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Summary

This supplementary file contains 4 sections. The first section describes the algorithm for the

estimation method. The second section illustrates the detailed bandwidth selection and the

empirical bias bandwidth selection (EBBS) methods. Some additional simulations about the

estimation and further details about case study are given in Section 3. The detailed proofs of

Lemmas and Theorems are given in Section 4.

S1 Algorithm

The following describes the detailed algorithm of the estimation method in Section 2.

• Step 0. Choose initial values for βl, denoted by β
(old)
l , l = 0, 1.

• Step 1. Calculate ul = Xβ
(old)
l , and Br(ul), l = 0, 1.

• Step 2. Use ordinary least squares estimation to obtain α̂, and λ̂(β) by (3) in the paper.

• Step 3. Estimate β(new) by

β̂
(new)

= argmin
β∈Θβ

R̃((α̂T ,βT )T , λ̂(β)),

then update β
(old)
l by β

(old)
l = β

(new)
l /‖β(new)

l ‖2, l = 0, 1. The Newton-Raphson algo-

rithm is used to calculate β here.

• Step 4. Repeat Steps 1-3 until convergence. This gives the whole parametric estimator

θ̂ = (α̂T , β̂
T
)T and λ̂l(θ̂), which results in m̃l(β̂

T

l X, β̂), l = 0, 1.

• Step 5. Given the parametric estimator θ̂ in Step 4, calculate the pseudo responses,

Ỹi0 = Yi − α̂
T
0 Zi − m̃1(β̂

T

1 Xi, β̂)Gi − α̂
T
1 ZiGi,

Ỹi1 = Yi − α̂
T
0 Zi − m̃0(β̂

T

0 Xi, β̂)− α̂
T
1 ZiGi.
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• Step 6. Compute m̂1(u1, β̂) by (5) in the paper based on new data {Ỹi1,Xi,Zi, Gi}ni=1,

and m̂0(u0, β̂) based on new data {Ỹi0,Xi,Zi, Gi}ni=1.

Remark S1: Unlike the algorithms proposed by Carroll et al. (1997) and Cui et al. (2011)

which estimate the parametric parameters and nonparametric functions iteratively, we do not

need to iterate the two steps for the kernel estimator. Thus, it is faster than their algorithm.

Remark S2: In Step 3, we need to calculate the first derivative of Br(ul). Denote by

B′
r(ul)

T the first derivative of Br(ul). According to de Boor (2001), B′
r(ul) = Br−1(ul)

TW1,

where Br−1(ul) = (Bs,r−1(ul) : 2 ≤ s ≤ Jn)
T , and

W1 = (r − 1)





−1
ξr+1−ξ2

1
ξr+1−ξ2

0 · · · 0

0 −1
ξr+2−ξ3

1
ξr+2−ξ3

· · · 0

...
...

...
...

...

0 0 · · · −1
ξN+2r−1−ξN+r

1
ξN+2r−1−ξN+r





(Jn−1)×Jn

.

(A.1)

In W1, ξj , j = 1, · · · , Nn + r are defined in Section 2.2 in our paper.

S2 Bandwidth selection

S2.1 The EBBS algorithm

The BSBK estimator m̂l(ul, β̂) is sensitive to the choice of bandwidth hl, l = 0, 1. Fortunately,

the bandwidth selection is not related to the parametric estimators as well as the B-spline

function estimators m̃0(β̂0) and m̃1(β̂1). Thus, the bandwidths are chosen based on θ̂ and new

data Ỹi0 and Ỹi1, i = 1, · · · , n, defined in Section 2.3. Bandwidth selection has been intensively

studied in nonparametric literature, see Sepanski et al. (1994) and Ruppert et al. (1995) for

good discussions. In fact, the bandwidth h can be chosen by any bandwidth selector that

minimizes the mean squared error (MSE) of the estimator, for example, the cross-validation.

Here we employ a bandwidth selection method called empirical bias bandwidth selection (EBBS)

(Ruppert et al. 1995; Carroll and Ruppert 1998; Liu et al. 2014).

The basic idea behind EBBS is as follows. To facilitate, we only consider the choice of h0,

and denote it by h by omitting the subscript in current section. Give parametric estimator θ̂

and new data (Ỹi0, Xi, Zi, Gi) and ûi = XT
i β̂0, i = 1, · · · , n, which is used for the local linear

estimator m̂0(u0, β̂). Fix h∗ and u0, we can assume that ζ(h∗, τ ) is a known form of the bias

function of m0(u0) by Theorem 4, such as linear form ζ(h, γ) = τ1h
s+1 + · · · + τth

s+t, where

t ≥ 1, s is the degree of polynomial kernel regression used, and τ = (τ1, · · · , τt)T is unknown.

In this work, we take s = 1 because the linear kernel regression is used. Let m̂0(u0, β̂, h) be

the BSBK estimator of m0(u0), where m̂0(u0, β̂, h) is m̂0(u0, β̂) in Theorem 4 emphasizing that

it relates to bandwidth h. According to Theorem 4, the BSBK estimator m̂0(u0, β̂, h) can be

well approximated by a function of h, τ0 + ζ(h, τ ) + op(h
s+t), where τ0 = m0(u0) is the limit.
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Denote by {h1, · · · , hK} a grid of bandwidths in a neighborhood H0 of h∗, where K ≥ t + 1.

Let (τ̂0, τ̂ ) minimize
∑K

k=1{m̂0(u0, β̂, hk) − τ0 − ζ(hk, τ )}2. Then by Theorem 4, the bias of

m0(u0) could be estimated at h∗ by ζ(h∗, τ̂ ) if H0 is small enough.

Noting that the MSE of m̂0(u0, β̂, h) is a function of bandwidth h, the data-driven optimal

bandwidth is selected to minimize the following MSE function,

MSE(h, u0) = bias2
(
m̂0(u0, β̂, h)

)
+ var

(
m̂0(u0, β̂, h)

)
.

By Section 2.4 and the previous discussion, it is easy to estimate MSE(hk, u0) at each hk,

k = 1, · · · ,K. The two quantities t and J need to be determined in practice. As discussed

by Carroll and Ruppert (1998), we do a grid search for bandwidth H1 = {h1, · · · , hM}. Given

(K1,K2) such that K1 + K2 ≥ t, we use above method to calculate MSE(hk, u0) for each hk,

k ∈ {K1 +1, · · · ,M −K2} with H0 = {hj , j = k−K1, · · · , k+K2}. In our simulation and real

data analysis, we select (t,M,K1,K2) following Carroll and Ruppert (1998).

S2.2 Bandwidth selection in simulation studies

Here we demonstrate how to select the bandwidth for the simulation study in Section 4.1.

Initializing a bandwidth h∗
l = σ̂ul

· n−1/5, where σ̂ul
is the sample standard deviation of the

estimator ul = β̂
T

l X, l = 0, 1, we give a grid of bandwidths H1 = h∗ × R in which R is chosen

from the interval [0.1, 2.1] by 0.1 increment. Here we choose (t,K1,K2) = (1, 2, 2). One can

choose other combinations and more details are referred to Ruppert et al. (1995), Carroll and

Ruppert (1998) and Liu et al. (2014).

S3 Simulation and Case Studies

S3.1 Performance of estimation

Consider the PLVMICM model

Y = m0(β
T
0 X) +α

T
0 Z+m1(β

T
1 X)G+α

T
1 ZG+ ε, (A.2)

where the setup is the same as that in Section 4.1 in the paper. Table S1 reports the Bias, SD,

SE and CP, which are defined in Section 4.1 of the paper. In this Table, the results for n = 1000

are added. For easy comparison, we repeat the results listed in the main context for n = 200

and n = 500. It is clear that the performance improves as the sample size n increases.

The estimation for function m0(·) under different MAFs and sample sizes is shown in

Figure S1. Overall, the function can be reasonably estimated with high accuracy indicated with

narrow confidence bands under different simulation combinations. In Figure S2 we added the

estimation for function m1(·) under n = 1000. The result is consistent with what we observed

in the main context.

We also considered the PLVMICM model given in model (9) in the main context with

two genetic components and tested if both m1(·) and m2(·) are simultaneously linear following



Xu Liu, Yuehua Cui AND Runze Li

Table S1: Simulation results under pA = 0.1, 0.3, 0.5 and sample size n = 200, 500, 1000.

pA = 0.1 pA = 0.3 pA = 0.5

n Param True Bias SD SE CP Bias SD SE CP Bias SD SE CP

200 α01 0.500 4.4E-04 0.016 0.016 95.2 3.1E-04 0.020 0.020 95.2 9.9E-04 0.026 0.026 95.1

α02 0.500 -1.6E-04 0.016 0.016 95.3 4.1E-04 0.020 0.020 95.3 5.6E-04 0.026 0.026 95.8

α11 0.300 9.4E-05 0.040 0.039 94.1 6.0E-04 0.024 0.024 94.1 6.7E-05 0.022 0.022 95.2

α12 0.300 -1.1E-03 0.040 0.039 95.0 -1.1E-03 0.023 0.024 95.9 -4.4E-04 0.021 0.022 96.3

β01 0.620 -3.7E-04 0.011 0.011 94.7 -1.7E-03 0.012 0.013 94.8 -2.1E-03 0.014 0.014 94.5

β02 0.555 3.3E-04 0.012 0.012 95.3 1.0E-03 0.013 0.013 96.4 1.5E-03 0.014 0.015 96.6

β03 0.555 -2.7E-04 0.012 0.012 94.0 4.2E-04 0.013 0.013 95.3 3.1E-04 0.015 0.015 95.4

β11 0.577 1.4E-03 0.028 0.027 92.9 -4.0E-04 0.015 0.015 95.5 -7.5E-05 0.012 0.012 95.1

β12 0.577 -3.4E-04 0.029 0.028 93.5 9.5E-05 0.015 0.015 95.3 2.9E-04 0.011 0.012 96.2

β13 0.577 -3.2E-03 0.028 0.027 94.3 -2.6E-04 0.015 0.015 96.1 -5.7E-04 0.012 0.012 96.0

