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Supplementary Material

Here, we give the detailed and complete proof of the main results in the paper.

S1 Proof of Theorem 1.

Based on the closed form estimator of m0(t),

m̂0(t, β) =

∑n
i=1 δiI(Yi > t){YiŜC(Yi −Ai)}−1(Yi − t)∑n

i=1 δiI(Yi > t){YiŜC(Yi −Ai)}−1 exp(βTXi)

=
( n∑

i=1

δiI(Yi > t)(Yi − t)

YiSC(Yi −Ai)
+

∑ δiI(Yi > t)(Yi − t)

YiŜCSC

(
SC ŜC(Yi −Ai)

))
/

( n∑
i=1

δiI(Yi > t) exp(βTXi)

YiSC(Yi −Ai)
+

∑ δiI(Yi > t) exp(βTXi)

YiŜCSC

(SC(Yi −Ai)

−ŜC(Yi −Ai))
)
.

Since the following processes:

1

n

n∑
i=1

δiI(Yi > t)

YiSC(Yi −Ai)
(Yi − t) (S1.1)

1

n

n∑
i=1

δiI(Yi > t)

YiSC(Yi −Ai)
exp(βTXi) (S1.2)

can be written as the product of monotone function in t and β. And monotone functions have

pseudodimension 1(Pollard (1990), page15; Bilias, Gu & Ying (1997), Lemma A.2). Thus by

Pollard (1990), page38 and Bilisa , Gu & Ying (1997), Lemma A.1 the processes (S1.1),(S1.2)

are manageable. Together with the uniformly consistency of ŜC(t) to S(t) in t ∈ [0, τ ](Flemming

& Harrington (1990)), we can obtain that m̂0(t, β) converges almost surely and uniformly to

m0(t, β) in t ∈ [0, τ ] and β ∈ B = {β : ||β − β0|| ≤ ε}. Here, m∗
0(t) = m0(t, β0).
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Therefore, in order to prove the existence and uniqueness of β̂1 and m̂0(t), it suffices to

show that there exist a unique solution to U(β) = 0.

Since m̂0(t, β) satisfies:

n∑
i=1

δiI(Yi > t)

YiŜC(Yi −Ai)

[
(Yi − t)− m̂0(t, β) exp(β

TXi)
]
= 0,

differentiating it with respect to β, we derive the following equation:

∂m̂0(t, β)

∂β
= −

∑n
i=1 δiI(Yi > t){YiŜC(Yi −Ai)}−1 exp(βTXi)Xi∑n
i=1 δiI(Yi > t){YiŜC(Yi −Ai)}−1 exp(βTXi)

m̂0(t, β). (S1.3)

Let Â(β) = − 1
n

∂U(β)

∂βT . Making use of (S1.3),

Â(β) =
1

n

n∑
i=1

∫ τ

0

δiI(Yi > t)

YiŜC(Yi −Ai)
Xi

[
m̂0(t, β) exp(β

TXi)X
T
i +

∂m̂0(t, β)

∂βT
exp(βTXi)

]
dH(t)

=
1

n

n∑
i=1

∫ τ

0

δiI(Yi > t)

YiŜC(Yi −Ai)

[
XT

i −
∑n

i=1 δiI(Yi > t){YiŜC(Yi −Ai)}−1 exp(βTXi)X
T
i∑n

i=1 δiI(Yi > t){YiŜC(Yi −Ai)}−1 exp(βTXi)

]
Xim̂0(t, β) exp(β

TXi)dH(t)

=
1

n

n∑
i=1

∫ τ

0

δiI(Yi > t)

YiŜC(Yi −Ai)

(
Xi −X(t, β)

)⊗2
m̂0(t, β) exp(β

TXi)dH(t),

where

X(t, β) =

∑n
i=1 δiI(Yi > t){YiŜC(Yi −Ai)}−1 exp(βTXi)Xi∑n
i=1 δiI(Yi > t){YiŜC(Yi −Ai)}−1 exp(βTXi)

,

which is always nonnegative definite. It follows from the expression and some methods used

aforementioned, X(t, β) converges to some nonrandom function x(t, β) uniformly in t ∈ [0, τ ].

