0
n;N

�
j;i

= �

N�1X
m=0

nX
i;j

nX
k;l

NX
t=1

I (jti � tjj = jt� tlj = m)
�
B0
n;N

�
t;k

�
Bn;NB

0
n;N

�
j;i

+ �
NX
t=1

nX
i;j

nX
k;l

I (jti � tjj = 0) I (jt� tlj = 0)
�
B0
n;N

�
t;k

�
Bn;NB

0
n;N

�
j;i

= �
N�1X
m=0

"
nX
k;l

NX
t=1

I (jt� tlj = m)
�
B0
n;N

�
t;k

#"
nX
i;j

I (jti � tjj = m)
�
Bn;NB

0
n;N

�
j;i

#

+ �

"
NX
t=1

nX
k;l

I (jt� tlj = 0)
�
B0
n;N

�
t;k

#"
nX
i;j

I (jti � tjj = 0)
�
Bn;NB

0
n;N

�
j;i

#

= �
N�1X
m=0

"
nX
k;l

NX
t=1

[En;N (m)]l;t
�
B0
n;N

�
t;k

#"
nX
i;j

[En (m)]i;j
�
Bn;NB

0
n;N

�
j;i

#

+ �

"
NX
t=1

nX
k;l

[En;N (0)]l;t
�
B0
n;N

�
t;k

#"
nX
i;j

[En (0)]i;j
�
Bn;NB

0
n;N

�
j;i

#

= �
N�1X
m=0

nX
k;l

�
En;N (m)B

0
n;N

�
k;l
trEn (m)Bn;NB

0
n;N

+ �
nX
k;l

�
En;N (0)B

0
n;N

�
k;l
trEn (0)Bn;NB

0
n;N

= �

� PN�1
m=0 1

0
n

�
En;N (m)B

0
n;N

�
1n � trEn (m)Bn;NB

0
n;N

+10n
�
En;N (0)B

0
n;N

�
1n kBn;Nk2E

�
:
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Substituting into (B.13), and using (B.4):Z �

��

�
trMn(!)Bn;NB

0
n;N � kBn;Nk2E

� �
trP n;N(!)B

0
n;N � n

�
d!

=

Z �

��
trMn(!)Bn;NB

0
n;N trP n;N(!)B

0
n;Nd! � 2�n kBn;Nk2E

= �

� PN�1
m=0

�
10n
�
En;N (m)B

0
n;N

�
1n � trEn (m)Bn;NB

0
n;N

�
+
�
10n
�
En;N (0)B

0
n;N

�
1n � 2n

�
kBn;Nk2E

�
= �

"
N�1X
m=0

�
10n
�
En;N (m)B

0
n;N

�
1n � trEn (m)Bn;NB

0
n;N

�
� n kBn;Nk2E

#
;

which is (B.10).

1.3.3 Third term (B.11)

Z �

��

�
trP n;N(!)B

0
n;N � n

�2
d!

=

Z �

��

�
trP n;N(!)B

0
n;N

�2
d! � 2n

Z �

��
trP n;N(!)B

0
n;Nd! + 2�n

2

=

Z �

��

�
trP n;N(!)B

0
n;N

�2
d! � 2n � 2�n+ 2�n2

=

Z �

��

�
trP n;N(!)B

0
n;N

�2
d! � 2�n2: (B.14)

We then requireZ �

��

�
trP n;N(!)B

0
n;N

�2
d!

=

Z �

��

X
i;j

�
P n;N(!)B

0
n;N

�
i;j

X
k;l

�
P n;N(!)B

0
n;N

�
l;k
d!

=
nX
i;j

nX
k;l

Z �

��

NX
s=1

[P n;N(!)]i;s
�
B0
n;N

�
s;j

NX
t=1

[P n;N(!)]l;t
�
B0
n;N

�
t;k
d!

=

nX
i;j

nX
k;l

NX
s=1

NX
t=1

Z �

��
[P n;N(!)]i;s [P n;N(!)]l;t d!

�
B0
n;N

�
s;j

�
B0
n;N

�
t;k

=
nX
i;j

nX
k;l

NX
s=1

NX
t=1

Z �

��
cos (! js� tij) cos (! jt� tlj) d!

�
B0
n;N

�
s;j

�
B0
n;N

�
t;k
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=

nX
i;j

nX
k;l

NX
s=1

NX
t=1

�
�; js� tij = jt� tlj 6= 0;
2�; js� tij = jt� tlj = 0;

�
�
B0
n;N

�
s;j

�
B0
n;N

�
t;k

= �

N�1X
m=0

nX
i;j

nX
k;l

NX
s=1

NX
t=1

I (js� tij = m) I (jt� tlj = m)
�
B0
n;N

�
s;j

�
B0
n;N

�
t;k

+ �
nX
i;j

nX
k;l

NX
s=1

NX
t=1

I (js� tij = 0) I (jt� tlj = 0)
�
B0
n;N

�
s;j

�
B0
n;N

�
t;k

= �

N�1X
m=0

"
NX
s=1

nX
i;j

I (js� tij = m)
�
B0
n;N

�
s;j

#"
NX
t=1

nX
k;l

I (jt� tlj = m)
�
B0
n;N

�
t;k

#

+ �

"
NX
s=1

nX
i;j

I (js� tij = 0)
�
B0
n;N

�
s;j

#"
NX
t=1

nX
k;l

I (jt� tlj = 0)
�
B0
n;N

�
t;k

#

= �
N�1X
m=0

"
NX
s=1

nX
i;j

[En;N(m)]i;s
�
B0
n;N

�
s;j

#"
NX
t=1

nX
k;l

[En;N(m)]l;t
�
B0
n;N

�
t;k

#

+ �

"
NX
s=1

nX
i;j

[En;N(0)]i;s
�
B0
n;N

�
s;j

#"
NX
t=1

nX
k;l

[En;N(0)]l;t
�
B0
n;N

�
t;k

#

= �
N�1X
m=0

"
nX
i;j

�
En;N(m)B

0
n;N

�
i;j

nX
k;l

�
En;N(m)B

0
n;N

�
l;k

#

+ �

"
nX
i;j

�
En;N(0)B

0
n;N

�
i;j

nX
k;l

�
En;N(0)B

0
n;N

�
l;k

#

= �

"
N�1X
m=0

�
10nEn;N(m)B

0
n;N1n

�2
+ n2

#
:

Substituting into (B.14):

Z �

��

�
trP n;N(!)B

0
n;N � n

�2
d!

=

Z �

��

�
trP n;N(!)B

0
n;N

�2
d! � 2�n2

= �

"
N�1X
m=0

�
10nEn;N(m)B

0
n;N1n

�2
+ n2 � 2n2

#

= �

"
N�1X
m=0

�
10nEn;N(m)B

0
n;N1n

�2 � n2# ;
which is (B.11).


