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Supplementary Material

The supplementary material is organized as follows.

e Section S1 discusses the curious case of n = 1 in HDLSS contexts.

e Section S2 shows additional simulation results for Example 5.1 in the main paper. These

results provide empirical support for the theoretical convergence stated in Theorem 5.1.

e Section S3 defines the angle between a vector and a linear space which is introduced in

Section 5.1.1 of the paper.

e Section S4 presents the extensions of Theorems 5.1 and 5.2 under the growing sample size

context.
e Section S5 shows several extensions of Theorem 5.3 under the HDLSS setting.

e Section S6 presents the detailed proofs of the growing sample size asymptotic results.
Specifically, Section S6.1 presents the proof of sample eigenvalues’ properties in Theorem
5.2, Section S6.2 provides the proofs of Propositions S4.1 and S4.2, Section S6.3 shows

the proof of Theorem 4.2, and Section S6.4 provides the proofs of several Lemmas.

e Section S7 shows the detailed proofs of HDLSS results. Section S7.1 provides the proof of
Theorem 5.3, Sections S7.2-S7.5 include the proofs of Propositions S5.1-S5.4, Section S7.6
provides the proof of Theorem 4.1, and Section S7.7 includes the detailed proofs of needed

lemmas.

S1 The Curious Case of n =1

Interesting context for HDLSS results comes from the observation that the mathematical results
hold for any sample size, including n = 1. Of course no statistician would think of attempting to
do meaningful inference with only one data point. Furthermore the contemplation of consistency
in such a context at first sounds absurd to most classically trained mathematical statisticians.
However the mathematics in Section 3 of the main paper still apply in this case. The reason is
that in the limit as d — oo, because of the growing stretch of the spike distribution, the first
sample eigenvector (just the unit vector in the direction of the single data point) will tend to

lie increasingly in the direction of the first population eigenvector.
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This phenomenon as a demonstration that the spike assumption, in particular the o > 1
case in Section 3, is unrealistically strong for any practical setting, thus casting doubt on the
whether any practically useful insights can be gained from the mathematical results in Section

3. But while studying this issue two major points need to be kept in mind:

e There are real data situations where PCA reveals scientifically important structure in

data. Figure 1 shows just one example of this, but there are many other cases as well.

e The mathematics of (3.1) in Section 3 gives a clear dichotomy, which shows that in HDLSS
cases PCA will tend to either find important structure in data or else will find random

directions which will show pure noise as projections.

Taking both sides of the data analytic and mathematical components together, leads to the
conclusion that while the o > 1 spike may feel very strong, in fact it is a reasonable model for

many natural phenomena.

S2 Additional simulation results

As mentioned in Example 5.1 of the main paper, we carried out 100 simulation runs under
various settings with sample size n = 50, 100, 200, 500, 1000, 2000; % = 50; and ratios ¢ =
0.2,c2 = 0.4,cs = 1, to study the convergence of the sample eigenvectors to the respective
cones around the corresponding population eigenvectors. The simulation results are plotted in
Figure A.

Each panel in the first column is for a particular sample size, and plots the estimated angles
between the sample eigenvectors and the corresponding population eigenvectors (as jittered
points), along with the corresponding kernel density estimates and the theoretical angles (in
vertical dash lines). Note that Panel (A) of Figure 3 in the main paper is for the case of
n = 200. The plots clearly show that, as sample size n increases from 50 to 2000, the kernel
density estimators are getting more and more concentrated around the corresponding theoretical
angles 0;, j = 1,2,3, which validates the convergence results.

The panels in the right column depicts the randomness of the sample eigen-directions
within the cones, as in Panel (B) of Figure 3 for the case of n = 200. Within each panel, the
jittered points are the angles between a random pair of sample eigenvectors (that correspond to
the same population eigenvector), superimposed with the corresponding kernel density estimates
(colored accordingly). As sample size n increases, the pairwise angles are increasingly close to
90 degrees, which is consistent with the randomness in high dimensions that has been identified

in the literature.

S3 Angle between a vector and a linear space

This section rigorously defines the angle between a vector and a linear space, which was intro-
duced in Section 5.1.1 of the paper. Denote H to be an index set, e.g. H = {m +1,---,d},
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Figure A: Additional simulation plots for Example 5.1 in the main paper. Panels from
top to bottom correspond to n = 50,100,200, 500, 1000, and 2000, respectively. In

particular, the panels in the third row correspond to Figure 3 in the main paper.

and S = span{ux, k € H} to be the subspace generated by {ux, k € H}, shown as the light gray
space in Figure B. For each sample eigenvector 4;, j € H, define the projection vector onto the

subspace S as ﬁ?"’j = pen < Uj,ur > ug. Then, the angle between @, and S is defined as

angle < 4;,S >= angle < aj,ag?“’j >=cos ' Z < Uj,ur >2,
keH

which is shown as 6 in Figure B.
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S=span{u;, jeH}

Figure B: Angle between the sample eigenvector @; and the space S. The dark gray
vector is the projection of the black vector #; onto the space S.

S4 Extensions under the growing sample size asymp-

totic framework

In this section, we discuss the extensions of Theorems 5.1 and 5.2 under the growing sample
size asymptotic framework. Section S4.1 is about the extensions of Theorem 5.1. Section S4.2

shows the extensions of Theorem 5.2.