500 α01 0.500 -3.2E-04 0.010 0.010 95.8 -5.5E-04 0.012 0.012 95.2 -4.0E-04 0.016 0.016 96.1

α02 0.500 1.9E-04 0.010 0.010 94.1 2.0E-04 0.013 0.012 94.2 3.8E-04 0.016 0.016 94.6

α11 0.300 5.6E-04 0.023 0.022 93.7 9.9E-04 0.015 0.014 93.8 6.5E-04 0.013 0.013 94.5

α12 0.300 1.2E-05 0.023 0.022 94.0 2.6E-04 0.015 0.014 93.8 2.0E-04 0.013 0.013 94.1

β01 0.620 -4.6E-04 0.007 0.007 95.2 -1.0E-03 0.008 0.008 95.7 -1.2E-03 0.009 0.009 94.9

β02 0.555 1.2E-04 0.007 0.007 95.5 4.3E-04 0.008 0.008 95.1 5.5E-04 0.009 0.009 95.1

β03 0.555 2.6E-04 0.007 0.007 94.2 5.2E-04 0.008 0.008 94.1 5.2E-04 0.009 0.009 94.4

β11 0.577 5.2E-04 0.015 0.016 95.0 3.0E-05 0.009 0.009 96.6 -8.5E-06 0.007 0.007 95.9

β12 0.577 -3.4E-04 0.016 0.016 94.0 -8.0E-06 0.009 0.009 95.6 1.0E-04 0.007 0.007 96.3

β13 0.577 -8.3E-04 0.016 0.016 94.5 -2.3E-04 0.009 0.009 95.2 -2.3E-04 0.007 0.007 94.8

1000 α01 0.500 -5.1E-05 0.007 0.007 95.1 8.4E-05 0.009 0.009 95.4 2.3E-04 0.011 0.011 96.6

α02 0.500 -2.3E-04 0.007 0.007 95.2 -2.2E-04 0.009 0.009 95.2 6.1E-05 0.011 0.011 96.3

α11 0.300 1.2E-04 0.015 0.015 95.6 1.5E-04 0.010 0.010 95.3 1.3E-04 0.009 0.009 94.8

α12 0.300 1.1E-03 0.015 0.015 96.0 6.1E-04 0.010 0.010 96.5 2.8E-04 0.009 0.009 94.6

β01 0.620 -3.6E-04 0.005 0.005 94.4 -7.1E-04 0.005 0.005 95.1 -8.3E-04 0.006 0.006 95.2

β02 0.555 1.7E-04 0.005 0.005 94.4 3.5E-04 0.006 0.006 93.2 4.3E-04 0.007 0.006 95.1

β03 0.555 1.6E-04 0.005 0.005 95.0 3.6E-04 0.006 0.006 95.4 3.8E-04 0.007 0.006 94.4

β11 0.577 3.9E-04 0.011 0.011 94.5 1.4E-05 0.006 0.006 94.9 5.2E-05 0.005 0.005 94.7

β12 0.577 -7.8E-04 0.011 0.011 95.2 -1.9E-04 0.006 0.006 96.1 -1.2E-04 0.005 0.005 96.1

β13 0.577 8.6E-05 0.011 0.011 95.6 7.3E-05 0.006 0.006 95.6 2.5E-06 0.005 0.005 94.4

Theorem 6. The results are depicted in Figure S3 which are quite similar to the results of the

one component test.

S3.2 Case Study

Table S2 lists the results for testing the index loading parameters, where pβj
, j = 1, 2, 3 refers to

the p-value for testing H0 : βj1 = 0 and pβjk
refers to the p-value for testing H0 : βj1 = βk1 = 0.

The plots of the other 4 SNPs showing statistical significance are given in Figure S4 along

with their 95% confidence bands.
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Figure S1: The estimation of function m0(·) under different MAFs and sample sizes.

The estimated and true functions are denoted by the solid and dashed lines, respectively.

The 95% confidence band is denoted by the dotted-dash line.

Table S2: List of p-values for testing the index loading parameters.

SNP ID pβ1
pβ2

pβ3
pβ12

pβ13
pβ23

rs16884481 2.93E-07 6.04E-08 2.39E-02 7.27E-07 1.18E-07 6.64E-02

rs10946428 6.41E-09 3.91E-09 2.32E-04 4.47E-08 3.17E-09 5.12E-03

rs6904348 1.86E-08 7.28E-09 5.80E-04 6.30E-08 7.75E-09 7.04E-03

rs10806925 2.79E-10 1.58E-11 6.17E-03 3.89E-08 7.63E-10 3.85E-05

rs9465873 4.73E-13 2.73E-12 1.20E-04 2.34E-12 3.77E-11 6.76E-06

rs12662218 2.22E-08 2.53E-09 6.37E-02 8.32E-08 1.50E-08 3.24E-05
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Figure S2: The estimation of function m1(·) under different MAFs and sample sizes.

The estimated and true functions are denoted by the solid and dashed lines, respectively.

The 95% confidence band is denoted by the dotted-dash line.

S4 Proofs

In this section, we provide the technical details for the proofs of lemmas and theorems.

Let m(Vi,β) = m0(Vi,β0)+m1(Vi,β1)Gi and m = (m(V1,β), · · · ,m(Vn,β))
T . Denote

Yz,i = Yi − ZT
i α

0
0 − ZT

i α
0
1Gi, Yz = (Yz,1, · · · , Yz,n)

T , e = (ε1, · · · , εn)T , X = (X1, · · · ,Xn)
T ,

Z = (Z1, · · · ,Zn)
T , G = (G1, · · · , Gn)

T , G = (1n,G) and Λ̂(θ) = (α̂T , λ̂(β)T )T . Then Λ̂(θ)

can be decomposed into Λ̂(θ) = Λ̂m(θ) + Λ̂e(θ) by (3) in the paper with

Λ̂m(θ) = (D(Z̃,β)TD(Z̃,β))−1
D(Z̃,β)T (m+ Z̃α),

Λ̂e(θ) = (D(Z̃,β)TD(Z̃,β))−1
D(Z̃,β)T e,

(A.3)

where Z̃ = (Z̃1, · · · , Z̃n)
T with Z̃i = (ZT

i ,Z
T
i Gi)

T , defined in Section 2.2. Let Θ be the
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Figure S3: The empirical size and power function of testing nonparametric functions

m1(·) and m2(·) simultaneously under different sample sizes and MAFs.

parametric space of θ. Define

U(β) = E[Di(β)Di(β)
T ], Û(θ) =

1

n
D(β)TD(β),

U(Z̃,β) = E[Di(Z̃,β)Di(Z̃,β)
T ], Û(Z̃,β) =

1

n
D(Z̃,β)TD(Z̃,β)

(A.4)

where Di(β) = (Di,sl(βl)Gil, 1 ≤ s ≤ Jn, l = 0, 1)T and D(β) = (D1(β), · · · , Dn(β))
T , which

is a n× 2Jn matrix.

Lemma S.1. Let assumptions (A1) and (A4) be satisfied. For any vector ζ = (ζT
0 , ζ

T
1 )

T with

ζl = (ζs,l : 1 ≤ s ≤ Jn)
T and ||ζl|| = 1, l = 0, 1, there exists constants 0 < cU < CU < ∞, such

that for any θ ∈ Θ and for large enough n,

cUJ
−1
n ≤ ζ

T
U(β)ζ ≤ CUJ

−1
n , and C−1

U Jn ≤ ζ
T
U(β)−1

ζ ≤ c−1
U Jn, (A.5)

sup
1≤s,s′≤Jn,0≤l≤1

∣∣∣∣∣n
−1

n∑

i=1

Di,sl(βl)Di,s′l(βl)− E[Di,sl(βl)Di,s′l(βl)]

∣∣∣∣∣

= O

(√
J−1
n n−1 logn

)
, a.s., (A.6)

sup
1≤s,s′≤Jn,l 6=l′

∣∣∣∣∣n
−1

n∑

i=1

Di,sl(βl)Di,s′l′(βl)− E[Di,sl(βl)Di,s′l′(βl)]

∣∣∣∣∣

= O
(
J−1
n

√
n−1 log n

)
, a.s., (A.7)

and with probability approaching 1,

cUJ
−1
n ≤ ζ

T
Û(β)ζ ≤ CUJ

−1
n , and C−1

U Jn ≤ ζ
T
Û(β)ζ ≤ c−1

U Jn. (A.8)
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Figure S4: Plot of the estimate (solid curve) of nonparametric function m1(u1) for the

4 SNPs along with their 95% confidence bands (dash-dotted lines).

Proof of Lemma S.1: By Theorem 5.4.2 of DeVore and Lorentz (1993) and assumption

(A1), for any vector ζl with ||ζl|| = 1 and for large enough n, there exist constants 0 < cl ≤
Cl < ∞, l = 0, 1, for any β ∈ Θβ , such that

clJ
−1
n ≤ ζ

T
l E

[
Br(β

T
l Xi)Br(β

T
l Xi)

T
]
ζl ≤ ClJ

−1
n .

Let πil =
∑Jn

s=1 ζs,lBs,q(β
T
l Xi) and πi = (πi0, πi1)

T . By assumptions (A1) and (A4), for large

enough n, we have

ζ
TE [U(β)] ζ =E [πi0 + πi1Gi]

2

≤CGE[πT
i πi]

=CG

∑

l=0,1

ζ
T
l E

[
Br(β

T
l Xi)Br(β

T
l Xi)

T
]
ζl

≤2CGmin(C1, C2)J
−1
n .

As the same way, we have ζTE [U(β)] ζ ≥ 2cGmax(c1, c2)J
−1
n . The second result in (A.5) can

be shown directly from the first inequalities. Similarly it is easy to prove that (A.8) holds. (A.6)

and (A.7) can be shown by Bernstein’s inequality as Bosq (1998).

�
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Lemma S.2. Let assumptions (A1), (A3) and (A4) be satisfied. For any θ ∈ Θ, ||n−1D(β)T e||2 =

Op(n
−1/2).

