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Supplementary Material

This supplementary file contains the regularity conditions (C1)-(C6) and the proofs of Theorems
1-3 in Sections 3 and 4 of the paper.

S1 Proofs of Theorems

In order to study the asymptotic properties of the proposed estimators, we need the following

regularity conditions:

) {mi(:), Ni(+), Ti, 6:, Xi, Wi}, i = 1,...,n, are independent identically distributed.
C2) N(r), X and W are bounded almost burely, and P(T > 1) > 0.
)

)

C3) The link functions g~(-), gg(-) and g¢(-) are twice continuously differentiable with g,(-) > 0
C4) The weight functions W (t) and Q(t) have bounded variation and converge to deterministic

functions w(t) and g(t), respectively, in probability, uniformly in ¢ € [0, 7].
(C5) € is nonsingular, where

o= 5| [[z0) - ) an? 0|
and zP(t) is the limit of ZP (;n0).

(C6) A is nonsingular, where
A A Ai 7
0 A

A11 =F /3T w(t){Zi*E(t, ZZ)}K(IE)

I

><< {Xigs(BoXi)gv(v0Zi) — 95 (B0 Xi) g~ (70 Z:)T(t, Zi) }dH (t,1og Ao (t) + 0o Z:i) >/
Wige (CoWi)dN;(t) — g5 (BoXi) g~ (v0Zi)w(t, Z:)
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A =F /OT w(t){Zi*E(t, Zl)}}/;(t)

x{Zigs(BoX:)g+(v0Zi) — 95(BoX:) g (V0 Z:)Z" (t, Zi)} dH (t,log Ao(t) + 77621')] ,

Ay = B / " g()(Zi— (tZ)}Y(>{Zigv<wsz,->—z*<t,zl-)gw(wsz@-)}'duo(t;w)},

and z(t, Z;), Z(t, Z:), w(t, Z;), il (t,Z;) and N (t, Z;) are the limits of Z;(t; Bo, v0), Xi(t; Bo,Y0),
Wi (t;00,7%0), Z;f (t; Bo,Y0), and Z (t;0) conditional on Z;, respectively.

Proof of Theorem 1. Define
Wi(t, Z;n, A) = I{log A(Ty) + 1 Z; > log A(t) +0'Z > log A(t) + n' Zi},

> =1 AN (0)Y;(t, Zsm, A)

AN (t,Z;m, ) = = )
( )t 2 )

and
E[dN; (t)¥,(t, Z;n, A)|Z]

Elgy(725)%;(t, Z;n, )| 2]
Let W;(t, Z) = U;(t, Z;m0, Ao). It then follows from the functional delta method (van der Vaart
and Wellner, 1996, Theorem 3.9.4, p.374) that

dNo(t, Z;n,A) =

’”22/ 0{Zi — 2V (t, Z)}i(8) gy (W0 Z) {[dN (8, Zis 0, Ao) — dNo(t, Zis 7, o) }

— /2 5Nt s 9+(102)¥i(t, 2) 2 )
- Z [ a0t =iz 0 S ar G nani o

—1/22/ [/ ()2 — 2N (L, 2) M (y > £)g, (¥ Z:)Wi(t, 2)

E[U;(t,z)dN;(t)]
(Elgy (70 Z:)Vi(t, 2)])?
where P(z,y) is the joint probability measure of (Z;,T;). In addition, according to Fleming and
Harrington (1991, p.299), we have

}gmazw(z, v) + 0p(1), (8.1)

Ao =00ty / (7 — 2P (W)} dMP (1) + 0y (n~72),
i=170

and

—~ (" dMP (u)

Bot) = Ao(t) =" - [ G = [Py anau) = ) + o)

where
MP(t) = NPt / Y (u) exp(np Z:)dho(u),
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and s (¢;10) is the limit of S (t;70). Let dR,(t, Z) and dRa(t, Z) be the derivative and the

Hadamard derivative of dNo(t, Z;n0,Ao) with respect to 7 and A, respectively. Then by the

functional delta method, we obtain

_1/22/ {2 — 2" (t, Z:) }Yi(t) g+ (40 Z:) {dNo(t, Zi; /), Ao) — dNo(t, Zi;mo, Ao) }

=n7y / (B0 (z: - 22 () + ffT(??)] dMP () + 0,(1), (5.2)
where -
0= B| [ iz~ 2 (0. 20}l (62 R (20|
and

B = | [ a0z - 2 0. 200, Gz {ary .20~ ( [ 2 @'anot))arae 20}
Note that
w0 = X [ QUZ = 2 (90 OV (0) = 91 (242N, Zi . Ao
—9,(10Z){dN (t, Zs; 1), Ao) — dNo(t, Zis 9, Ao)}

~9v(70Z:){dNo(t, Zi3 1), Ro) — dNo(t, Zis o, No)}] + 0p(1). (5:3)

Since sup; , | Z{" (t;70) — 2™ (¢, Z;)| — 0 in probability, it follows from (S.1), (S.2) and (S.3) that
n UL (v0) =Y i+ 0p(1), (5.4)

where
Pi f/ q(t){Z: — 2" (t, Z)}Vi () [dNi(t) — gy (Y0 Z:)dNo(t, Zi;m0, Ao)]

g (L) o
/ [tz b Pty S i L G

n / { / a(t){z = 2 (t, )M (y > )gy (N Z) Wi(t, 2)

E[W,(t, 2)dNi(1)]
* (Blo, 1 Z0)¥ilt, 2)])?