S4.1 Extensions of Theorem 5.1

This section presents two natural extensions of Theorem 5.1 that include random matrix (4§ — ¢

il

as n — 00), and High Dimension Medium Sample Size (HDMSS, d > n — o) cases.
The first extension of Theorem 5.1 includes the random matrix cases, by allowing ¢m, =0
for some mo < m, which suggests that positive information dominates in the leading mo spikes.

Then Assumptions A1 and A2 respectively become

A3. as n,d — oo, the population eigenvalues satisfy

A>3 Amg 3 Amgt1 > > A > At = - = Ag = 1

A4. as n,d — oo, nixj —c¢jfor j=1,--- ,m, where 0 = ¢c1 = -+ = Cmgy < Cmg+1 < -+ <

Cm < 00.

For d < n, mp = m = d in Assumptions A3 and A4. For random matrix cases with
n ~ d, mp = m in Assumptions A3 and A4. Since ¢; = -+ = ¢m, = 0 in Assumption A3,
if the eigenvalue index is less than or equal to mg, the corresponding sample eigenvalues and

eigenvectors are consistent. These results are summarized in the following Proposition S4.1(a).
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Another extension of Theorem 5.1 is to allow ¢my+1 = oo for some mo < m, i.e. negative
information dominates in higher-order spikes. This contains the HDMSS cases (Cabanski et al.,
2010; Yata and Aoshima, 2012; Aoshima and Yata, 2015), where d > n — co. Assumption A1l

then becomes Assumption A3, and Assumption A2 becomes

A5. as n,d — oo, % —c¢jfor j=1,--- ,m, where 0 < ¢c1 < -+ < Cmg < Cmg41 = *++ =
Cm = 00.
Since ¢my4+1 = -+ = ¢m = 00, for index j > mo + 1, the proportional error between the

sample and population eigenvalues goes to infinity, and the angle between the corresponding
sample and population eigenvectors converges to 90 degrees. These results are summarized in
Proposition S4.1(b).

Proposition S4.1.  (a) Under Assumptions 4.1, A3 and A4, the sample eigenvalues and

eigenvectors satisfy
S and < ag,u; > 251, 1< 5 < mo,

and the properties of the other sample eigenvalues and eigenvectors remain the same as

in Theorem 5.1.

(b) Let H={mo+1,---,d} and define S as in (5.1). If Assumption A4 in (a) is replaced

by Assumption A5, the sample eigenvalues satisfy

%”31, mo+1<j<m,

and the sample eigenvectors satisfy

|< i, >|= 0as {("39)}

ws mo < j < [nAd
angle < 4;,S >—= 0,

the properties of the other sample eigenvalues and eigenvectors remain the same as in
Theorem 5.1.

S4.2 Extensions of Theorem 5.2

In this section, we discuss two natural extensions of Theorem 5.2 that include d < n, random
matrix (§ — ¢, as n — 00), and High Dimension Medium Sample Size (HDMSS, d > n — co)
cases.

One way to extend Theorem 5.2 is to allow ¢, = 0 for some 79 < r. Then, Assumptions

B2 and B3 of Section 5.1.2 (main paper), respectively, become

B4. as n,d — oo, the eigenvalues in different tiers have different limits:

01> >0 > 0rg41 > >0, > Appg1 = - > Ag = 1.
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B5. asn,d%m,%%ck,fork:1,~~,r,where0:q:~-:cm<cm+1~--<cr<oo.

This scenario contains d < n and the random matrix cases. For d < n, ro = r and m = d in
Assumptions B4 and B5. For random matrix cases with n ~ d, 7o = 7 in Assumptions B4 and
B5. Since ¢1 = -+ = ¢r, = 0, the sample eigenvalues and eigenvectors, whose subgroup index
is less than or equal to 7, are, respectively, consistent and subspace consistent. These results
are summarized in Proposition S4.2(a).

Another extension of Theorem 5.2 is obtained by allowing ¢,,4+1 = co. Then Assumption

B2 becomes Assumption B4, and Assumption B3 becomes

B6. as n,d — oo, %}c —cp, fork=1,---,r,where 0 < c1 < -+ <¢rg < Crgg1 =+ =Cp =
0.
This scenario contains the HDMSS case. Since ¢yy41 = -+ = ¢, = 00, for eigenvalue index

k > ro+1, the ratios between the sample and corresponding population eigenvalues go to infinity.
Furthermore, the corresponding angles between the sample eigenvectors and their population

counterparts converge to 90 degrees. These results are summarized in Proposition S4.2(b).

Proposition S4.2.

(a) Under Assumptions 4.1, B1, B4 and B5, the sample eigenvalues and eigenvectors satisfy
that

)\—: and angle < 4j,Sp > 221, j€ Hg, k=1,---,70; (S4.1)
y

in addition, the properties of the rest sample eigenvalues and eigenvectors remain the

same as those in Theorem 5.2.

(b) Let H = U;;iioﬂ Hyi and define S as in (5.1). If Assumption B5 in (a) is replaced by

Assumption 36, the sample eigenvalues satisfy:

~ ro

n\; a.s .
T]_>1’ dar+1<ji<m (54.2)
k=1
the sample eigenvectors satisfy that
<ﬁ-,u->:0a4s{"—”%}, 0
<5 > - %) dar+1<j<[nAd] (S4.3)
angle < 4;,S >— 0, b1

in addition, the properties of the rest sample eigenvalues and eigenvectors remain the

same as those in Theorem 5.2.