Proof of Lemma S.2: By the law of large numbers, with probability approaching 1, we

have

||n−1
D(β)T e||22 =

∑

1≤s≤Jn,l=0,1

[

n−1
n∑

i=1

Bs,q(β
T
l Xi)Gilεi

]2

=n−1
∑

1≤s≤Jn,l=0,1

E
[
Bs,q(β

T
l Xi)Gilεi

]2
+ op(n

−1)

=Op(n
−1).

�

Lemma S.3. Let assumptions (A1) and (A4) be satisfied. There exists a constant 0 ≤ cD ≤ ∞,

such that for any θ ∈ Θ and for large enough n,

‖n−1
Û(Z̃,β)−1

D(Z̃,β)1n‖∞ ≤ CD.

Proof of Lemma S.3: Let Sn = Û(Z̃,β) with

Sn =

(
S11 S12

S21 S22

)

,

where S11 = n−1Z̃
T
Z̃, S12 = ST

21 = n−1Z̃
T
D(β) and S22 = Û(β). Denote S22.1 = S22 −

S21S
−1
11 S12. For any ζ as given in Lemma S.1, we have

ζ
TS22.1ζ =ζ

T
Û(β)ζ − n−2

ζ
T
D(β)T Z̃S−1

11 Z̃
T
D(β)ζ

=ζ
T
Û(β)ζ − czζ

T
Û(β)ζ = (1− cz)ζ

T
Û(β)ζ,

which is also followed by ζ−1S−1
22.1ζ = csζ

T Û(β)−1ζ, where cz and cs are constants. Thus, we

have

‖n−1(02Jn×2q, I2Jn)Û(Z̃,β)−1
D(Z̃,β)T1n‖∞

=‖n−1
(
−S−1

22.1S21S
−1
11 S−1

22.1

)
D(Z̃,β)T1n‖∞

=‖n−1(−S−1
22.1S21S

−1
11 Z̃

T
+ S−1

22.1D(β)T )1n‖∞

≤‖n−1S−1
22.1D(β)T Z̃S−1

11 Z̃
T
1n‖∞ + ‖n−1S−1

22.1D(β)T1n‖∞
≤c1‖n−1

Û(β)−1
D(β)1n‖∞

≤c1‖Û(β)−1‖∞‖n−1
D(β)1n‖∞,

where c1 is a constant. By Bernstein’s inequality in Bosq (1998), it can be shown that

||n−1∑n
i=1 Di(β

0)||∞ = Op(J
−1
n ). We have ‖n−1(02Jn×2q, I2Jn)Û(Z̃,β)−1D(Z̃,β)T1n‖∞ ≤
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c2, where c2 is a constant. As the proof above, we have

‖n−1(I2q ,02q×2Jn )Û(Z̃,β)−1
D(Z̃,β)T1n‖∞

=‖n−1
(
S−1
11 + S−1

11 S12S
−1
22.1S21S

−1
11 −S−1

11 S12S
−1
22.1

)
D(Z̃,β)T1n‖∞

=‖n−1
(
S−1
11 Z̃

T
+ S−1

11 S12S
−1
22.1S21S

−1
11 Z̃

T − S−1
11 S12S

−1
22.1D(β)T

)
1n‖∞

≤‖n−1S−1
11 Z̃

T
1n‖∞ + ‖n−3S−1

11 Z̃
T
D(β)S−1

22.1D(β)T Z̃S−1
11 Z̃

T
1n‖∞

+ ‖n−2S−1
11 Z̃

T
D(β)S−1

22.1D(β)T1n‖∞

≤c3‖n−1S−1
11 Z̃

T
1n‖∞

≤c4,

combining with above proof, which arrives at the second part of Lemma S.3, where c3 and c4

are constants.

�

The following Lemma states the convergence rate of the nonparametric estimators m̃l(ul,β
0),

l = 0, 1 and their first derivatives m̃′
l(ul,β

0).

Lemma S.4. Let assumptions (A1)-(A4) be satisfied. We have

(a) under N → ∞ and nN−1 → ∞, as n → ∞,

|m̃l(ul,β
0)−ml(ul)| = Op(

√
N/n+N−r)

uniformly for any ul ∈ [al, bl], and

∥∥α̂−α
0
∥∥
2
= Op(

√
N/n+N−r);

(b) under N → ∞ and nN−3 → ∞, as n → ∞,

|m̃′
l(ul,β

0)−m′
l(ul)| = Op(

√
N3/n+N1−r)

uniformly for any ul ∈ [al, bl].

Proof of Lemma S.4: According to the result of de Boor (2001), for ml(·) satisfying

assumption (A2), there is a function m0
l (ul) = Br(ul)

Tλl, such that

sup
ul∈[al,bl]

|m0
l (ul)−ml(ul)| = O(J−r

n ). (A.9)

Let Br(u) = (Br(u0)
T ,Br(u1)

T )T , B̃r(u) = (1T
2q ,Br(u)

T )T . and λ = (λ0, λ1)
T , where 12q is

2q-vector with all elements 1 and u = (u0, u1)
T . Let Λ(θ) = (αT , λT )T . Thus by Lemma S.3
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and (A.9), for each u ∈ [a0, b0]× [a1, b1],

∣∣∣B̃r(u)
T (Λ̂m(θ0)− Λ(θ0))

∣∣∣ =
∣∣∣n−1

B̃r(u)
T
Û(Z̃,β0)−1

D(Z̃,β0)T (m+ Z̃α
0 −D(Z̃,β0)λ)

∣∣∣

=
∣∣∣n−1

B̃r(u)
T
Û(Z̃,β0)−1

D(Z̃,β0)T (m−D(β0)λ)
∣∣∣

≤
∣∣∣2q + Br(u)

T
12Jn

∣∣∣ ‖n−1
Û(Z̃,β0)−1

D(Z̃,β0)T1n‖∞O(J−r
n )

=Op(J
−r
n ).

(A.10)

Furthermore, for each u ∈ [a0, b0]× [a1, b1], by Lemma S.3 and (A.3) and (A.8) and assumption

(A3), with probability approaching 1, we have

E
[
B̃r(u)

T Λ̂e(θ
0)
∣∣∣X,Z, G

]2

≤E
[
C′

D1
T
2q(Z̃

T
Z̃)−1

Z̃
T
e

∣∣∣X,Z, G
]2

+ E
[ ∣∣∣CDn−1

Br(u)
T
Û(β0)−1

D(β0)T e
∣∣∣
∣∣∣X,Z, G

]2

=Op(1/n) + C2
DE

[
n−1

Br(u)
T
Û(β0)−1

D(β0)Te
∣∣∣X,Z, G

]2

=n−2C2
DBr(u)

T
Û(β0)−1

D(β0)TE[e⊗2|X,Z, G]D(β0)Û(β0)−1
Br(u) +Op(1/n)

=n−1C2
DCσBr(u)

T
Û(β0)−1

Br(u) +Op(1/n)

=Op(Jn/n),

(A.11)

which implies by the law of large numbers that for each u ∈ [a0, b0] × [a1, b1],
∥∥∥B̃r(u)Λ̂e

∥∥∥
2
=

Op(
√

Jn/n). Thus, combining (A.10) and (A.11), we have, uniformly for each u ∈ [a0, b0] ×
[a1, b1], ∣∣∣B̃r(u)

T Λ̂(θ0)− B̃r(u)
TΛ(θ0)

∣∣∣ = Op(
√

Jn/n+ J−r
n ),

which, by (A.9), leads to Lemma S.5 (a). Noting that ‖W1‖∞ = O(Jn) where W1 is defined

in (A.1), one can show similarly that the second part of Lemma S.4 holds.

�

Let X̄k = (X1k, · · · , Xnk)
T and

ζ̂
X

k = argmin
ζX
k

∈R2Jn

n∑

i=1

∥∥∥Xik −Di(β
0)ζX

k

∥∥∥
2

2
.

It is obvious that ζ̂k = n−1Û(β0)−1D(β0)T X̄k by ordinary least squares. Let ζ̂
X

= (ζ̂
X

1 , · · · , ζ̂X

p )

be a 2Jn × p matrix and Pn(Xi) = Di(β
0)T ζ̂

X
. As the same way, we can define Pn(Zi) =

Di(β
0)T ζ̂

Z
, where ζ̂

Z
= (ζ̂

Z

1 , · · · , ζ̂
Z

q ) is a 2Jn × q matrix and

ζ̂
Z

k = argmin
ζZ
k
∈R2Jn

n∑

i=1

∥∥∥Zik −Di(β
0)ζZ

k

∥∥∥
2

2
.
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Introduce the shorthand notations

Xm,i =(m′
0(X

T
i β

0
0)X

T
i ,m

′
1(X

T
i β

0
1)GiX

T
i )

T ,

Xm̂,i =(B′
r(X

T
i β̂0)

T λ̂0(θ̂)X
T
i ,B

′
r(X

T
i β̂1)

T λ̂1(θ̂)GiX
T
i )

T ,

Xm =(XT
m,1, · · · ,XT

m,n)
T ,

Xm̂ =(XT
m̂,1, · · · ,XT

m̂,n)
T .

Let P̃n(Xi) = (m′
i(X

T
i β

0
0)Pn(Xi)

T ,m′
i(X

T
i β

0
0)GiPn(Xi)

T )T , P̃n(Zi) = (Pn(Zi)
T , GiPn(Zi)

T )T ,

P̃(Xi) = (m′
i(X

T
i β

0
0)P(Xi)

T ,m′
i(X

T
i β

0
0)GiP(Xi)

T )T and P̃(Zi) = (P(Zi)
T , GiP(Zi)

T )T

Lemma S.5. Let assumptions (A1)-(A4) be satisfied, and nN−4 → ∞ and nN−2r−2 → 0, as

n → ∞. We have

Di(β
0)T {λ̂(β̂)− λ} =n−1Di(β

0)T Û(β0)−1
D(β0)T e

− P̃(Xi)
T (β̂ − β

0)− P̃(Zi)
T (α̂−α

0)

+ op(‖β̂ − β
0‖2) + op(‖α̂−α

0‖2) + op(n
−1/2),

(A.12)

where λ is defined in Lemma S.4.

