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Proof of the identifiability of w;, ws and w3 of the proposed model

Note that w1, wo and w3 cannot be fully identified without additional restrictions. To
see this, first note that the covariance matrix of vec(Z') is £ = It ® A + GG’ ® B, where
A = Hww|H'+%¥, and B = wow)+HwswiH'. Let My, My, and M3 be rxr, pxp, and gxq
matrix, respectively, such that M M| = I, MyM:, = I,, and M3Mj = I, then we have > =
I7®A+GG' @B, where A = Hwi My M|w|H'+¥, and B = wyMyMjw!y+Hws M3z Miw, H'.
We thus have two equivalent forms for 3. Since the number of free parameters of M is r(r —
1)/2, we need r(r—1)/2 restrictions to identify wy. Similarly, we need p(p—1)/2 and ¢(¢—1)/2
restrictions to identify ws and ws, respectively. This is the reason we put the conditions that
Iy, 'y, and T's of Equation (2.11) are all diagonal. Second, write wow) = > 0, w2(i)w’2(i),
where wy(;) represents the i-th column of w9, meaning that swapping the columns of wy would
not change the values of wow), at all, and there are p columns in total, so we add the conditions
VI > qmy > e > fyf,p for the identifiability of wy. Similar reasons apply to the conditions
M1 > Y2 > > Yy and Afy > 93 > o > 0. Finally, wowh = 2521(—“’2(1'))(—“’/2(@-))7
so we add the condition that the first non-zero element in each column of the matrix ws is
positive. Similar conditions apply to the corresponding elements of w; and ws. This proves
the identifiability of w1, wo and ws.

Proof of Lemma 1



To prove part (a), write B = wpw'y, where wp = [we Hws], then we have
5l
= [I7® A+ (Gowp)(G' @wh)|
(by the definition of 3 and Theorem 7.7 of Schott, 1997)
= |I1® Al |[Lpiq) + (G @ W) I © A (G @ wp)
(by Theorem 18.1.1 of Harville, 1997, and Theorem 7.9 (a) of Schott, 1997)
= |A[T|I

T _
m(p+q) T EIm ® w/BA lwp

(by Equation (2), Theorems 7.7 and 7.11 of Schott, 1997)

= |A|" I,y + Zrm ® A"Y2BA/?
m

(by Theorem 7.7 of Schott, 1997, and Theorem 18.1.1 of Harville, 1997)

2 T
= A" |, ® A—W\ '(Im ® AY?) (Im OIN+ —In® A—WBA—W) (I, ® AY?)

T

= AT ™ (Im QA+1I,® B> (by Theorems 7.7 and 7.11 of Schott, 1997)
m

= |1AT™|I,, ® Q| (by the definition of @ and Theorem 7.6 (e) of Schott, 1997)

= |Q™A"™ (by Theorem 7.11 of Schott, 1997).

This proves part (a).
Now, we prove part (b). We will prove part (b) by showing that 155 R SR > Iy,
First note that, by the definitions of U and Q, we have QUA = —B, and so QU = —BA™ L.

Therefore,

~=—1

YY = (Ir®A+GG' @B)(Ir® A+ GG ®U)
= (Ir®1Iy)+ (GG ® AU) + (GG' ® BA™) + <ZLGG’ ® BU)
= Int+(GG'®QU) + (GG' @ BA™)
= Inr.

Similarly, it can be shown that SSo1 ~n7. This proves (b).
Part (c) follows from part (b) and Theorem 7.17 of Schott (1997).
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