/0 (3072, (t)}+%]mﬁ(w.

} 9+(702)dP(z,y)

Define dM;(t) = {m;(t) — gc (CGW;) }dN;(t),

doiy M (6) W (t, Z;m, A)
98B0 X5) g+ (V6 Z5) s (t, Zim, A)

dM(t,Z;n, A) =
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and
E[dM;(t)¥,(t, Z;n,A)|Z]

Elgs(BoX5)9+(v625) ¥, (t, Z3m, M) 2]

Similarly, it follows from the functional delta method that

dMo(t, Z;n,A) =

_1/22/ O{Zi = 2(t, Z:) }Yi(t) 95 (B0 Xi) g~ (Yo Zi){dM (¢, Zi: %, Ao) — dMo(t, Zi; 9, Ao)}

no1/2 (2 2(t, 2 98(Po2)g+(702) Wi(t, 2) o _
Z/ / (t, )}I(y>t)E[9/3(5()X¢)gy(’Y Zl)%(tjz)]dF( Lz, y)dM;(t)

- ‘”22 / [ | w0202} > 005 (8 X)e G 202

E[Wi(t, 2)dM;(t)]
* (Blos(ByXi)gr (6 Z0) Wi(t, 2)])?
where F(z,x,y) is the joint probability measure of (Z;, X;,T:). Let dR}(t,Z) and dR}j(t,Z)
be the derivative and the Hadamard derivative of dMy(t, Z;n0, Ao) with respect to n and A,

respectively. Then in a similar manner, we get

}ga(ﬁéw)gw(véz)dF(a 2,) + 0p(1), (S.5)

71/22/ 0{Zi — 2(t, Z)}Yi(£) 95 (BoX:) 9 (46 Zi){dMo(t, Zi; 0, Ao) — dMo(t, Zi; no, Ao)}

=2y /0 [B2Q*I{Zi — 2P} + %] dMP (t) + 0,(1), (5.6)
where .
Co(t)=E {/t q(u){Zi — 2(u, Z:)}Yi(u)gs(BoXi) g~ (Vo Z:) AR} (u, Zi)],
and -
B=E [ | 12 = 2. 201005 (54 X009 04 2)
x {an(t, Z;) — (/O 2P (u) dAo(u))dRA(t, Zi)}} .
Note that

Us (80, 0) Z / W(){Z: — Zi(; ﬂow}m[ A(8) = 95(85X)g, (4 Z:)dNo 2, Zii mo, Ao)

—958(B6X1) gy (V0 Z:i){dM (t, Zi; 1, No) — dMo(t, Zi; 1), Ao)}
—98(B6X1) g~ (V0 Z:){dMo(t, Zi; i, Ao) — dMo(t, Zi; o, AO)}} +0p(1), (8.7)

and sup, , | Zi(t; Bo, v0) — Z(t, Zi)| — 0 in probability. Thus, it follow from (S.5), (S.6) and (S.7)
that

n2Uq(00,70) = n~'/? Zﬁz + 0p(1 (5.8)
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where
/T (D{Z: — 2(t, Z)YYi(®)[dMi(t) — g5(BoX ) g (Vo Ze) o (£, Zis mo, Ao))

VW, (¢, 2)
Lo dF (z,z,y)dM;(t)

&=
98(B6w) g~ (702

—/ /w(t){z — 2t 2)H(y 2 1) Elgs(8X:) g~ (16 Z:) i

+f [ [ 0t = 20,1 2 00455 X0, (672

E[W,(t,z)dM;(t)] - L2)dF (2,
T o R T ) Mo
Ca(t) Jane? ).

[T Bz — Py + 2
Note that —n~*0Uy(00;70)/00, —n~*0Ug(60;70)/0y and —n~'0U,(v0)/dv converge in prob-
4), (S.8) and the Taylor

ability to Ai1, Ai12 and Agg, respectively. It then follows from (S.4)

expansion that
00 Us (o;
nl/? 0 — A2 ( 0(60;70) + op(1),
gl Uy (0)

y—
— A 1n1/22< >+op (1),

which implies that n/2(6 —6y) and n'/2(§ — o) have asymptotically a joint normal distribution
~1 where X = E[(&},}) ®2].

with mean zero and covariance matrix A™'%(A’)

Proof of Theorem 2. In view of the consistency of é, 4, 1 and Ao(¢), using the Theorem
3.6.13 of van der Vaart and Wellner (1996), we obtain that conditional on the observed data,

=G [Tz~ 20y )

—98(B0X4)gy (0 Z:)dMo(t, Zi;mo, Ao)]

op(n'/?). (5.9)

Likewise, it can be shown that conditional on the observed data
/ / .
(50x)97(702)\1l1(t72) dF(z,x,y)dMi(t)

ZG/ RGBSR EDY Elgs(83X:)g, (120 Wi (1, )]

420G [ | [ 0t - 26010 2 096 X000, (5202
95(Bx) gy (Y02)dF (2,2, y) + 0p(n'/?)