Proof of Lemma S.5: The estimate of λ(θ) solves equation

0 = n−1
n∑

i=1

(Yi − Z̃
T
i α̂−Di(β̂)

T λ̂(β̂))Di(β̂).

Recalling Û(β0) = Op(J
−1
n ) and nN−2r−2 → 0, via Taylor series, we have

0 =n−1
n∑

i=1

Di(β
0){Yi − Z̃

T
i α−Di(β

0)Tλ}

− n−1
n∑

i=1

Di(β
0)Di(β

0)T {(λ̂(β̂)− λ) + op(
√

N/n+N−r)}

− n−1
n∑

i=1

Di(β
0)XT

m̂,i{(β̂ − β
0) + op(‖β̂ − β

0‖2)}

− n−1
n∑

i=1

Di(β
0)Z̃

T
i {(α̂−α

0) + op(‖α̂−α
0‖2)}

=n−1
D(β0)T e+ Û(β0)(λ̂(β̂)− λ) + op(

√
N/n+N−r)

+ n−1
D(β0)TXm̂{(β̂ − β

0) + op(‖β̂ − β
0‖2}

+ n−1
D(β0)T Z̃{(α̂−α

0) + op(‖α̂−α
0‖2)}+ op(n

−1/2).

Thus, we have

Di(β
0)T {λ̂(β̂)− λ}

=n−1Di(β
0)T Û(β0)−1

D(β0)Te

+ n−1Di(β
0)T Û(β0)−1

D(β0)TXm̂{(β̂ − β
0) + op(‖β̂ − β

0‖2}
+ n−1Di(β

0)T Û(β0)−1
D(β0)T Z̃{(α̂−α

0) + op(‖α̂−α
0‖2}+ op(n

−1/2).

(A.13)
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Along the same arguments of Ma and Song (2015), we have

n−1Di(β
0)T Û(β0)−1D(β0)Tm′

0(X
T
i β

0
0)X = m′

0(X
T
i β

0
0)Pn(Xi) +Op(J

1−r
n ),

n−1Di(β
0)T Û(β0)−1D(β0)Tm′

1(X
T
i β

0
1)XG = m′

1(X
T
i β

0
1)GiPn(Xi) +Op(J

1−r
n ),

which result in

Di(β
0)T Û(β0)−1

D(β0)TXm̂ = P̃n(Xi) +Op(J
1−r
n ).

Similarly, we have

Di(β
0)T Û(β0)−1

D(β0)T Z̃ = P̃n(Zi) +Op(J
1−r
n ).

Similar as Lemma S.4, we can show that ‖Pn(Xi) − P(Xi)‖∞ = Op(
√

N/n + N−r) and

‖Pn(Zi)− P(Zi)‖∞ = Op(
√

N/n+N−r) which implies that P̃n(Xi) = P̃(Xi) + Op(
√

N/n+

N−r) and P̃n(Zi) = P̃(Zi) +Op(
√

N/n+N−r). Together with (A.13), this leads to the result

of Lemma S.5.

�

Lemma S.6. Let assumptions (A1)-(A5) be satisfied, and nN−4 → ∞ and nN−2r−2 → 0, as

n → ∞. We have

θ̂ − θ
0 = {E[φ(V,β0)⊗2]}−1n−1/2

n∑

i=1

Ψi(X,Z)εi(1 +Op(J
1−r
n )) + op(n

−1/2) (A.14)

where φ(V,β0) is defined in Section 2.4 and

Ψi(X,Z) =

(
Z̃i − P̃(Zi)

Xm̂,i − P̃(Xi)

)

.

Proof of Lemma S.6: Let τ0 and τ1 be the Lagrange multipliers, the estimates of β solve

the following equation

0 =

(
τ0β̂0

τ1β̂1

)
+ n−1

n∑

i=1

{
Yi − Z̃

T
i α̂0 −Di(β̂)

T λ̂(β̂)
}( D′

i(β̂)
T λ̂0(β̂)Xi

D′
i(β̂)

T λ̂1(β̂)GiXi

)
.
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By Taylor expansion, we obtain

0 =

(
τ0β̂0

τ1β̂1

)
+ n−1

n∑

i=1

{
Yi − Z̃

T
i α

0 −Di(β
0)Tλ(θ0)

}
Xm̂,i

− n−1
X

T
m̂Xm{(β̂ − β

0) + op(‖β̂ − β
0‖2)}

− n−1
X

T
m̂Z̃{(α̂−α

0) + op(‖α̂−α
0‖2)}

− n−1
n∑

i=1

Xm̂,iDi(β
0)T {λ̂(β̂)− λ(θ0) + op(

√
N/n+N−r)}

=

(
τ0β̂0

τ1β̂1

)

+ n−1
X

T
m̂e− n−1

X
T
m̂Xm{(β̂ − β

0) + op(‖β̂ − β
0‖2)}

− n−1
X

T
m̂Z̃{(α̂−α

0) + op(‖α̂−α
0‖2)}

− n−2
n∑

i=1

Xm̂,iDi(β
0)T Û(β0)−1

D(β0)Te

+ n−1
n∑

i=1

Xm̂,iP̃(Xi)
T {(β̂ − β

0) + op(‖β̂ − β
0‖2)}

+ n−1
n∑

i=1

Xm̂,iP̃(Zi)
T {(α̂−α

0) + op(‖α̂−α
0‖2)}

=

(
τ0β̂0

τ1β̂1

)

− n−1
n∑

i=1

Xm̂,i

[
Xm,i − P̃(Xi)

]T
{(β̂ − β

0) + op(‖β̂ − β
0‖2)}

− n−1
n∑

i=1

Xm̂,i

[
Z̃i − P̃(Zi)

]T
{(α̂−α

0) + op(‖α̂−α
0‖2)}

+ n−1
X

T
m̂e− n−2

n∑

j=1

εjDj(β
0)Û(β0)−1

n∑

i=1

Di(β
0)TXm̂,i + op(n

−1/2),

=

(
τ0β̂0

τ1β̂1

)

− n−1
n∑

i=1

Xm̂,i

[
Xm,i − P̃(Xi)

]T
{(β̂ − β

0) + op(‖β̂ − β
0‖2)}

− n−1
n∑

i=1

Xm̂,i

[
Z̃i − P̃(Zi)

]T
{(α̂−α

0) + op(‖α̂−α
0‖2)}

+ n−1
n∑

i=1

[
Xm̂,i − P̃(Xi)

]
εi{1 +Op(J

1−r
n )}+ op(n

−1/2).

Similarly, the estimates of α solve the following equation

0 = n−1
n∑

i=1

{
Yi − Z̃

T
i α̂−Di(β̂)

T λ̂(β̂)
}
Z̃i.
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Then by Taylor expansion, we obtain

0 =n−1
n∑

i=1

{
Yi − Z̃

T
i α

0 −Di(β
0)Tλ(θ0)

}
Z̃i

− n−1
Z̃

T
Xm̂{(β̂ − β

0) + op(‖β̂ − β
0‖2)}

− n−1
Z̃

T
Z̃{(α̂−α

0) + op(‖α̂−α
0‖2)}

− n−1
n∑

i=1

Z̃iDi(β
0)T {λ̂(β̂)− λ+ op(

√
N/n+N−r)}

=n−1
Z̃

T
e− n−1

Z̃
T
Xm̂{(β̂ − β

0) + op(‖β̂ − β
0‖2)}

− n−1
Z̃

T
Z̃{(α̂−α

0) + op(‖α̂−α
0‖2)}

− n−2
n∑

i=1

Z̃iDi(β
0)T Û(β0)−1

D(β0)Te

+ n−1
n∑

i=1

Z̃iP̃(Xi)
T {(β̂ − β

0) + op(‖β̂ − β
0‖2)}

+ n−1
n∑

i=1

Z̃iP̃(Zi)
T {(α̂−α

0) + op(‖α̂−α
0‖2)}

=− n−1
n∑

i=1

Z̃i

[
Xm̂,i − P̃(Xi)

]T
{(β̂ − β

0) + op(‖β̂ − β
0‖2)}

− n−1
n∑

i=1

Z̃i

[
Z̃i − P̃(Zi)

]T
{(α̂−α

0) + op(‖α̂−α
0‖2)}

+ n−1
Z̃

T
e− n−2

n∑

j=1

εjDj(β
0)Û(β0)−1

n∑

i=1

Di(β
0)T Z̃i + op(n

−1/2),

=− n−1
n∑

i=1

Z̃i

[
Xm̂,i − P̃(Xi)

]T
{(β̂ − β

0) + op(‖β̂ − β
0‖2)}

− n−1
n∑

i=1

Z̃i

[
Z̃i − P̃(Zi)

]T
{(α̂−α

0) + op(‖α̂−α
0‖2)}

+ n−1
n∑

i=1

[
Z̃i − P̃(Zi)

]
εi{1 +Op(J

1−r
n )}+ op(n

−1/2),

which leads to




0

τ0β̂0

τ1β̂1



+ n−1
n∑

i=1

(
Z̃i

Xm̂,i

)(
Z̃i − P̃(Zi)

Xm̂,i − P̃(Xi)

)T

{(θ̂ − θ
0) + op(‖θ̂ − θ

0‖2)}

=n−1
n∑

i=1

(
Z̃i − P̃(Zi)

Xm̂,i − P̃(Xi)

)
εi{1 +Op(J

1−r
n )}+ op(n

−1/2).
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Let

Pβ ≡





I 0 0

0 I − β̂0β̂
T

0 0

0 0 I − β̂1β̂
T

1



 =




0 0 I

0 I − β0
0(β

0
0)

T 0

0 0 I − β0
1(β

0
1)

T



+ op(1).

According to the constraints ‖β0‖2 = 1 and ‖β1‖2 = 1, we have

n−1Pβ

n∑

i=1

(
Z̃i

Xm̂,i

)(
Z̃i − P̃(Zi)

Xm̂,i − P̃(Xi)

)T

{(θ̂ − θ
0) + op(‖θ̂ − θ

0‖2)}

= n−1Pβ

n∑

i=1

(
Z̃i − P̃(Zi)

Xm,i − P̃(Xi)

)
εi{1 +Op(J

1−r
n )}+ op(n

−1/2).