Remark S4.1. If every tier only contains one eigenvalue, then » = m and Proposition S4.2

reduces to Proposition S4.1.
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S5 Extensions under the HDLSS asymptotic frame-
work

We discuss two extensions of Theorem 5.3 under the HDLSS contexts. In Scenario 1, we
allow ¢ = 0 for some mo < m, and summarize the corresponding results in Propositions S5.1
and S5.2, which, respectively, correspond to Scenario (a) in Propositions S4.2 and S4.1 in the
growing sample size asymptotic contexts. For Scenario 2, we allow ¢,,,+1 = 00, and state the
corresponding results in Propositions S5.3 and S5.4, which similarly correspond to Scenario (b)
in Propositions S4.2 and S4.1.

S5.1 Scenario 1

This subsection studies the HDLSS asymptotic properties of PCA under the first scenario, where
the first m population eigenvalues are further partitioned into two groups, and the positive
information dominates in the first subgroup, e.g nixj — 0 for j < mo. Then we can obtain
different asymptotic properties of PCA in these two groups.

Scenario 1 furthermore contains two different scenarios. The first one is where the sample
eigenvalues and eigenvectors within the first subgroup are asymptotically indistinguishable,
which corresponds to Proposition S4.2 (a). Now Assumptions C1 and C2 in Theorem 5.3,

respectively, become
C3. For fixed n, as d — oo, the population eigenvalues satisfy
AL 2 2 Ay D Amg+1 2 2 A D A1 = - = Ag = 1.

_d_

C4. For fixed n, as d = o0, 5~ — ¢j, for j=1,--+ ,m, where 0 = c1 = -+ = cmy < Cmgp+1 <
J

e < ey < 00

Assumption C3 assumes that the first m population eigenvalues are further separated into
two groups. Assumption C4 guarantees that the positive information dominates in the first
subgroup.

We now define several non-negative random matrices, whose eigenvalues describe the
HDLSS asymptotic properties of PCA. Denote

c; = limdﬁw%, ji=1---,mo. (S5.4)
J

Then define mo x d and (m — mo) X d matrices M} and M3 as following:

1 1
IM:[l = I:Chomox(dfmg)},m’oxdv
1 1
M2 = [O(m—mo)xm07(c27O(m—mg)x(d—m)](mimo)xd )
1 _1 1 1
where C} = diag(c*, %,--- ,c"m2), Cs = diag(c,,2 11, scm”), and Ogx; is the kX1 zero matrix.

Finally, we define random matrices

Wl =M ZzTzM and Wi =MbzTzML (S5.5)
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whose eigenvalues describe the HDLSS limiting behavior of PCA.
Since the sample eigenvalues are asymptomatically indistinguishable, similar to Theorem

5.3, we will study subspace consistency and need to define spaces
St = span{u;,j € H,i}, k=1,2,3,
where Hi = {1,--- ,mo}, H3 = {mo+1,--- ,m} and Hj = {m+1,--- ,d}.

Proposition S5.1. Under Assumptions 4.1, C3 and C4, for fizred n, as d — 0o, we have

% = %AJ‘(Wf% 1 <j < mo, (35.6)
S DN m V) e mo+ 1< <m,
and
angle < 4j,St >2% 1, 1< 5 < my, ($5.7)
S5.7

1
angle < 1, S} >£>arccos{(1+%) 2}, mo+1<j<m.
2

Xj—mg

Moreover, the properties of the rest sample eigenvalues and eigenvectors remain the same as
those in Theorem 5.3.

Remark S5.1. If mo =0, then 0 < ¢; < oo for j = 1,--- ,m and Proposition S5.1 reduces to
Theorem 5.3. If mo = m, the angles between domain sample eigenvectors and the corresponding

subspace converge to 0.

Remark S5.2. Since the positive information dominates in the first subgroup, it follows
from (S5.7) that the angles between the sample eigenvectors within the first subgroup and
the corresponding space converge to 0. However, the angles between the sample eigenvectors
within the second subgroup and the corresponding space converge to non-degenerate random

variables.

The second sub-scenario within Scenario 1 is where the sample eigenvalues and eigenvectors
within the first subgroup are asymptotically distinguishable. It corresponds to Proposition S4.1

(a). Then Assumption C1 becomes
C5. For fixed n, as d — oo, the population eigenvalues satisfy

AL 3 Mg S Aot =0 > A 35 Amgs = — A = 1.

Proposition S5.2. Under Assumptions 4.1, C4 and C5, for fizred n, as d — oo, we have

5\' a.s .
)\7] _>Rj7 1 <j < mo, (858)
J
where R; is in (4.8), and
|<aj7uj >‘2> 1, 1§]§m0 (859)
Moreover, the properties of the rest sample eigenvalues and eigenvectors remain the same as

those in Proposition S5.1. If Assumption 4.1 is strengthened to normal distribution, then R;

2
has the same distribution with XT"
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Remark S5.3. If mo = 0, then 0 < ¢; < oo for j = 1,--- ,m and Proposition S5.2 becomes
Theorem 5.3. If mo = m, the first m sample eigenvalues and eigenvectors are all asymptotically
distinguishable, and the angles between the sample and corresponding population eigenvectors

converge to 0.

Remark S5.4. The difference between Propositions S5.1 and S5.2 is that A1 > --- > Ay is
replaced by A1 > -+ > Ap,,. This determines whether the sample eigenvalues and eigenvectors

within the first subgroup can be asymptotically identified or not.

