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This supplement contains additional results concerning variable selection accuracy from

the simulation studies of Section 5 as well as proofs of Proposition 1 and Theorems 1 and 2.

Variable selection accuracy: Simulation results

Section 5 focused on estimation accuracy, while this supplement contains results concerning
variable selection accuracy, as measured in three ways. Let Sy, Sy, and S denote the number

of true, false, and total selections by a given estimator:

Si=#{j: B; #0and §; # 0}
So=#1{j: B; #0 and 8; = 0}
S251+So.

For the simulations described in Sections 5.1 and 5.2, we report here the power (proba-
bility of correctly selecting a nonzero coefficient), false discovery rate (FDR, the probability
of incorrectly selecting a zero coefficient), and misclassification error (MC, the number of

incorrect selections), which we define as follows:



Power = —
ower a0
o
5
MC = Sy + 3(d° — Sy),

FDR =

where, as in the manuscript, d° denotes the number of nonzero coefficients. Note that
our definition of misclassification error gives three times more weight to failing to select a
truly important variable than incorrectly selecting an unimportant variable. This is entirely
subjective. Our main reason for choosing this weighting is that it seemed to provide a
reasonable balance between the two types of incorrect selections in the settings considered
here. All methods incorrectly selected unimportant variables much more often than they
failed to select important variables (as would be expected by the use of prediction accuracy
to choose the tuning parameters), so a 1:1 weighting of the two types of incorrect selection

closely resembles FDR as an outcome.

Fixed a and ~

Supplemental Figure 1 displays the power, FDR, and misclassification error for the fixed-«
Mnet estimator, as compared with the LASSO and variable-a Mnet estimator.

Because the methods select different numbers of variables, focusing exclusively on power
or FDR can be misleading: models that select many variables will have greater power, while
highly parsimonious models will have lower FDR. Thus, the LASSO appears more “powerful”
than the fixed-a Mnet methods, but this is only because it selects a larger number of variables
(and consequently has a high FDR). For this reason, our discussion concentrates on MC error,
which does not inherently favor larger or smaller models.

For the most part, the results in terms of variable selection accuracy are broadly similar
to the estimation accuracy results from Section 5.1: (1) the Mnet methods are much more
accurate than the LASSO when the signal is reasonable strong; (2) the methods are all
relatively similar when the signal is weak; and (3) there seems to be a benefit to selecting
«, in that the variable-ac Mnet method generally outperforms any individual fixed-oo Mnet
method, although this is not as dramatic in terms of variable selection as it was when we

considered estimation accuracy.

Select «, fixed ~

Supplemental Figure 2 displays the power, FDR, and misclassification error for the LASSO,

MCP, elastic net (Enet), and Mnet estimators. As in Section 5.2, external validation was

2



=
N
1

Relative power
o o |l
(0] (o] o
1 1 1
N/ ;
1
o
w
_—
o
1l
=
\‘
@) ael
1
o
©

Method

=== Lasso

- Mnet (a =0.5)
= Mnet (a =0.7)
—— Mnet (a =0.9)

~—— Mnet (4)
0.4 -
} } } } } } } } }
0.4 0.8 1.2 0.4 0.8 1.2 0.4 0.8 1.2
Signal (s)
p=0.3 p=0.7 p=0.9
' \ \
0.0 Method
@ —_—
) Lasso
'a'; — Mnet (a =0.5)
-% 0.6 - — Mnet (a=0.7)
[ —— Mnet (a =0.9)
D: N
0.3 - Mnet (a)
I I I I I I I I I
0.4 0.8 1.2 0.4 0.8 1.2 0.4 0.8 1.2
Signal (s)
p=0.7
Method
== Lasso

= Mnet (a =0.5)
= Mnet (a =0.7)
—— Mnet (a =0.9)
~—— Mnet (4)

Relative MC error

o o o

w D O

1 1 1
% o
I
o
w

/'

/ o
Il
o
({o)

o
o
1

} }
04 08 12 04 08 12
Signal (s)

o
N
o
0]
H
N

Supplemental Figure 1: Relative (to the LASSO) selection performance for the variable-«
Mnet (with « selected by external validation) and various fixed-ae Mnet estimators. Power,
FDR, and misclassification (MC) error are averaged over 100 independently generated data

sets.



used to select the o parameter for Enet and Mnet.