By Lemma S.4, it can be shown that ‖Xm̂,i −Xm,i‖ = Op(
√

N3/n+N1−r). Thus, by the law

of large numbers, we have

n−1
n∑

i=1

(
Z̃i

Xm̂,i

)(
Z̃i − P̃(Zi)

Xm,i − P̃(Xi)

)T

= E
{
φ(V,β0)⊗2}+Op(

√
N3/n+N1−r) +Op(n

−2).

This completes the proof of Lemma S.6.

�

Proof of Theorem 1: Because the observationsV1, · · · ,Vn are independent, by Lindeberg-

Feller central limit theorem, it is easy to prove that

n−1/2
n∑

i=1

(
Z̃i

Xm,i − P̃(Xi)− P̃(Zi)

)
εi

L→ N(0, Σ̃),

where Σ̃ = E
[
σ(V)2φ(V,β0)⊗2

]
. Then combining Lemma S.6, the proof of Theorem 1 can be

completed by Slusky’s theorem.

�

Proof of Theorem 2: Because Bs,l(ul) (s = 1, · · · , Jn, l = 0, 1) have the banded first

derivatives for any ul ∈ [al, bl], by (A.13), (A.11) and Theorem 1, we have, for any ul ∈ [al, bl],

|m̃l(ul, β̂)− m̃l(ul,β
0)| =|D(β̂)T λ̂(β̂)−D(β0)Tλ(θ0)|

≤|D(β0)T {λ̂(β̂)− λ(θ0)}|+ |{D(β̂)−D(β0)}T λ̂(β̂)|
≤|n−1D(β0)T Û(β0)−1

D(β0)Te|+Op(n
−1/2)

=Op(
√

N/n).

Then, combining Lemma S.4, we have

sup
ul∈[al,bl]

|m̃l(ul, β̂)−ml(ul)| ≤ sup
ul∈[al,bl]

|m̃l(ul, β̂)− m̃l(ul,β
0)|+ sup

ul∈[al,bl]

|m̃l(ul,β
0)−ml(ul)|

=Op(
√

N/n+N−r).

This completes the proof of Theorem 2.

�
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Lemma S.7. Let assumptions (A1)-(A6) be satisfied, and nN−4 → ∞ and nN−2r−2 → 0, as

n → ∞. We have

sup
ul∈[al,bl]

∣∣∣m̂O
l (ul, β̂)−ml(ul)

∣∣∣ = Op(n
−2/5

√
log n),

and for any ul ∈ [al, bl],

√
nhl

{
m̂O

l (ul, β̂)−ml(ul)− bl(ul)h
2
l

}
L→ N(0, vl(ul)),

where

bl(ul) =µ1m
′′
l (ul)/2,

vl(ul) ={E[G̃2
l |ul]}−2‖K‖22E[G̃2

l σ
2(v)|ul]fl(ul)

−1.

and G̃0 = 1 and G̃1 = G.

Proof of Lemma S.7: Noting that ‖θ̂ − θ0‖ = Op(n
−1/2) by Theorem 1, it is not hard

to see that, for any ul ∈ [al, bl], l = 0, 1,

Y
O
l (θ̂) =Y

O
l (θ

0) +Op(n
−1/2),

W(ul, β̂) =W(ul,β
0) +Op(n

−1/2)

X̃(ul, β̂) =X̃(ul,β
0) +Op(n

−1/2),

which implies that

sup
ul∈[al,bl]

∣∣∣m̂O
l (ul, β̂)− m̂O

l (ul,β
0)
∣∣∣ = Op(n

−1/2). (A.15)

For l = 1, given the true parameter θ0 and true function m0(·), the estimator

m̃O
1 (u1,β

0) = (1, 0){X̃(u1,β
0
1)

T
W(u1,β

0
1)X̃(u1,β

0
1)}−1

X̃(u1,β
0
1)

T
W(u1,β

0
1)Y

O
1 (θ

0)

which is in fact the Nadaraya-Watson estimator based on model E{Y O
1 (θ0)|V,XTβ0

1 = u1} =

m1(u1), the same as m̃O
1 (ul,β

0). By Theorem 2.5 and 2.6 in Li and Racine (2007), we have

sup
ul∈[al,bl]

∣∣∣m̂O
l (ul, β̂)−ml(ul)

∣∣∣ ≤ sup
ul∈[al,bl]

∣∣∣m̂O
l (ul, β̂)− m̃O

l (ul,β
0)
∣∣∣+ sup

ul∈[al,bl]

∣∣∣m̂O
l (ul,β

0)−ml(ul)
∣∣∣

=Op(n
−1/2) +Op(n

−2/5
√

log n)

=Op(n
−2/5

√
log n),

which leads to the first part of Lemma S.7, and

√
nhl

{
m̃O

l (ul,β
0)−ml(ul)− bl(ul)h

2
l

}
L→ N(0, vl(ul)).

The second part can be shown by combining (A.15) and the asymptotic normality of m̃O
l (u1,β

0).

�
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To prove Theorem 3, we need additional nations and two more Lemmas. Define

Φl,m(ul,θ) =n−1
X̃(ul,βl)

T
W(ul,βl){m̃l,m(XT

βl,β)−ml(X
T
βl)},

Φl,e(ul,θ) =n−1
X̃(ul,βl)

T
W(ul,βl)m̃l,e(X

T
βl,β),

ml(X
T
βl) =(ml(X

T
1 βl) · · · ,ml(X

T
nβl))

T

m̃l,m(XT
βl,β) =(m̃l,m(XT

1 βl,β), · · · , m̃l,m(XT
nβl,β))

T ,

m̃l,e(X
T
βl,β) =(m̃l,e(X

T
1 βl,β), · · · , m̃l,e(X

T
nβl,β))

T ,

where m̃l,m(XT
i βl,β) and m̃l,e(X

T
i βl,β) are defined by

m̃l,m(ul,β) = Bq(ul)
T λ̂l,m(β) and m̃l,e(ul,β) = Bq(ul)

T λ̂l,e(β).

Note that m̃l(ul,β) = m̃l,m(ul,β) + m̃l,e(ul,β), l = 0, 1.

Lemma S.8. Let assumptions (A1)-(A6) be satisfied, and N → ∞, h → 0, nN−1 → ∞ and

nh → ∞, as n → ∞. We have, for l = 0, 1,

sup
ul∈[al,bl]

∣∣∣Φ(1)
l,m(ul,β

0)
∣∣∣+ sup

ul∈[al,bl]

∣∣∣Φ(2)
l,m(ul,β

0)
∣∣∣ = Op(J

−r
n ),

where Φ
(1)
l,m(ul,β

0) = (1, 0)Φl,m(ul,β
0) and Φ

(2)
l,m(ul,β

0) = (0, 1)Φl,m(ul,β
0).

Proof of Lemma S.8: We first prove the case for the varying-index function (i.e., l = 1).

The case for l = 0 can be proved similarly. By (A.9) and (A.10), we have maxi=1,··· ,n |m̃l,m(XT
i β

0
l ,β

0)−
ml(X

T
i β

0
l )| = Op(J

−r
n ), l = 0, 1. It is easy to show by Lemma A.2 in Xia and Li (1999) that

sup
u1∈[a1,b1]

∣∣∣∣∣n
−1

n∑

i=1

GiKh1
(XT

i β
0
1 − u1)

∣∣∣∣∣ = Op(1).

By the definition of Φl,m(ul,β
0), we have

sup
u1∈[a1,b1]

∣∣∣Φ(1)
1,m(u1,β

0)
∣∣∣ ≤ sup

u1∈[a1,b1]

∣∣∣∣∣n
−1

n∑

i=1

GiKh1
(XT

i β
0
1 − u1)

∣∣∣∣∣ max
i=1,··· ,n

|m̃l,m(XT
i β

0
l ,β

0)−ml(X
T
i β

0
l )|

=Op(J
−r
n ).

and,

sup
u1∈[a1,b1]

∣∣∣Φ(2)
1,m(u1,β

0)
∣∣∣ = Op(J

−r
n ).

This completes the proof of Lemma S.8.

�

Lemma S.9. Let assumptions (A1)-(A6) be satisfied, and N → ∞, h → 0 and
√

N2 log n/(nh) →
0, as n → ∞. We have, for l = 0, 1,

sup
ul∈[al,bl]

∣∣∣Φ(1)
l,e (ul,β

0)
∣∣∣+ sup

ul∈[al,bl]

∣∣∣Φ(2)
l,e (ul,β

0)
∣∣∣ = Op(n

−1/2),

where Φ
(1)
l,e (ul,β

0) = (1, 0)Φl,e(ul,β
0) and Φ

(2)
l,e (ul,β

0) = (0, 1)Φl,e(ul,β
0).
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Proof of Lemma S.9: We first prove the case for the varying-index function (i.e., l = 1).

The case for l = 0 can be proved similarly. Let η(u1) = (ηT
0 (u1), η

T
1 (u1))

T with

ηl(u1) = n−1
n∑

i=1

GiKh1
(XT

i β
0
1 − u1)Bq(X

T
i β

0
l ), l = 0, 1.

By Lemma A.2 in Xia and Li (1999), we have

sup
u1∈[a1,b1]

‖ηl(u1)− E{ηl(u1)}‖∞ = O(
√

log n/(nh)).

By de Boor (2001), we have, for any u1 ∈ [a1, b1],

‖E{η1(u1)}‖∞ =‖E{Kh1
(XT

i β
0
1 − u1)E[GiBq(X

T
i β

0
0)|XT

i β
0
1]}‖∞

=µ0f1(u1)|E{Gi|XT
i β

0
1 = u1}|‖E{Bq(X

T
i β

0
0)}‖∞ +Op(h

2
1)Op(‖E{Bq(X

T
i β

0
0)}‖∞)

=Op(J
−1
n ).

similarly, ‖E{η1(u1)}‖∞ = Op(J
−1
n ) holds. Thus, it can be show that

sup
u1∈[a1,b1]

‖ηl(u1)‖∞ = O(J−1
n ).