S5.2 Scenario 2

This subsection studies the HDLSS asymptotic properties of PCA in Scenario 2. In this case,
the negative information dominates in the second subgroup (e.g ni)\j — oo for j > myg). Similar
to Scenario 1, Scenario 2 also contains two sub-scenarios. The first one is where the sample
eigenvalues and eigenvectors within the first subgroup are asymptotically indistinguishable,
which corresponds to Proposition S4.2 (b). Then Assumption C1 becomes Assumption C3 and

Assumption C4 becomes

C6. Forﬁxedmasd—)oo,%_—>cj7forj:1,-~~,m7whereO<cl<---<cm0<cm0+1:
N

cee = Gy = OO,

For j =1,--- ,mo, replace ¢} by ¢; in the definition of Wi in (S5.5) to define W?, whose
eigenvalues determine the HDLSS asymptotic behavior of PCA within the first subgroup. In
addition, we need to define spaces ST = S} and S5 = span{u;,mo + 1 < j < d} to explore the
subspace consistency.

Under Assumptions C3 and C6, the sample eigenvalues j\j for j =mo+1, -, m cannot be
asymptotically identified. This leads to that the angles between @; and u; for j = mo+1,--- ,m

converges to 90 degrees. These results are summarized in the following proposition.

Proposition S5.3. Under Assumptions 4.1, C3 and C6, for fized n, as d — oo, the sample
eigenvalues satisfy

j a.s. ¢y 2 .
7—>7)\W +C', 1§ §m07
Moo sV + e / (S5.10)
- —1, mo+1<j<m;

in addition, the properties of the rest sample eigenvalues remain the same as those in Theorem

5.3. Moreover, we have

1
angle < ﬁj,S% > 25 arccos{(1+ W) 2}, 1 <5 < mo,

<y >|=0us { G}, mot+1<j<n, (85.11)
angle < 1,55 >2% 1, mo+1<j<n.
Remark S5.5. If thereisnoc; = oo forj =1,---,m, Proposition S5.3 reduces to Theorem 5.3.
If all ¢; = oo for j =1,---,m, then all sample eigenvalues cannot be asymptotically identified

and the corresponding angles between the sample and population eigenvectors converge to 90°.
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The second sub-scenario in Scenario 2 is where the sample eigenvalues and eigenvectors
within the first subgroup are asymptotically distinguishable, which corresponds to Proposition

S4.1 (b). Now Assumption C1 becomes Assumption C5 and Assumption C2 becomes

Cr. Forﬁxedn7asd—>oo,nip_—>cj,forj:17---,m,whereOzclz---:cmo<cm0+1:
J

cer =y = 00.
The results can be summarized as

Proposition S5.4. Under Assumptions 4.1, C5 and C7, for fized n, as d — oo, the sample
eigenvalues and eigenvectors, whose index is less than or equal to mo, have the same proper-
ties as those in Proposition S5.2. Moreover, the properties of the rest sample eigenvalues and

eigenvectors remain the same as those in Proposition S5.3.

Remark S5.6. Proposition S5.4 is a combination of Propositions S5.2 and S5.3. Proposi-
tion S5.4 is consistent with the results in Jung and Marron (2009); Shen et al. (2012).

S6 Proofs for the growing sample size asymptotic re-

sults

This section provides detailed proofs of the theorems, propositions and lemmas in the growing
sample size contexts. Section S6.1.1 proves the asymptotic properties of the sample eigenvalues
as stated in Theorem 5.2. Section S6.2 shows the proofs of Propositions S4.1 and S4.2. Sec-
tion S6.3 presents the proof of Theorem 4.2. Section S6.4 proves the lemmas needed in proving
Theorem 5.2.

S6.1 The proof of sample eigenvalues’ properties in Theorem 5.2

This subsection shows the detailed proof of asymptotic properties of sample eigenvalues. With-
out loss of generality (WLOG), we assume that Ap+1 = -+ = Ay = 1. Due to the invariance
property of the angle between the sample and population eigenvectors, see Shen et al. (2012),
we assume WLOG that the population eigenvectors u; = e;, j = 1,...,d, where the j-th compo-
nent of e; equals 1 and the rest are zero. The sample eigenvalue properties are studied through
the dual matrix $p, which shares the same nonzero eigenvalues with the sample covariance
matrix 3. Since u; = e;, j = 1,...,d, then it follows from (4.2) and (4.8) that the dual matrix

can be written as

Sp = EXTX = i;,\]ZJZjT,
which is partitioned into two matrices as follows:
. . IS, 5 or LS 5o
Sp=A+B, with A= ﬁ;,\jzjzj , = Ej:;HAjzjzj : (S6.12)

10
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The following proof contains two steps. The first one is to show the asymptotic properties
of the eigenvalues of A and B in Lemmas S6.1 and S6.2, respectively. The second one is to use
the Wielandt’s Inequality (Rao, 2002), now restated as Lemma S6.3, to study the asymptotic
properties of the sample eigenvalues.

We first give out three preliminary lemmas.

Lemma S6.1. Asn,d — oo, the eigenvalues of the matriz A in (S6.12) satisfy

Ax(4) 251, k=1,---,m,
Ak

where A\, (A) denotes the kth largest eigenvalue of the matriz A.

Lemma S6.2. Asn,d — oo, the eigenvalues of the matriz B in (S6.12) satisfy

B a.s
nAx(B) 251, k=1, ,[nA(d—m).
d)\k—Q—m
Lemma S6.3. Assume that A, B are m X m real symmetric matrices, then for allk =1,...,m,

mazitj=k+m {Ai(A) + X;(B)} < Ae(A+ B) < miniyj—k41 {Ai(A) + A;(B)}.