Overall, the main conclusion we would draw from Supplemental Figure 2 is that both
LASSO and the elastic net select far more variables than MCP and Mnet. This increases power
somewhat, but at the cost of substantially increasing FDR. In terms of MC error, Mnet and
MCP are typically substantially more accurate than Enet and LASSO, although this advantage
is diminished in low-signal and high-correlation settings. Comparing Mnet and MCP, the two
methods perform similarly, although there seems to be a modest advantage to using Mnet

when the predictors are moderately to strongly correlated.

Proofs

In the Appendix, we prove Proposition 1 and Theorems 1 and 2.

Proof of Proposition 1 The jth estimated coefficient Bj must satisfy the KK'T conditions,

—2a(y = XB) + M1 = |55/ (vA))+sen(B)) + Aoy = 0, B # 0
@ (y — XB)| < Ay, Bi=0.

Let =y — X/3’ and 2; = n’lx;f. After some calculation, we have, if YAy > 1,

0, if |2;] < A,
By = ¢ sen(z) |[TEET i A < [5] < M,
2t if [25] > yA1A;
and if v\ < 1,
R 0 if [2;] < Aq,

Agléj if |23| > A\

First, suppose that z; and xj, are positively correlated. Based on the above expressions, we

can show that
185 — Bl < €125 — 24,
where £ is given in (2.8). By the Cauchy-Schwarz inequality, |2, — 2x| = n™t|(z; — xp)'7| <

nYz; — z|||7]] = n~2/2(1 = p)||7]]. Since M(B;\) < M(0;A) by the definition of £,
we have ||7|| < |ly||. Therefore

18) = Bel < €125 — 2l < €n7V2\/2(1 = pj) -

For negative p;i, we only need to change the sign of 2, and use the same argument. 0
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Supplemental Figure 2:
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Relative (to the LASSO) selection performance for for the mcp,

elastic net (Enet) and Mnet estimator. Power, FDR, and misclassification (MC) error are

averaged over 100 independently generated data sets.



To prove Theorems 1 and 2, we first need the lemma below. Let 1,(x) = exp(z®) — 1
for a > 1. For any random variable X its 1),-Orlicz norm || X]||y, is defined as || X ||y, =
inf{C > 0: Ey,(|X]|/C) < 1}.

Lemma 1. Suppose that 1, ..., e, are independent and identically distributed random vari-
ables with Ee; = 0 and Var(e;) = 1. Furthermore, suppose that P(|e;| > x) < K exp(—Cx%),i =
1,...,n for constants C' and K, and 1 < o < 2. Let ¢,...,c, be constants satisfying
Z?:l C? =1. Let X = Z?:l CiE;.

(i) | X]lypa < Ko {1+ (1+ K)Y*C~V*q,}, where K, is a constant only depending on a,C
and K.

(i1) Let X1, ..., X, be any random variables whose Orlicz norms satisfy the inequality in (i).

For any b, > 0,
Ko, (log(m + 1))/«
bn

for a positive constant Ky only depending on o, C' and K.

P (max | X;| > bn) <

1<j<m

This lemma follows from Lemma 2.2.1 and Proposition A.1.6 of Van der Vaart and
Wellner (1996). We omit the proof.

Proof of Theorem 1. Since BO is the oracle ridge regression estimator, we have BJO =0 for
Jj ¢ O and

1 - A .
—ﬁx;(y —XB%) +NfB =0, VjeO. (1)
If |Bj| > A1, then p’(|B§|;A1) = 0. Since ¢y + A2 > 1/7, the criterion (2.4) is strictly
convex. By the KKT conditions, 8 = 3° and sgn(B) = sgn(f°) in the intersection of the

events
Q(\) = {r]nég( ’n—lx;(y — XBO)’ <A} and Qs(N) = {Ijrélél sgn(ﬁ}’)ﬁj >y} (2)

We first bound 1 — P(Q,(\)). Let fo = (8,7 € O) and Z = n~'/2X. Let Lo()\y) =
Yo+ Xlp. By (1) and using y = Xp 3 + ¢,