By the definition of Φl,e(ul,β
0), we have

Φ
(1)
1,e(u1,β

0) =n−1
n∑

i=1

GiKh1
(XT

i β
0
1 − u1)m̃1,e(X

T
i β

0
0,β

0)

=n−1(0T , η1(u1)
T )T Û(β0)−1

D(β0)T e.

Therefore, we have

sup
u1∈[a1,b1]

E
(
Φ

(1)
1,e(u1,β

0)|X,Z, G
)2

= sup
u1∈[a1,b1]

n−2(0T , η1(u1)
T )T Û(β0)−1

D(β0)TE{eeT |X,Z, G}D(β0)Û(β0)−1(0T , η1(u1)
T )

≤ sup
u1∈[a1,b1]

n−1Cσ‖η1(u1)‖22‖Û(β0)−1‖2

=O(n−1),

which implies that

sup
u1∈[a1,b1]

∣∣∣Φ(1)
1,e(u1,β

0)
∣∣∣ = Op(n

−1/2).

By the same way, we also have

sup
u1∈[a1,b1]

∣∣∣Φ(2)
1,e(u1,β

0)
∣∣∣ = Op(n

−1/2).

This completes the proof of Lemma S.9.

�
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Proof of Theorem 3: By the estimators in (2.5) and (2.6), we have, for l = 2,

m̂1(u1,β
0)− m̂O

1 (u1,β
0)

=(1, 0){X̃(u1,β
0
1)

T
W(u1,β

0
1)X̃(u1,β

0
1)}−1

X̃(u1,β
0
1)

T
W(u1,β

0
1){Y1(θ

0)−Y
O
1 (θ0)}

=− (1, 0){n−1
X̃(u1,β

0
1)

T
W(u1,β

0
1)X̃(u1,β

0
1)}−1{Φl,m(u1,β

0) +Φl,e(u1,β
0)}.

It is obvious by Cai et al (2000) that

sup
u1∈[a1,b1]

‖{n−1
X̃(u1,β

0
1)

T
W(u1,β

0
1)X̃(u1,β

0
1)}−1‖2 = Op(1).

Combining Lemma S.8 and Lemma S.9, this gives

sup
u1∈[a1,b1]

|m̂1(u1,β
0)− m̂O

1 (u1,β
0)| = Op(n

−1/2 + J−r
n ). (A.16)

Because Br(ul), l = 0, 1, have bounded first derivatives, we have D(XT
i β̂l) = D(XT

i β
0
l ) +

Op(n
−1/2) and Û(β̂) = Û(β0) +Op(n

−1/2) by ‖θ̂ − θ0‖2 = Op(n
−1/2), which followed by

m̃l(X
T
i β̂l, β̂) = m̃l(X

T
i β

0
l , θ

0) +Op(n
−1/2).

Similar to (A.15), we have, for l = 0, 1,

sup
ul∈[al,bl]

∣∣∣m̂l(ul, β̂)− m̂l(ul,β
0)
∣∣∣ = Op(n

−1/2),

which combining (A.15) and (A.16) implies that

sup
u1∈[a1,b1]

|m̂1(u1, β̂)− m̂O
1 (u1, β̂)| ≤ sup

u1∈[a1,b1]

∣∣∣m̂1(u1, β̂)− m̂1(u1,β
0)
∣∣∣+ sup

ul∈[al,bl]

∣∣∣m̂O
1 (u1, β̂)− m̂O

1 (u1,β
0)
∣∣∣

+ sup
u1∈[a1,b1]

|m̂1(u1,β
0)− m̂O

1 (u1,β
0)|

=Op(n
−1/2 + J−r

n ).

This completes Theorem 3. �

Proof of Theorem 4: Due to nh5 = O(1), we have
√
nhln

−2/5 = op(1). By Theorem 3,

we have

√
nhl

{
m̂l(ul, β̂)−ml(ul)− bl(ul)h

2
l

}
=
√

nhl

{
m̂O

l (ul, β̂)−ml(ul)− bl(ul)h
2
l

}
+ op(1).

Thus Theorem 4 can be shown straightforwardly by Lemma S.7. �

Lemma S.10. Let assumptions (A1)-(A6) be satisfied, and h → 0 and nh3 → ∞, as n → ∞.

We have, for any θ ∈ Θ,

E

{∥∥∥∥
∂m̂O

1 (X
Tβl,β)

∂βl

−m′
l(X

T
βl)(X−P(X))

∥∥∥∥
2

2

}

= Op(h
4 + n−1h−3),

where Θ is the parameter space for θ.
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Proof of Lemma S.10: This Lemma can be completed along the lines of Proposition 1

(iii) in Cui et al. (2011). �

To prove Theorem 5, we need the following Lemma. Similar to Ma and Song (2015), as-

suming that the nonparametric function m0(u0) is known, we can construct a GLR statistic

based on the new data (Y O
1 ,X,Z, G) given in Section 2.3 of the main paper and show its asymp-

totic property. Then our interested GLR statistic based on (Ỹ1,X,Z, G) can be constructed by

plugging in the BSBK estimators of the nonparametric functions. Its asymptotic distribution

can be shown in Theorem 3.

Consider hypothesis test (7) in the main context. Let θ̂ be the BSBK estimate of θ

proposed in Section 2.2 of the paper. Assuming m0(u0) be known, similar to Ma and Song

(2015), let m̂O
1,H0

(u1) and m̂O
1,H1

(u1) be the estimates based on new data (Y O
1 ,X,Z, G) under

H0 and H1, respectively. The resulting residual sums of squares under H0 and H1 in hypothesis

test (7) are

RSSO
1 (H0) =

n∑

i=1

{
Yi − α̂

T
Z̃i −m0(β̂

T

0 Xi)−m1(β̂
T

1 Xi)Gi

}2

,

RSSO
1 (H1) =

n∑

i=1

{
Yi − α̂

T
Z̃i −m0(β̂

T

0 Xi)− m̂O
1,H1

(β̂
T

1 Xi)Gi

}2

.

The following GLR statistic can be used to test the hypothesis in (7) in the main context when

m0(u0) is known,

TO
1 =

n

2

RSSO
1 (H0)− RSSO

1 (H1)

RSSO
1 (H1)

. (A.17)

Let aK = {K(0)− 1/2
∫
K2(u)du}[

∫
{K(u)− 1/2K ∗K(u)}du]−1, where K ∗K(u) denotes the

convolution of K. Denote by Ωl the support of βT
l x, and by |Ωl| the length of Ωl, l = 0, 1.

The following Lemma states the asymptotic distribution of TO
1 .

Lemma S.11. Suppose that assumptions (A.1)-(A.6) in the Appendix hold, and nN−4 → ∞
and nN−2r−2 → 0, then under H0 in (7) in the main context, when m0(u0) is known, and

m0
1(u1) is a linear function of u1,

σ−1
1n (TO

1 − µ1n)
L→ N(0, 1),

where σ2
1n = 2|Ω1|

∫ {
K(u) − 1/2K ∗K2(u)

}2
du/h1 and µ1n = |Ω1|

{
K(0) − 1

2

∫
K2(u)du

}
/h1.

Furthermore, the scaled TO
1 follows an asymptotic χ2-distribution with d1 degrees of freedom,

that is,

aKTO
1

a∼ χ2
d1 ,

where d1 = aKµ1n.
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Proof of Lemma S.11: Define

RSS∗
1(H0) =

n∑

i=1

{
Yi − Z̃

T
i α

0 −m0(X
T
i β

0
0)−m1(X

T
i β

0
1)Gi

}2

,

RSS∗
1(H1) =

n∑

i=1

{
Yi − Z̃

T
i α

0 −m0(X
T
i β

0
0)− m̂O

1,H1
(XT

i β
0
1)Gi

}2

,

T ∗
1 =

n

2

RSS∗
1(H0)− RSS∗

1(H1)

RSS∗
1(H1)

.

We can rewrite n−1{RSS∗
1(H0)− RSSO

1 (H0)} as

{RSS∗
1(H0)− RSSO

1 (H0)}

=

n∑

i=1

{
Z̃

T
i (α̂−α

0) +m0(X
T
i β̂0)−m0(X

T
i β

0
0) + (m1(X

T
i β̂1)−m1(X

T
i β

0
1))Gi

}2

+ 2

n∑

i=1

{
Z̃

T
i (α̂−α

0) +m0(X
T
i β̂0)−m0(X

T
i β

0
0) + (m1(X

T
i β̂1)−m1(X

T
i β

0
1))Gi

}

×
{
Yi − α̂

T
Z̃i −m0(β̂

T

0 Xi)− m̂O
1,H0

(β̂
T

1 Xi)Gi

}

= Op(1),

and similarly

{RSS∗
1(H1)− RSSO

1 (H1)}

=

n∑

i=1

{
Z̃

T
i (α̂−α

0) +m0(X
T
i β̂0)−m0(X

T
i β

0
0) + (m̂O

1,H1
(XT

i β̂1)− m̂O
1,H1

(XT
i β

0
1))Gi

}2

+ 2

n∑

i=1

{
Z̃

T
i (α̂−α

0) +m0(X
T
i β̂0)−m0(X

T
i β

0
0) + (m̂O

1,H1
(XT

i β̂1)− m̂O
1,H1

(XT
i β

0
1))Gi

}

×
{
Yi − α̂

T
Z̃i −m0(β̂

T

0 Xi)− m̂O
1,H1

(β̂
T

1 Xi)Gi

}

= Op(1),

which implies that

RSSO
1 (H0)− RSSO

1 (H1) = RSS∗
1(H0)− RSS∗

1(H1) +Op(1).

Along the lines of the proof of Theorem 7, we have

n−1RSSO
1 (H1) = σ2 + op(1), and n−1RSS∗

1(H1) = σ2 + op(1).