The proofs of Lemmas S6.1 and S6.2 are, respectively, shown in Sections S6.4.1 and S6.4.2.

S6.1.1 Asymptotic properties of the sample eigenvalues

According to Lemma S6.3, we have that

A(A) L A(B) A _ AN(A) | M(B)
Jar A <L S6.13
Aj * A TN TN * Aj ( )
According to Lemma S6.2 and Assumption B3 and Amy1 = -+ = Ag = 1, we have that as
n,d — 00
)\l(B) d>\1+m 77/)\1(3) a.s .
= Hi, k=1,---
/\j TL/\J' X d)\1+m —Ck, JE ks ) 5Ty
An(B) dAngm _ NA(B) as .
= Hy, k=1,---
)\j n)\j X d)\n+m — Ck, J € ks ) , Ty
which, together with (S6.13) and Lemma S6.1, yields that
j\j a.s .
)\—*%1+ck, jEH, k=1,--- 7. (S6.14)
J

In addition, since rank(A) < m, then \;(A) = 0 for j > m. Combining above with (S6.13)
and Lemma S6.2, we have
nj\j a.s .
—L =51, j=m+1,-- [nAd]. (S6.15)
iy

which, together with (S6.14), yields the asymptotic properties of sample eigenvalues (5.6) in
Theorem 5.2.

11
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S6.2 Proofs of Propositions S4.1 and S4.2

This section provides the proofs of Propositions S4.1 and S4.2. Since Proposition S4.1 is a
special case of Proposition S4.2, we just need to show the proof of Proposition S4.2.

In order to prove Proposition S4.2, we need to redefine A and B in (S6.12) as follows:
10 1<
A=— Z; 2] == VAVAS
- ZAJZJZJ . B=- .Z N Z;Z]
Jj=1 Jj=ro+1

Then similar as (S6.14), we have

5\' a.s
)\—]‘—Wl—i—cl, jEH,I=1,---,710. (S6.16)
J

Under Assumption B5, we have that ¢; =0 for { =1,--- ,79. Then it follows from (S6.16) that
2% 1, jEeEH,l=1,---,10. (S6.17)

Under Assumption B6, we have that ¢,p4+1 = -+ = ¢, = 0o. Note that A\ppy1 = -+ —

Aq = 1, and similar as (S6.15), we have

n)\j a.s i .
L g <i<m. (S6.18)
k=1
Now we consider the asymptotic properties of sample eigenvectors. Under Assumption B5,
we have that ¢, =0 for I =1,--- ,70 in (7.13). Then it follows that

~2 a.s

g, — 1, jeH,l=1---ro,
kEH,

which, together with (7.2), yields
angle < 4;,S; > =51, j€H,l=1,---,70. (S6.19)

In addition, since Am+1 — -+ — Ag = 1, then similar as the proof of (7.3) and (7.4) in the main

paper, we have

ni;\ 1 r
<€L',u‘>:0a.s 7]2}3 0
|< iy, u; > - (=) Sag+1<j<[nAd, (S6.20)
angle < 4;,S >—= 0, k=1

where S is defined in Proposition S4.2.
Thus, according to (S6.17) and (S6.19), (S4.1) in Proposition S4.2 (a) is established. Ac-
cording to (S6.18) and (S6.20), (S4.2) and (S4.3) in Proposition S4.2 (b) are established.

12
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S6.3 Proof of Theorem 4.2

Similar as in the Proof of Theorem 5.2, we assume WLOG that the population eigenvectors

u; = e;. Then it follows from (4.2) that X; has the following decomposition
d 1
Xi = Z)\J.Eejzi,j. (8621)
j=1

According to the definition of population PC scores (4.3), the j-th population PC scores are
Sj = (Sl,j7 o 7Sn,j)T = (Zl,]'f T ’ij)T. (8622)
According to the definition of sample PC scores (4.5), the j-th sample PC scores are

gj = (Slqj7"' aS’ﬂvj) = Xg_%(/llrjr)(lv vﬂ?X’ﬂ) (8623)

From (S6.21), (56.22) and (S6.23), the ratios between the sample and population PC scores

are, fori=1,--- n,j=1,---,m,

N )\% m 1 d 1
i, j i A2z k A2z k
LV R B k <tk ~ k “iL,k ~

S . <1 Uj,j + E 1 Uk,j + E 1 Uk,j- (86'24)
Y 1<k<m.k#j AJ Zij k=m+1 A 2,

We denote the three terms on the right-hand-side of (S6.24) as 'y, k = 1,2,3. In order to
obtain the asymptotic properties of the sample PC scores (4.11), it follows from (56.24) that

we just need to show that fori=1,--- ,n,j=1,--- ,m,
Ty 235 1, (86.25)
Tk| %0, k=2,3. (S6.26)

We first prove (S6.25). Note that under spike model (4.10), Lemma S6.1 still holds and

Lemma S6.2 becomes that almost surely

~1l k=1 d—
DB 1 k=t -,
which, together with Lemma $6.3 (Wielandt’s Inequality) and —%— — 0, yields
n2Am,
2y =1, ,m. (S6.27)
Aj
In addition, (7.15) becomes
;1 =1, ,m. (S6.28)
It follows from (S6.27) and (S6.28) that (S6.25) is established.
Secondly, to prove (S6.26) for k = 2, we need to show
1.1 .
AN Py =50, 1<j#k<m. (56.29)

13
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a.s

1.1 11
Note that for 1 < j # k < m, we have A2 )\j 2= A2 )\j 2 — cg,;, where ¢, ; = 0 or co. Under
such a scenario, Shen et al. (2012) has showed (56.29).
Finally, we show the proof of (56.26) for k = 3. According to Cauchy-Schwarz Inequality,

we have that

d d

Am R

o g 3 A 3 )
74,5 (k=m+1 k=m+1
d d
Amt1 Aj d> 1 5 n\; =
= 22, A nA2 d—m > < a4 D - (S6.30)

’ k=m+1 k=m-+1

Since Zi=m+1 iy ;= Oa_s(ni/\j) from Shen et al. (2012), it follows that almost surely "T)‘j ZZ=m+1 ay ;=

Oas(1). In addition, note that Am41 ~ 1, i—’ 251, nd—; — 0 and ﬁzzzmﬂ sz 25 1.