Together with the uniformly convergence of m̂0(t, β) to m0(t, β) in t ∈ [0, τ ] and β ∈ B =

{β : ||β − β0|| ≤ ε}, we conclude that Â(β) converges uniformly to a nonrandom function A(β)

uniformly in β ∈ B = {β : ||β − β0|| ≤ ε}. Denote B = A(β0) and ST̃ (t|X) is the the survival

function of T̃ , where

A(β) = E
[ ∫ τ

0

µ−1(X)ST̃ (t|X)(X − x(t, β))⊗2m0(t, β) exp(β
TX)dh(t)

]
.

It can be checked easily that 1
n
U(β0) converges to 0 almost surely. By condition (A4), A

is nonsingular. On the other hand, Â(β) converges uniformly to a nonrandom function A(β)

uniformly in β ∈ B = {β : ||β−β0|| ≤ ε}, thus there exists a small neighborhood of β0 in which

Â(β), especially Â(β0) is nonsingular for sufficient large n. Therefore it follows from the inverse

function theorem(Rudin (1976)) that within a small neighborhood of β0, there exists a unique

solution β̂ to the equation U(β) = 0 when n is large enough. Furthermore by the nonnegative

definiteness of Â(β) in the entire domain of β, the solution β̂ is global uniqueness. Hence, there

exists a unique estimator β̂ and m̂0(t), for t ∈ [0, τ ]. Following the proof of the estimator’s

uniqueness, we can see that β̂ is actually strong consistent and then m̂0(t) = m̂0(t, β̂) converges

uniformly to m0(t) almost surely in t ∈ [0, τ ]. □
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S2 Proof of Theorem 2.

(1) By the expression of m̂0(t, β), we have

m̂0(t, β)−m0(t) =

∑n
i=1 δiI(Yi > t){YiŜC(Yi −Ai)}−1

[
(Yi − t)−m0(t) exp(β

T
0 Xi)

]∑n
i=1 δiI(Yi > t){YiŜC(Yi −Ai)}−1 exp(βTXi)

.

Note that Mi(t) =
δiI(Yi>t)

YiSC(Yi−Ai)

[
(Yi − t)−m0(t) exp(β

T
0 Xi)

]
.

Since

U(β0) =

n∑
i=1

∫ τ

0

δiI(Yi > t)Xi

YiŜC(Yi −Ai)

[
(Yi − t)−m0(t) exp(β

T
0 Xi)− exp(βT

0 Xi)(m̂0(t, β0)

−m0(t))
]
dH(t)

=

n∑
i=1

∫ τ

0

δiI(Yi > t)

YiŜC(Yi −Ai)

[
(Yi − t)−m0(t) exp(β

T
0 Xi)

]
(Xi

−X∗
(t))dH(t)

=

n∑
i=1

∫ τ

0

δiI(Yi > t)

YiSC(Yi −Ai)

SC(Yi −Ai)

ŜC(Yi −Ai)

[
(Yi − t)−m0(t) exp(β

T
0 Xi)

]
(Xi −X

∗
(t))dH(t)

=

n∑
i=1

∫ τ

0

Mi(t)
SC(Yi −Ai)

ŜC(Yi −Ai)
{Xi − x∗(t)}dh(t)

+
n∑

i=1

∫ τ

0

Mi(t)
SC(Yi −Ai)

ŜC(Yi −Ai)
{Xi − x∗(t)}d(H(t)− h(t))

−
n∑

i=1

∫ τ

0

Mi(t)
SC(Yi −Ai)

ŜC(Yi −Ai)
{X∗

(t)− x∗(t)}dH(t), (S2.4)

where X
∗
(t) =

∑
δiI(Yi>t){YiŜC(Yi−Ai)}−1 exp(βT

0 Xi)Xi∑
δiI(Yi>t){YiŜC(Yi−Ai)}−1 exp(βT

0 Xi)
and x∗(t) is the limit of X

∗
(t).

On the other hand,

√
n
ŜC(t)− SC(t)

SC(t)
= − 1√

n

n∑
i=1

∫ t

0

1

π(s)
dMC

i (s) + op(1),

where MC
i (t) = I(Yi − Ai ≤ t, δi = 0) −

∫ t

0
I(Yi − Ai ≥ s)dΛC(s) is the martingale for the

censoring variable, ΛC(t) is the cumulative hazard function, and π(t) = P (Y − A ≥ t), so we

can obtain supt∈[0,τ ]

∣∣ ŜC(t)−SC(t)
SC(t)

∣∣ = Op(n
−1/2) and

∑n
i=1Mi(t) = Op(n

1/2). Therefore, it is

easy to show that

∣∣∣ n∑
i=1

∫ τ

0

Mi(t)
(SC(Yi −Ai)

ŜC(Yi −Ai)
− 1

)
{X∗

(t)− x∗(t)}dH(t)

+

n∑
i=1

Mi(t){X
∗
(t)− x∗(t)}dH(t)

∣∣∣ = op(n
1/2),
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and ∣∣∣ n∑
i=1

∫ τ

0

Mi(t)
SC(Yi −Ai)

ŜC(Yi −Ai)
{Xi − x∗(t)}d(H(t)− h(t))

∣∣∣ = op(n
1/2).