E[W;(t, z)dM;(t)]
* (Blos(ByXi)gr (6 Z0) Wi(t, 2)]) (5.10)

Let dM;(t) = {mi(t) — gc(C'W;)}dN;(t), and
Ty AM; ()T (t, Z5m, A)

dM(t, Z;n, M) = 2= -
j=198 (B'X;5)9+(¥'Z;)9;(t, Z;m, A)
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Thus,
o5 = i /O WOLZi - Zult; B,A) (0938 Xi) gy (7 Z0LAN ¢, Zis 7, Ro) — dVI(t, Zis 7", Ad) .
i=1
It can be checked that
dAM (t, Zi; iy, Ao) — dM (¢, Zi;7*, Ag) = {dM(t, Zi; i, No) — dNo(t, Zi; 1), Mo )}
—{dM(t, Zi; 7", AG) — dMo(t, Zis 7", Ag)} + {dMo(t, Zis i, Ro) — dMo(t, Zis ", Ag) }-
Similarly to (S.1), we obtain

WS [ WO~ 2t B0 X0 (620 [{aE 4 55 o)

—dMo(t, Zi; 1, Ao)} — {dM (t, Zi; 7", AG) — dMO(t»Zz‘;ﬁ*»f\S)}} = op(1).

From an argument similar to that in the proof of (S.6), we have that conditional on the observed
data,

w2 [ WOUZ= 200 A i 0008 X (20 AV (1 Zisi ) = Ao (4 Zis 1, Ao)
i=1

_ g, /OT [BQQ—l{Zi — Py + %}dMiD(t) + 0,(1). (S.11)

It follows from (S.9), (S.10) and (S.11) that conditional on the observed data,

Oy =n" 2] + @5+ @3) =n" 2> Gi&i + 0,(1).

i=1

In a similar manner,

UQ = n_1/2(©2 + @; —|— CI);) = n_1/2 Z GzL,DfL —|— Op(l).

i=1

Thus, by using theorem 3.6.13 of van der Vaart and Wellner (1996), Eq[U%?] converges in
probability to X.

Proof of Theorem 3. Note that

Flet) =Y [ 120 < ¥ [tmin) - ac(GW}aNi(0)

—g5(BoX:)9- (v Z:){dma (s Bo, 7o) — dgi(u; 60, 70)}

—T1(z,8)'n'?(0 — 60) — Ta(2,£)'n"?(3 = 7o) + 0p(1), (5.12)



S1. PROOFS OF THEOREMS7

where 'y (2,t) and T's(z, t) are the limit of I'; (z,¢) and I's(2, t), respectively. By following similar
arguments as in the proof of Theorem 1, the first term on the right-hand side of (S.12) equals

n71/22¢i(2,t) + 0p(1), (5.13)
i=1
where

Pi(2,t) = / I(Zi < 2)Yi(uw)[dM;(w)—gs(BoXi) g+ (V0 Zi)dMo(u, Zi; 10, Ao)]

98(Box) g~ (705) Wi(u, s) (4
/ [z < 2 ) Bl (B Xe) g (4 20) W, 5)] O ¥V (w)

+f [ / 1(Z: < )1y > w)gs (5o X0)gx (W Z6) Wi(u, 5)
o E[Y;(u, s)dM;(u)]
(Elgs (B X))~ (1 2:) s, ]2

—Bs(t, 2)Q~ /{Zfz (u)YdMP (u) /C3tuszf(u),
u770

Bs(t,2) = E[/OtI(Zi < z)n(u)gs(ﬁéXi)gv(véZi){dRZ(% Zi)
_(/Ou gD(s)’dAo(s))dRX(u, Zi)}:|7

t
Caltow2) = B[ [ 120 < %0000 %0000 (152003 5,2 .
Thus, it follows from (S.12), (S.13) and Theorem 1 that

}gawam)gma@dF(aaw

and

Flat) =023 [0i2,0) = D) A7 (€L 0| +0p(1), (5.14)

i=1
where I'(z,t) = (I'1(z,t)',T'2(z,t)')". By the multivariate central limit theorem, F(z, t) converges
in finite-dimensional distribution to a zero-mean Gaussian process. The first term of (S.14) is
tight because any function of bounded variation can be written as the difference of two increasing
functions. Note that I'(z,t) is a deterministic function, and &; and ¢; do not involve ¢. Thus the
second term is also tight. Hence F(z,t) is tight and converges weakly to a zero-mean Gaussian
process. By the arguments analogous to those in the proof of Theorem 2, we obtain that F(z,t)

can be approximated by the zero-mean Gaussian process ]:'(z, t) given by (7).
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