Then it follows from (S6.30) that (S6.26) is established for k = 3.
S6.4 Proofs of Lemmas

We now prove the lemmas that are used to prove the Theorem 5.2 in the grow sample size
asymptomatic contexts. Sections S56.4.1- S6.4.3 respectively provide the proofs of Lemmas S6.1,
S6.2 and 7.2.

S6.4.1 Proof of Lemma S6.1

A in (S6.12) can be written as following:

N 35 T35 1.
Ap =~ Zu o A Zn] N e A ]
A N
AiL % Z:lfl Zi1 (k,t )2 % S ZinZim
= Am E . .. E ) (86.31)
1
(;\7;) 2 % Z?:l Zi,1%i,m e % Z:L:I le’m

Since z; ; are i.i.d and have zero mean, unit variance, then it follows that as n — oo,

1 <& as 1 1<k=I1<m
— ZikZil — . (S6.32)
n 0 1<k#1I<m
In addition, according to Assumptions B1-B3, as n,d — oo,
N e Hy jEH, 1<ki<m, (S6.33)
)\j Ck
which, together with (S6.31) and (S6.32), yields that as n,d — oo
TR
AD as
A—D 251 (S6.34)
0 1

14
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Combining (56.33) and (S6.34), we have that as n,d — oo

Ak(A) _ M(Ap) as

" " —1, k=1, ,m,
which yields Lemma S6.1.
S6.4.2 Proof of Lemma S6.2
Note that for k=1,--- ,[n A (d — m)],
a Ak(l zd: Z;Z1) < \(B) < D1 ,\k(l zd: Z;7Z7). (S6.35)
n dj:m+1 J n clj:m+1 e

n

Since 4§ — 0, then it follows from Lemma 7.1 (Bai-Yin’s law) that
&
~ ST a.s
k(5 S Z,Z7) 251, k=1, ,[nA(d—m))],
which, together with (S6.35) and A1 — -+ — Ag, yields Lemma S6.2.

S6.4.3 Proof of Lemma 7.2

We now show the detailed proof of Lemma 7.2 in the main paper, which is used to prove the
asymptotic properties of sample eigenvectors in Theorem 5.2. Note that the proof of Lemma
7.2 depends on the asymptotic properties of the sample eigenvalues, which have been proved in
Section S6.1.

Firstly, we prove (7.14) in Lemma 7.2. According to Assumptions B1, B3 and sample

eigenvalues properties (5.6), we have that for k € Hy, h=1,---,r,
AN S A+ e)ene !, jeH, 1< (S6.36)

Since \j(A) =0 for j > m and (S6.13), then we have
maxm+1§j§n|gij 1< |%>\H(B) 1]+ |%)\1(B) —1]. (S6.37)
Since & — 0, then it follows from Lemma 7.1 that
ZA(B) =~ 1] and [Sn(B) -1 =50,

which, together with (S6.37), Assumptions B1, B3 and [n A d] = n, yields that for k € Hy, h =
17 Ty

maXm+1§an|)\;15\j - Ch‘ is—) 0. (8638)

Combining (S6.36), (S6.38), (7.5) and £ > 27, =% 1, we have that for k € Hp, h=1,---,r,

T [nAd]
S teene,t >t ten Yy i =51 (S6.39)
=1 JjEH; j=m+1

15
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According to (7.8) and 3¢ _, 47 ; = 1, we have that 37, 47 ; =5 0 for j=m+1,---,[nAd].
Then it follows that for k € Hy, h=1,--- 7,

[nAd]
ar; =% 0. (S6.40)
j=m+1
According to (S6.39) and (S6.40), we have (7.14) in Lemma 7.2.
Secondly, we prove (7.15) in Lemma 7.2. According to (7.9), we have that for j € H;, | =
1,---,r,
A - A 1
d d T
5 Amm ;Am iy ; < 5 S dmax(-227). (S6.41)

According to (5.6), Assumptions B1, B3 and Lemma 7.1, we have that for j € H;, | =1,--- ,r,

A 1 A 1 as
TdAmm(;ZZT) and demax(ﬁzzT) LAN

J J

C
14+¢°

(S6.42)

Combining (S6.41), (S6.42) and the fact that AgA, " — 0 for k < m and 1 for k > m, we have
that

d
N . c .
Z ui,jgl ) ]elel:17"'7T7
+a
k=m+1
which further yields
T d 1

Z dky=1- @i,j2>1+c7 JEH, I=1,---,m
h=1keH), [— !