Hence,

(S2.4) =

n∑
i=1

∫ τ

0

Mi(t){Xi − x∗(t)}dh(t) +
n∑

i=1

∫ τ

0

Mi(t)
ŜC(Yi −Ai)− SC(Yi −Ai)

SC(Yi −Ai)

{Xi − x∗(t)}dh(t) + op(n
1/2).

Based on the martingale representation of ŜC(t),

n∑
i=1

∫ τ

0

Mi(t)
ŜC(Yi −Ai)− SC(Yi −Ai)

SC(Yi −Ai)
{Xi − x∗(t)}dh(t)

=

n∑
i=1

∫ τ

0

Mi(t){Xi − x∗(t)}dh(t)
∫ Yi−Ai

0

1

nπ(s)

n∑
j=1

dMC
i (s) + op(n

1/2)

=
n∑

i=1

∫ τ

0

Q(t)

π(t)
dMC

i (t) + op(n
1/2),

where Q(t) = 1
n

∑n
i=1

∫ τ

0
Mi(s){Xi − x∗(s)}dh(s)I(Yi − Ai ≥ t) and Q(t) converges to some

nonrandom process q(t).

So by Lemma 1 in Lin et al.(2000), we obtain

1√
n
U(β0) =

1√
n

n∑
i=1

ξi + op(1),

where ξi =
∫ τ

0
Mi(t){Xi − x∗}dh(t) +

∫ τ

0

q(t)
π(t)

dMC
i (t). It follows from the multivariate central

limit theorem that n−1/2U(β0) is asymptotically normal with mean 0 and covariance matrix

Σ = E[ξ⊗2
i ]. By the Taylor expansion of U(β) at β0, we have

n1/2(β̂ − β0) = B−1n−1/2U(β0) + op(1)

= B−1n−1/2
n∑

i=1

ξi + op(1).

Therefore,
√
n(β̂ − β0) is asymptotically zero-mean normal with covariance matrix B−1ΣB−1,

which can be consistently estimated by B̂−1Σ̂B̂−1, where

B̂ =
1

n

n∑
i=1

∫ τ

0

δiI(Yi > t)

YiŜC(Yi −Ai)

(
Xi −X(t, β̂)

)⊗2
m̂0(t, β̂) exp(β̂

TXi)dH(t),

Σ̂ =
1

n

n∑
i=1

ξ̂⊗2
i ,

and

ξ̂i =

∫ τ

0

M̂i(t){Xi −X(t, β̂)}dH(t) +

∫ τ

0

Q̂(t)

π̂(t)
dM̂C

i (t).
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(2) We begin by showing the weak convergence of m̂0(t). Note that

√
n(m̂0(t)−m0(t)) =

√
n(m̂0(t, β̂)−m0(t))

=
√
n(m̂0(t, β̂)− m̂0(t, β0)) +

√
n(m̂0(t, β0)−m0(t)).

(S2.5)

Denote:

Φ(t) =
1

n

n∑
i=1

δiI(Yi > t){YiŜC(Yi −Ai)}−1 exp(βT
0 Xi),

and

R(t, µ) =
1

n

n∑
i=1

Mi(t)I(Yi −Ai ≥ µ).

The first part in (S2.5) can be written as follows:

√
n(m̂0(t, β̂)− m̂0(t, β0)) = −x∗(t)m0(t)

√
n(β̂ − β0) + op(1),

= −x∗(t)m0(t)
1√
n

n∑
i=1

B−1ξi + op(1),

and the second part in (S2.5) can be written as follows:

√
n(m̂0(t, β0)−m0(t)) = Φ(t)−1 1√

n

n∑
i=1

[
Mi(t) +Mi(t)

SC(Yi −Ai)− ŜC(Yi −Ai)

ŜC(Yi −Ai)

]
= ϕ(t)−1 1√

n

n∑
i=1

[
Mi(t) +Mi(t)

∫ τ

0

I(µ ≤ Yi −Ai)

nπ(µ)

n∑
j=1

dMC
j (µ)

]
+op(1)

= ϕ(t)−1 1√
n

n∑
i=1

[
Mi(t) +

∫ τ

0

r(t, µ)

π(µ)
dMC

i (µ)
]
+ op(1),

where ϕ(t) and r(t, µ) is the corresponding nonrandom limit of Φ(t) and R(t, µ).