Therefore, it can be show that TO
1 = T ∗

1 +Op(1). It remains to show that

σ−1
1n (T ∗

1 − µ1n)
L→ N(0, 1).

This can be shown along the lines of Fan et al. (2001).

�
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Proof of Theorem 5: It is easy to see that

{RSSO
1 (H0)− RSS1(H0)}

=
n∑

i=1

{
m̂0,H0

(XT
i β̂0)−m0(X

T
i β̂0) + (m̂1,H0

(XT
i β̂1)−m1(X

T
i β̂1))Gi

}2

+ 2
n∑

i=1

{
m̂0,H0

(XT
i β̂0)−m0(X

T
i β̂0) + (m̂1,H0

(XT
i β̂1)−m1(X

T
i β̂1))Gi

}

×
{
Yi − α̂

T
Z̃i − m̂0,H0

(β̂
T

0 Xi)− m̂1,H0
(β̂

T

1 Xi)Gi

}

≡J31 + J32,

and similarly

{RSSO
1 (H1)− RSS1(H1)}

=
n∑

i=1

{
m̂0,H1

(XT
i β̂0)−m0(X

T
i β̂0) + (m̂1,H1

(XT
i β̂1)− m̂O

1,H1
(XT

i β̂1))Gi

}2

+ 2

n∑

i=1

{
m̂0,H1

(XT
i β̂0)−m0(X

T
i β̂0) + (m̂1,H1

(XT
i β̂1)− m̂O

1,H1
(XT

i β̂1))Gi

}

×
{
Yi − α̂

T
Z̃i − m̂0,H1

(β̂
T

0 Xi)− m̂1,H1
(β̂

T

1 Xi)Gi

}

≡J41 + J42.

Furthermore, we can show that

J31 − J41 =
n∑

i=1

{
m̂0,H0

(XT
i β̂0)− m̂0,H1

(XT
i β̂0) + (m̂1,H0

(XT
i β̂1)−m1(X

T
i β̂1))Gi

− (m̂1,H1
(XT

i β̂1)− m̂O
1,H1

(XT
i β̂1))Gi

}2

+ 2

n∑

i=1

{
m̂0,H0

(XT
i β̂0)− m̂0,H1

(XT
i β̂0) + (m̂1,H0

(XT
i β̂1)−m1(X

T
i β̂1))Gi

− (m̂O
1,H1

(XT
i β̂1)− m̂O

1,H1
(XT

i β
0
1))Gi

}

×
{
m̂0,H1

(XT
i β̂0)−m0(X

T
i β̂0) + (m̂1,H1

(XT
i β̂1)− m̂O

1,H1
(XT

i β̂1))Gi

}

=Op(1),

and similarly J12 − J22 = Op(1). As the same proof of Lemma S.11, T1 = TO
1 + o(1) holds by

showing the following claims that

RSS1(H0)−RSS1(H1) = RSSO
1 (H0)− RSSO

1 (H1) +Op(1),

n−1RSS1(H1) = σ2 + op(1), and n−1RSSO
1 (H1) = σ2 + op(1).

Thus, T1 and TO
1 have the same asymptotical distribution, which completes the proof of Theorem

5 by Lemma S.11.

�
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Proof of Theorem 6: Define

RSSO
2 (H0) =

n∑

i=1

{
Yi − Z̃

T
i α̂−m0(X

T
i β̂0)−m1(X

T
i β̂1)Gi1 −m2(X

T
i β̂2)Gi2

}2

,

RSSO
2 (H1) =

n∑

i=1

{
Yi − Z̃

T
i α̂− m̂O

0 (X
T
i β̂0)− m̂O

1 (X
T
i β̂1)Gi1 − m̂O

2 (X
T
i β̂2)Gi2

}2

,

RSS∗
2(H0) =

n∑

i=1

{
Yi − Z̃

T
i α

0 −m0(X
T
i β

0
0)−m1(X

T
i β

0
1)Gi1 −m2(X

T
i β

0
2)Gi2

}2

,

RSS∗
2(H1) =

n∑

i=1

{
Yi − Z̃

T
i α

0 −m0(X
T
i β

0
0)− m̂O

1 (X
T
i β

0
1)Gi1 − m̂O

2 (X
T
i β

0
2)Gi2

}2

,

TO
2 =

n

2

RSSO
2 (H0)− RSSO

2 (H1)

RSSO
2 (H1)

,

T ∗
2 =

n

2

RSS∗
2(H0)− RSS∗

2(H1)

RSS∗
2(H1)

,

where Z̃i = (ZT
i ,Z

T
i Gi1,Z

T
i Gi2)

T . Along the lines of the proof of Lemma S.11, we have

RSSO
2 (H0)− RSSO

2 (H1) = RSS∗
2(H0)− RSS∗

2(H1) +Op(1),

n−1RSSO
2 (H1) = σ2 + op(1), and n−1RSS∗

2(H1) = σ2 + op(1).

Therefore, it can be show that TO
2 = T ∗

2 + op(1). Following the same way as the proof of

Theorem 5, we can show that T2 = TO
2 + o(1) following the claims below,

RSS2(H0)− RSS2(H1) = RSSO
2 (H0)− RSSO

2 (H1) +Op(1),

n−1RSS2(H1) = σ2 + op(1).

It remains to show that

σ−1
2n (T ∗

2 − µ2n)
L→ N(0, 1).

Let Ul,i = XT
i β0

l , Ul = XTβ0
l and Gi = (1, Gi1, Gi2)

T . By Lemma S.7, we have

m̂O
l (ul,θ

0)−ml(ul) = {al,n(ul) +Rn(ul)} (1 + op(1)),

where

aln(ul) =
1

nh
dl(ul)

n∑

i=1

εiGilK((Ul,i − ul)/hl),

Rln(ul) =
1

nh
dl(ul)

n∑

i=1

{
ml0(Ul,i)Gl,i − τl(ul)

T X̌il

}
Gl,iK((Ul,i − ul)/hl),

and dl(ul) =
{
E[G2

l |Ul = ul]fl(ul)
}−1

, τl(ul) = (ml0(ul), hm
′
l0(ul))

T
and X̌il = X̌i(ul) =
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(Gil,Gil(Ul,i − ul)/hl)
T . Define

R(1)
n =

2∑

l=1

n∑

i=1

εiRl,n(Ul,i)Gl,i,

R(2)
n =

2∑

l=1

n∑

i=1

al,n(Ul,i)G
2
l,iRl,n(Ul,i),

R(3)
n =

1

2

n∑

i=1

{
2∑

l=1

Gl,iRl,n(Ul,i)

}2

.

Thus, as the proof of Theorem 5 in Fan et al. (2001), we have

−2σ2T ∗
2 =− 1

n

n∑

i=1

εi

{
n∑

k=1

εk

2∑

l=1

dl(Ul,i)Gl,kGl,iKhl
(Ul,k − Ul,i)

}

+
1

2n2

n∑

k=1

n∑

i=1

n∑

j=1

εiεj

{
2∑

l=1

dl(Ul,k)Gl,kGl,iKhl
(Ul,i − Ul,k)

}

×
{

2∑

l=1

dl(Ul,k)Gl,kGl,jKhl
(Ul,j − Ul,k)

}

−R(1)
n +R(2)

n +R(3)
n +Op(n

−1h−2)

≡T̃n + S̃n −R(1)
n +R(2)

n +R(3)
n +Op(n

−1h−2).

By some direct but tedious calculations, we have

R̃n ≡ −R(1)
n +R(2)

n +R(3)
n = Op(nh

4 + n1/2h2). (A.18)

It is obvious that

− T̃n = 2σ2K(0)
2∑

l=1

h−1
l E{fl(Ul)

−1}

+
1

n

n∑

i6=k

εiεk

2∑

l=1

dl(Ul,i)Gl,kGl,iKhl
(Ul,k − Ul,i) + op(h

−1/2). (A.19)

Let 2S̃n = Sn1 + Sn2, where

Sn1 =
1

n2

n∑

i=1

ε2i

n∑

k=1

{
2∑

l=1

dl(Ul,k)Gl,kGl,iKhl
(Ul,i − Ul,k)

}2

,

Sn2 =
1

n2

n∑

i6=j

εiεj

n∑

k=1

{
2∑

l=1

dl(Ul,k)Gl,kGl,iKhl
(Ul,i − Ul,k)

}

×
{

2∑

l=1

dl(Ul,k)Gl,kGl,jKhl
(Ul,j − Ul,k)

}
.

It is easy to see that

Sn1 = ̺n(1 + o(1)) +Op(n
−3/2h−2) +Op((nh

2)−1) + op(h
−1/2),
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where

̺n =
σ2

n(n− 1)

n∑

i6=k

{
2∑

l=1

dl(Ul,k)Gl,kGl,iKhl
(Ul,i − Ul,k)

}2

.

Using Hoeffiding’s decomposition (Serfling 1980) for the variance of U-statistics, by tedious

calculations we can show that the variance of ̺n is

̺n = Op(n
−1h−2).

It is straightforward to calculate the expectation of ̺n

E̺n = σ2

{
2∑

l=1

h−1
l Efl(Ul)

−1

}∫
K2(t)dt+ op(h

−1),

which implies that

Sn1 = σ2
2∑

l=1

h−1
l E

{
fl(Ul)

−1
} ∫

K2(t)dt+ op(h
−1/2). (A.20)

Sn2 can be further decomposed as Sn2 = Sn21 + Sn22, where

Sn21 =
1

n2

n∑

i6=j

εiεj

n∑

k 6=i,j

{
2∑

l=1

dl(Ul,k)Gl,kGl,iKhl
(Ul,i − Ul,k)

}

×
{

2∑

l=1

dl(Ul,k)Gl,kGl,jKhl
(Ul,j − Ul,k)

}
,

Sn22 =
1

n2

n∑

i6=j

εiεj

{
2∑

l=1

dl(Ul,j)Gl,jGl,iKhl
(Ul,i − Ul,j)

}{
2∑

l=1

dl(Ul,j)G
2
l,jKhl

(0)

}

+
1

n2

n∑

i6=j

εiεj

{
2∑

l=1

dl(Ul,i)Gl,jGl,iKhl
(Ul,i − Ul,j)

}{
2∑

l=1

dl(Ul,i)G
2
l,iKhl

(0)

}

.