Thus (7.15) in Lemma 7.2 is established.
Finally, we prove (7.16) in Lemma 7.2. Define the diagonal matrix A* = diag(\}, -+, A3),
where \j =1 forj €EH,l=1orr+1land \; =c;{'ciforl=2,---,r. Let Z* = Z(A*)% and

w* (A*) Consider the k-diagonal entries W*(W*)" = L(Z*)" Z* on two sides, we have
1 " * 2 1 " * r72
ZAk N Aar = Zl(Zi’k) = Zl/\kzi’k' (S6.43)

According to (S6.36) and (S6.38), we have that, for k € H,

AN S . JEH, 1<
e Nh T va), JeH l<r _ (S6.44)
maXm,t1<j<inad| Ay AjA; —a| — 0, m+1<j7< [nAd.
Since A\j, = 1 for k € Hi, then % )\kzl = % A zf,k 22 1 for k € Hy, then it follows
from (S6.43) and (S6.44) that
[nAd]
ZHCZ D dng e Y ak; <1, ke Hi (S6.45)
=1 JEH; j=m+1

Combining (S6.40) and (S6.45), we have (7.16) in Lemma 7.2.
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S7 Proofs for the HDLSS asymptotic results

This section contains the detailed proofs of the theorems, propositions and lemmas under the
HDLSS contexts. Section S7.1 provides the proof of Theorem 5.3. Sections S7.2- S7.5 present
the proofs of Propositions S5.1-S5.4. Section S7.6 shows the Proof of Theorem 4.1. Section S7.7

provides the proofs of the lemmas.

S7.1 Proof of Theorem 5.3

Proof of Theorem 5.3 contains two parts. The first one is to show the sample eigenvalue
properties in Section S7.1.1. The second one is to show the sample eigenvector properties in
Section S7.1.2.

S7.1.1 Asymptotic properties of sample eigenvalues in Theorem 5.3

Similar as in Section S6.1, the sample eigenvalues are also studied through the dual matrix by D,
which are partitioned as A and B in (S6.12). Now we give out the asymptotic properties of the

eigenvalues of A and B.

Lemma S7.1. For fized n, as d — oo, the eigenvalues of the matriz A in (S6.12) satisfy

)\k n

where W is defined in (5.8).

The detailed proof of Lemma S7.1 is in Section S7.7.1.

The HDLSS context doesn’t change the asymptotic properties of the eigenvalues of B,
shown in Lemma S6.2, with the only difference being that n — oo is replaced by d — co and
[n A (d — m)] = n. For completeness, we restate the asymptotic properties of eigenvalues of B

below.

Lemma S7.2. For fized n, as d — oo, the eigenvalues of the matriz B in (S6.12) satisfy

PAB) sy jo1n
dAk+m ) ) s oo

According to Lemma S7.2 and Assumption C2, we have

A(B)  as

B
)\1( ) and — Cj, j=1,---,m,

A A

which, together with (S6.13) and Lemma S7.1, yields

L5 GNW) 45, j=1,-0,m. (S7.46)

n

> >
<SS
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In addition, since rank(A) < m, then it follows from (S6.13) and S7.2 that

@iﬂ j=m+1,-- n. (S7.47)
dM;
Combining (S7.46) and (S7.47), we have proved the asymptotic properties of the sample eigen-
values, as stated in (5.10) of Theorem 5.3.

S7.1.2 Asymptotic properties of the sample eigenvectors in Theorem 5.3

Similar as in Section 7.1 of the main paper, the proof procedure is also separated into two steps.
Step 1 is to show the asymptotic properties of 4; for j = m + 1, .- ,n, which contains

two small steps:
e The first one is to show that

1
‘< ﬁj?”j >|2: ﬁ?,j :Oa.s(g), ]:m+1a ) 1 (8748)

which means that the angle between 4; and u; converges to 90 degrees.
e The second one is to show that
angle < 4,8 >2% 0, j=m+1,---,n, (S7.49)
where S is defined in front of Theorem 5.3.

According to (7.7), we have that

X . A 1-
MaX,,+1<j<n |< U5, uj >|°= maxm1<j<nt]; < ’;—HAmaX(EZTZ), (S7.50)

Since n is a fixed number, then )\max(%ZTZ) is a random variable. Then it follows from (S7.47)
and (S7.50) that (S7.48) is established. Proof of (S7.49) is the same as (7.4) and is skipped
here.

Step 2 is to show the asymptotic properties of 4; such that the angle between 4; and

2

S1 in (5.10) almost surely converges to arccos { (1 + W) }, j=1,---,m. According to
J

(7.2), we just need to show that

m " 2} )\j (W)

cas, AVV) i 51
uk,] n_’_)\J(W)v J ) , (875 )

k=1
According to (S7.46) and Lemma 7.1, we have that for j =1,--- ,m,

A 1 A 1
;\—d)\min(gZTZ) and ;\—d/\max(EZTZ)

J J

a.s n

n+\W)’

which, together with (S6.41) and the fact that )\dx\;l — 0 for k < m and 1 for k > m, yields

~2 a.s n .
E O =1.... . 52
k. nta0v) T (87.52)
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Since 327 _, @ ; = 1, then it follows from (S7.52) that (S7.51) is established.
According to (S7.48), (S7.49) and (S7.51), we have proved the asymptotic properties of

the sample eigenvectors as stated in (5.10) of Theorem 5.3.

S7.2 Proof of Proposition S5.1

The sample eigenvalue properties are also studied through the dual matrix f)D, which are

partitioned into three parts as 217 = A1 + A2 + B, where

A = = 7 ——— 7 ——— A )

1 nZ,\JZ]ZJ Az= > X\ZZ, and B - 'Z N Z;Z; (S7.53)
j=1 j=mo+1 j=m+1

The eigenvalue properties of A1 and As are similar as A in Lemma S7.1, and are shown in the

following lemma.