1 1
Bo = 5251()\2))(2934 =35 (A2)Z0Bs + —=X5' (A2) Zpe. (3)

NG
Thus

B2, — B3 = %Eowzee {55 (M) %0 — T0}60, (4)

It follows that

1

| 1
~a(y = Xf°) = —af{l, — Zo%5' (M) Zote —

ﬁZL’;Z(f){E(El(}\g)E@ - [@}68
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Denote

1 — o
%xgzo{zol@g)zo — 1o} 3%,
First consider Tj;. Write Tj; = n=20||a;||(a;/||la;]|)'(e/0), where a; = n=YV2{I,,— Zo 5" (\o) Zi Y ;.
1/2

1
Ty = ﬁfﬂ}{ln — ZoXg' (M) Zpte, Ty =—

Since n~'/?||z;|| = 1, we have ||a;|| < 1. By Lemma 1,

P(max |Tj| > Ai/2) < P(n~2omax|(a;/lla;))'(¢/a)] > A1 /2)
Jg0 j€0

ologt*(p —d° +1)

LM ’

S ZKHan

where «, is given in (4.2).

For T}, we have Tj, = nfl/QAgx;-Z@E(;l(/\g)Bg. Since
n= | Zo Y0 (A2) 85| < Aaler + Aa) T/l

we have |Tjs| < /2 for every j if

A/2 > Xo(er + o) TH/eal| 87 (6)

Thus by (5), when (6) holds, 1 — P(£21(\)) < .
Now consider the event €,. Let e; be the jth unit vector of length d°. By (4),

~

B7 — B =S+ Sja, J €O,
where Sj1 = n=1e}(So+Aol) "' Xpe and Sjp = —Aoe(Zo+Ao1) 1 33. Therefore, sgn(39)39 >
AL Af |B7] + sgn(B9)(Sj1 + Sj2) > yA1, which in turn is implied by

|Sj1 + Sj2’ < B — A1, Vi

It follows that 1 —P(Q2(X)) < P(maxjeo(|Sj1 + Sj2| > B2 —~A1). Since [Sja] < Ao B°||/ (1 +
A2), we have [Sja| < (B2 —yA1)/2 if B2 > vA1 + 2X2||8°||/(e1 + A2). Similarly to (5), by
Lemma 1, when 32 > yA; 4+ 2X2||8°||/(c1 + A2),

o\/c;log!/*(d° + 1)
V(B2 —yA) (e + Aa)

By (7) and the restrictions on A; and 82, 1 — P(22(\)) < . O

P(rjne%c(lSjl + Sja| > 7 — A1) < 2K, (7)

Proof of Theorem 2. Let



where 0, is a p-dimensional vector of zeros. We have

. 1 - b
B = argmin{5- 1§ — X[ + > p(bil, M)}
j=1

Thus the Mnet estimator can be considered an MCP estimator based on (g, X).
Denote Pp = Xp(X,Xp) ' Xy, For m > 1 and u € R", define

~ Py — P,
Clusm, O, Ap) Zmax{H( j(gmn)l%)sz v =(u,0,),0C BCA{l,...p}, |Bl=m+ |(9|}

Here C~ depends on )y through P. We make this dependence explicit in the notation. By
Lemma 1 of 7, in the event
M > 2vVe ((ym, O, ) 8)

for m = d* — d°, we have
#{j: By # 0} < (K. +1)d° =p".

Thus in the event (8), the original p-dimensional problem reduces to a p,-dimensional prob-
lem. Since p, < d*, the conditions of Theorem 2 implies that the conditions of Theorem 1
are satisfied for p = p,. So the result follows from Theorem 1.