It can be show by tedious calculation that

var(Sn22) = O(n−2h−3),

which implies that

Sn22 = o(h−1/2). (A.21)

Let

Qijk =

{
2∑

l=1

dl(Ul,k)Gl,kGl,iKhl
(Ul,i − Ul,k)

}{
2∑

l=1

dl(Ul,k)Gl,kGl,jKhl
(Ul,j − Ul,k)

}

.
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It can be shown that

E




n−1
n∑

k 6=i,j

Qijk − E [Qijk|(Ul,i, Ul,j)l=2,3]






2

≤ n−2
n∑

k 6=i,j

EQ2
ijk = O((nh2)−1),

which results in that

Sn21 =
n− 2

n2

n∑

i6=j

εiεjE [Qijk|(Ul,i, Ul,j)l=0,1] + op(h
−1/2)

=
1

n

n∑

i6=j

εiεj

2∑

l=1

h−1
l dl(Ul,i)Gl,jGl,iK̃((Ul,i − Ul,j)/hl) + op(h

−1/2).

(A.22)

By (A.18)-(A.22), we have

T ∗
1 = µ2n +

1

2
Υ(n)

√
b(h)− R̃n + op(h

−1/2),

where

b(h) =
2∑

l=1

h−1
l Efl(Ul)

−1,

µ2n =

{
K(0)− 1

2

∫
K2(t)dt

} 2∑

l=1

h−1
l Efl(Ul)

−1,

Υ(n) =
1

n
√

b(h)σ2

n∑

i6=j

εiεj

2∑

l=1

h−1
l dl(Ul,i)Gl,jGl,i{K((Ul,i − Ul,j)/hl)− 1/2K̃((Ul,i − Ul,j)/hl)}.

It remains to prove that

Υ(n)
L→ N(0, v2)

with v2 = 2
∫
{K(t)− 1

2
K̃(t)}2dt.

Let

Φij = εiεj

2∑

l=1

dl(Ul,i)Gl,iGl,j

{
Khl

((Ul,i − Ul,j))−
1

2
K̃hl

((Ul,i − Ul,j))

}

and

Υ(n) =
∑

i<j

Υij .

where Υij = 1

n
√

b(h)σ2
(Φij +Φji). Define σ2

2n = Var (Υ(n)). According to Proposition 3.2 in de

Jong (1987), it suffices to check the following conditions:

(a) Υ(n) is clean [see de Jong (1987) for the definition],

(b) v2n → v2,

(c) ζ1 is of lower order than v4n,
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(d) ζ2 is of lower order than v4n,

(e) ζ3 is of lower order than v4n,

where

ζ1 =E
∑

1≤i<j≤n

Υ4
ij ,

ζ2 =E
∑

1≤i<j<k≤n

{Υ2
ijΥ

2
ik +Υ2

jiΥ
2
jk +Υ2

kiΥ
2
kj},

ζ3 =E
∑

1≤i<j<k<l≤n

{ΥijΥikΥljΥlk +ΥijΥilΥkjΥkl +ΥikΥilΥjkΥjl}.

We check each of the conditions as follows. Condition (a) holds obviously. Then we calculate

the variance σ2
n as follows. (a) implies that σ2

n = EΥ(n)2. By de Jong (1987), we have

σ2
2n = E

∑

1≤i<j≤n

Υ2
ij =

4

n2b(h)σ4
E
∑

i6=j

Φ2
ij .

It is easy to see that

E
∑

i6=j

Φ2
ij = n4σ4b(h)

∫
{K(t)− 1

2
K̃(t)}2dt,

which implies that (b) holds. Noting that

E
∑

1≤i<j≤n

{Φ4
ij} = O(n2h−3), E

∑

1≤i<j≤n

{Φ3
ijΦji} = O(n2h−2), E

∑

1≤i<j≤n

{Φ2
ijΦ

2
ji} = O(n2h−2),

then we have ζ1 = O(h2n−4)O(n2h−3) = O(n−2h−1). Similarly conditions (d) can be shown

by noting that

E
∑

1≤i<j<k≤n

{Υ2
ijΥ

2
ik} = h2n−4O(n3h−2) = O(n−1),

which implies that ζ2 = O(n−1). It is obvious by straightforward calculations that,

E
∑

1≤i<j<k<l≤n

{ΦijΦikΦljΦlk} =O(n4h−1),

E
∑

1≤i<j<k<l≤n

{ΦjiΦikΦljΦlk} =O(n4h−1),

E
∑

1≤i<j<k<l≤n

{ΦjiΦkiΦljΦlk} =O(n4h−1),

which results in

E
∑

1≤i<j<k<l≤n

{ΥijΥikΥljΥlk} = O(h2n−4)O(n4h−1) = O(h).
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Therefore, we have ζ3 = O(h), which implies that condition (e) holds. This completes the proof

of Theorem 6.

�

Proof of Theorem 7: This proof is similar to Liang et al. (2010). Thus we only

provide a sketch of the proof here. We first prove n−1R(H1) = E{σ(V)} + op(1). Let

m̂(X,β) = m̂0(X
Tβ0,β) + m̂1(X

Tβ1,β)G and correspondingly m̂O(X,β) = m̂O
0 (X

Tβ0,β) +

m̂O
1 (X

Tβ1,β)G. By Theorem 3 and (A.15), n−1R(H1) can be decomposed as following

n−1R(H1) =
1

n

n∑

i=1

{
yi − Z̃

T
α̂− m̂(Xi, β̂)

}2

=
1

n

n∑

i=1

{
yi − Z̃

T
α

0 − m̂O(Xi,β
0)
}2

+ op(n
−2/5) +Op(n

−1/2)

=
1

n

n∑

i=1

{
εi − (m̂O(Xi,β

0)−m(Vi,β
0)
}2

+ op(n
−2/5)

≡I1 + I2 + I3 ++op(n
−2/5),

where

I1 =
1

n

n∑

i=1

ε2i ,

I2 =− 2
1

n

n∑

i=1

{m̂O(Xi,β
0)−m(Vi,β

0)}εi,

I3 =
1

n

n∑

i=1

{
m̂O(Xi,β

0)−m(Vi,β
0
}2

.

It is easy to see by the law of large numbers that I1 = E{σ(V)} + Op(n
−1/2). By Theorem

2.6 in Li and Racine (2007), we have maxi |m̂O(Xi,β
0) − m(Xi,β

0)| = Op(
√

log n/(nh)),

which results in I2 = Op(
√

log n/(n2h)) and I3 = Op(log n/(nh)). This leads to n−1R(H1) =

E{σ(V)}+ op(1).

Let Bn = AΓ−1
n AT , where A is defined in Section 3.2 and

Γn =
n∑

i=1

Ψ̂i(X,Z)Ψ̂i(X,Z)T , with Ψ̂i(X,Z) =

(
Xm̂,i − P̃n(Xi)

Z̃i − P̃n(Zi)

)

.

The difference of R(H0)−R(H1) can be decomposed as

R(H0)−R(H1) =

n∑

i=1

{
Z̃

T
(α̂H0

− α̂H1
) + (m̂(Xi, θ̂H0

)− m̂(Xi, β̂H1
))
}2

+ 2

n∑

i=1

{
Z̃

T
(α̂H0

− α̂H1
) + (m̂(Xi, θ̂H0

)− m̂(Xi, β̂H1
))
}

×
{
yi − Z̃

T
α̂H1

− m̂(Xi, β̂H1
)
}

≡I4 + I5.
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By Lemma S.5 and Lemma S.10, I4 can be rewritten as

I4 =
n∑

i=1

{
Z̃

T
(α̂H0

− α̂H1
) + (m̂(Xi, β̂H0

)− m̂(Xi, β̂H1
))
}2

=
n∑

i=1

{
Z̃

T
(α̂H0

− α̂H1
) + (m̂O(Xi, β̂H0

)− m̂O(Xi, β̂H1
))
}2

+ o(1)

=

n∑

i=1

{
Z̃

T
(α̂H0

− α̂H1
) +Di(β̂

T

H0
Xi)

T (λ̂H0
(β̂H0

)− λ̂H1
(β̂H1

))

+ (Di(β̂
T

H0
Xi)−Di(β̂

T

H1
Xi)

T )T λ̂H1
(β̂H1

) + op(‖θ̂H0
− θ̂H1

‖2))
}2

+ o(1)

=(θ̂H0
− θ̂H1

)T
n∑

i=1

Ψ̂i(X,Z)⊗2(θ̂H0
− θ̂H1

) + o(1).

As the estimators of θ under the null and alternative hypotheses have the following relationship

θ̂H0
= θ̂H1

+ Γ−1
n A

TB−1
n (γ −Aθ̂H1

),

we have

I4 =
(
γ −Aθ̂H1

)T
B−1

n AΓ−1
n

n∑

i=1

Ψ̂i(X,Z)⊗2Γ−1
n A

TB−1
n

(
γ −Aθ̂H1

)
+ o(1)

=
(
γ −Aθ̂H1

)T
B−1

n

(
γ −Aθ̂H1

)
+ o(1)

Therefore, under the null hypothesis, σ−2
I4

L→ χ2
k and under the alternative hypothesis σ−2

I4

asymptotically follows a noncentral Chi-square distribution with k degrees of freedom and non-

centrality parameter φ. It remains to show that I5 = op(1). As above arguments, we have

I5 =2
n∑

i=1

{
Z̃

T
(α̂H0

− α̂H1
) + (m̂(Xi, β̂H0

)− m̂(Xi, β̂H1
))
}

×
{
yi − Z̃

T
α̂H1

− m̂(Xi, β̂H1
)
}

=2
n∑

i=1

{
Ψ̂i(X,Z)(θ̂H0

− θ̂H1
) +Op(n

−1/2)
}{

εi +Op(n
−1/2)

}

=op(1).

This completes the proof of Theorem 7. �
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