Lemma S7.3. For fized n, as d — oo, the eigenvalues of the matrices A1 and Az in (S7.53)
satisfy
2eld) 25 (W), 1<k < mo,
{ %’:ﬁ; 25 %%)\k(wgl), 1<k<m—mo,
where ¢}, are defined in (S5.4), and Wi and W3 are defined in (S5.5).

The properties of the eigenvalues of B in (S7.53) remain the same as B in Lemma S7.2.

According to Lemmas S6.3, S7.2 and S7.3 and Assumption C3, the sample eigenvalues satisfy

>

a.s €

25 AW, 1< <mo,

gt

gty
Rt

25 8N meW3) + ¢, mo+1<j<m,

<

which yields (S5.6) in Proposition S5.1.
In addition, following the proof procedure of (S7.51), we have

a.s

S ag; S5 1, 1< j < m,
m 2 s, Xj—mg (W3) 1<i< (S7.54)
Zk:m0+1 Uk, j A g VD) mo+1<7<m,

which yields

angle < @;,S} >%% 1, 1< j < my,

_1
angle < 1, S} >$s—>arccos{(1+m) 2}7 mo+1<j<m.

It then follows that (S5.7) in Proposition S5.1 is established, which concludes the proof of
Proposition S5.1.
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S7.3 Proof of Proposition S5.2

The proof is again through the dual matrix p = A; + Az + B, where the eigenvalue prop-
erties of As and B remain the same as in Section S7.2. However, under the assumptions in
Proposition S5.2, A; has different properties such that for fixed n, as d — oo,
A A a.s
y 2% Re, 1<k < mo. (S7.55)
k
Since A2 and B have the properties as in Section S7.2, it follows from (S7.55), Assumption C5

and Lemma S6.3 that the sample eigenvalues satisfy

a.s

TS5 Ry, 1<) <mo, (S7.56)
J

>/‘>/>

which yields (S5.8) in Proposition S5.2.
Since (S7.56) shows that the first mo sample eigenvalues can be asymptotically distin-
guished, then their corresponding sample eigenvectors can be distinguished and are consistent

with the corresponding population eigenvectors. In fact, similar as (S7.51) and (S7.54), we have

2  a.s

|<dg,uy >P=a3; <51, 1<j<mo, (S7.57)

which yields (S5.9) in Proposition S5.2.

S7.4 Proof of Proposition S5.3

The critical difference between the proofs of Proposition S5.3 and Theorem 5.3 is that the dual

matrix 3p should be partitioned into the following two parts:
1 mq 1 d
A== XNz;Zz]', B=- N Z;Z! S7.58
n;]];a nj:;_'—lj]] ( )

Then following the proof procedure of (S7.46), we have

2 oo SNV 4, j=1,-c,mo. (87.59)
)\j n

Since A\p41 — + -+ — Ag = 1, then similar as (S7.47), we have

L RN (S7.60)
d\g

According to (S7.59) and (S7.60), we have (S5.10) in Proposition S5.3.
In addition, following the proof procedure of (5.10) in Theorem 5.3, we have (S5.11) in
Proposition S5.3.
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S7.5 Proof of Proposition S5.4

The difference between the proofs of Propositions S5.4 and S5.3 is that A in (S7.58) has the

following properties that for fixed n, as d — oo,

Mis_)}gjy 1<k < mo,
Ak
which yields A
A 2% R;, 1<j<mo.
Aj

Thus the sample eigenvalues and eigenvectors whose index is less than or equal to mg have
the same properties as in Proposition S5.2. Furthermore, the properties of the other sample

eigenvalues and eigenvectors remain the same as in Proposition S5.3.

S7.6 Proof of Theorem 4.1

To prove Theorem 4.1, it follows from definition of I'y, k = 1,2,3 in (S6.24) that we just need

to show that fori =1,--- ,n, j=1,---,m,
1
IT1] == R; 2, (S7.61)
Tkl == 0, k=2,3. (S7.62)

Under spike model (4.6), (S7.56) and (S7.57) respectively become

a.s

J .

r - ij .7:17"'7m7
J

~2 a.s .

uj, — 1, j=1,--- ,m,

which yields (S7.61). In addition, following the proof procedure of (S6.26), we have (S7.62).
According to (S6.24), (S7.61) and (S7.62), we have

Sij

1
a.s -3 - .
— R ?, =1 n, =1, ,m,
Sij

which yields (4.9) in Theorem 5.1.

S7.7 Proofs of the Lemmas

This section contains the detailed proofs of the necessary lemmas under the HDLSS contexts.
Section S7.7.1 provides the proof of Lemma S7.1. We skip the proofs for Lemmas S7.2 and S7.3,

as they are essentially the same as Lemmas S6.2 and S7.1, respectively.

S7.7.1 Proof of Lemma S7.1

The eigenvalue properties of A in Lemma S7.1 are also studied through its dual matrix Ap

in (S6.31). According to Assumption C2, we have

nA _
dT:%C’CI’ k=1,---,m, (S7.63)
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which, together with (5.8) and (S6.31), yields that for fixed n, as d — oo,

nQAD a.s
- . .64
D W (S7.64)

Thus it follows from (S7.63) and (S7.64) that

Ae(A) _ M(Ap) as .
SV 7)% — n Ae(W), k=1, ,m,

which yields Lemma S7.1.
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