Specifically, let 7,, be as in (4.2) and A’ as in (4.7). Let my be as in (4.4). Denote

m = KiA[ /.
We show that if A\; > 2X2,/c3(|3°||/(c1 + A2), then
P(2vVe* {(y;m, O, Xs) > \i) < 7} + 7. (9)
Therefore, by Theorem 1, we have
P(sgn(B) # sen(8°) or B(N) # 8°(N2)) < w1 + 7} + 72 + 7. (10)

Then Theorem 2 follows from this inequality.
We now prove (9). By the definition of P,

1(Ps = Po)ills = y'{Zs(Z5 + Xalp) ' 25 = Zo(So + Xalo) " Zb}y, (11)
where Zp = n_l/QXB. Let PB()\Q) = ZB(EB + AQIB)_leE and write Pg = PB(O) We have

1(Ps — Po)ills = (Ps — Po)yll3 + ¥/ (Ps(X2) — Py — y (Po(X2) — Po)y.  (12)



Let Tp1 = ||(Ps — Po)yll3 and Ty = y'(Pr(X2) — Pp)y — ¥'(Po(A2) — Po)y. Let n =
A1/(2y/¢*). Note that (Pg — Po)y = (Pg — Po)s, since y = Xp3°+¢ and O C B. Therefore,
Tp1 = ||(Ps — Po)ell*.

Consider Tzy. Since y = Xpf% + ¢, some algebra shows that
Y (P(A2)—Pp)y = nBg Z5(Pp(X2) — Pp) ZpBp+2vnfy Z5(P(X2) — Pp)e+e (Pp(A2) — Pp)e,

and nB% 2 (Ps(Ne) — Pp)ZpB% = —nXo||B|* + nA2B8%3 5" (M2)3%. These two equations and
the identity ||5%||* — ||Bol|* = 0 imply that Ty = Sp1 + So + Spz + Spa, where

Spr = 2Vn{B3Z5(Ps(\2) — Pp) — B5Zo(Po(X2) — Po)}e,
Sy = &{Po— Po(\2)}e,
Sps = &{Pp(\2) — Pgle,
Sps = nN{BESE (\)Bh — B5¥0' (A2)Bo}-
Using the singular value decomposition, it can be verified that Sps < 0. Also, since 5% =
(88,0]p_qo)" and by the formula of the block matrix inverse, it can be verified that Sps < 0.

Therefore,
Tp1+ Tpa < Tp1 + |Sp1| + So. (13)

Note that Sy > 0. When a = 2, by Lemma 2 and Proposition 3 of 7,

2¢/c* log(p — d°) + 1}/
P( max Ty >mn\/(4c) < K, veryim{mlog(p — d7) + 1}
B:|B|=m+d° \/ﬁ\/ﬁ)\l
p

When 1 < a < 2, since Pg — Pp is a rank m projection matrix and there are ( ;Ido

) ways to

choose B from {1,...,p}, by Lemma 1,

2 (g an2v/esy/mlog!* (m ("))
P, max T > mnAy/(4c)) < K NTNGY
K an2v/c* logt/® (m(p_do))
1

m

S !
an2v/c{mlog(p — d° + 1)}'/*
1 \/ﬁ)\l )

where K is a constant that only depends on the tail probability of the error distribution in
(A2b). Here we used the inequality log (( *do)) < mlog(e(p —d°)/m).

p
Let p° = /nZof%. Since Zgfy = Zofd = u°//n, we have Sp; = 2u”(Pg(\2) — Pp —
(Po(A2) — Po)}e. Write Spy = 2||ag||(ag/||ags||)e, where

< K

- 2ol

las|l = [{Ps(A2) — Pp — (Po(X2) — Po)}u’|| < o



Therefore,

Aol
Cs + Ao B:Bl=m+de
326 7 Ao log ' ((72))
mnA}(c. + \o)
32¢* ||| Ao/ {log (p — d° + 1)}/
mnAi(c. + \o) '

: X
(an/lan])'e] > )

P( max Sp >mnA{/(8¢)) < P( 8c*

B:|B|=m+d°

IN

Klan

Y

S Klan

By assumption, Aa||u°]] < A1/2(c1 + A2) < A1/2(cx + A2), thus

16¢*m**{log(p — d° + 1)}/«

P Sp1 > mnAi/(8¢")) < Kiay, 14
(B:|B¥l|’l:a77}z{+d0 B1 mn 1/( ¢ )) — 1 mn)\]_(c* + )\2)2 ( )
For Sy, by Lemma 1,
8c*adav/do log"/*(d° + 1)
P(S A/ (8cY)) < Kiay, : 15
(52 > mnd/(867) < Kra, TR (15)
Inequality (10) follows from (13) to (15). O
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