Therefore,
√
n(m̂0(t)−m0(t)) =

1√
n

n∑
i=1

ψi(t) + op(1),

where

ψi(t) = ϕ(t)−1[Mi(t) +

∫ τ

0

r(t, µ)

π(µ)
dMC

i (µ)]− x(t, β0)m0(t)B
−1ξi.

Since the terms in last equation are independent zero-mean random variables for every fixed
t, the multivariate central limit theorem implies that the finite dimensional distribution of the
process

√
n{m̂0(t) −m0(t)}(0 ≤ t ≤ τ) converges to a zero-mean Gaussian process. In order

to prove the weak convergence, it suffices to show the tightness. It reduces to the tightness
of n−1/2 ∑n

i=1Mi(t). By Assumption (A1), m0(t) is of bounded variation. Since Mi(t) can
be written as the sum or product of monotone functions of t and is thus manageable (Pollard
(1990), page 38; Bilisa, Gu and Ying (1997), Lemmas A.1-A.2 ), it follows from the functional
central limit theorem(Pollard (1990), page 53; Lin et al.(2000), page 726) that n−1/2 ∑n

i=1Mi(t)
is tight. Therefore n1/2{m̂0(t)−m0(t)}(0 ≤ t ≤ τ) is tight and converges weakly to a zero-mean
Gaussian process with the covariance function Γ(s, t) = E{ψi(s)ψi(t)} at (s, t), which can be
consistently estimated by Γ̂(s, t). □
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S3 Proof of Theorem 3.

By the maximum partial likelihood theory in Flemming & Harrington (1991), we can obtain

the uniform consistency of α̂ and Λ̂0(t) in [0, τ ]. Then similar arguments as that in the proof of

Theorem 1 can be used to obtain the conclusion of Theorem 3. Here, we omit the details. □

S4 Proof of Theorem 4.

(1) Since C follows cox proprotional hazards model, from Flemming & Harrington (1991), we

can obtain:

α̂− α0 = Ω−1 1

n

n∑
i=1

∫ τ

0

(Zi − z(t))dMd
i (t) + op(n

−1/2),

Λ̂0(t)− Λ0(t) =
1

n

n∑
i=1

∫ t

0

Md
i (u)

s(0)(u)
−

∫ t

0

z(u)′dΛ0(u)(α̂− α0) + op(n
−1/2),

(S4.6)

where Md
i (t) = NC

i (t) −
∫ t

0
Yi(u) exp(α

T
0 Zi)dΛ0(u), s

(k)(t;α) = limn→∞ S(k)(t;α), s(0)(t) =

S(0)(t;α0), z(t;α) = limn→∞ Z(t;α), z(t) = z(t;α0), Ω = limn→∞ Ω̂.

Similar to the proof of (S2.4), we obtain

Ud(β0) ≜
n∑

i=1

∫ τ

0

δiI(Yi > t)Xi

YiŜC(Yi −Ai|Zi)

[
(Yi − t)−m0(t) exp(β

T
0 Xi)− exp(βT

0 Xi)

(m̂0d(t, β0)−m0(t))
]
dH(t)

=

n∑
i=1

∫ τ

0

M∗
i (t)(Xi − x∗d(t))dh(t) +

n∑
i=1

∫ τ

0

M∗
i (t)(Xi − x∗d(t))dh(t)

SC(Yi −Ai|Zi)− ŜC(Yi −Ai|Zi)

SC(Yi −Ai|Zi)
+ op(n

1/2), (S4.7)

where M∗
i (t) = δiI(Yi>t)

YiSC(Yi−Ai|Zi)

[
(Yi − t) − m0(t) exp(β

T
0 Xi)

]
, x∗d(t) = limn→∞X

∗
d(t), X

∗
d(t) =∑

δiI(Yi>t){YiŜC(Yi−Ai|Zi)}−1 exp(βT
0 Xi)Xi∑

δiI(Yi>t){YiŜC(Yi−Ai|Zi)}−1 exp(βT
0 Xi)

, and Ŝ(t|Zi) = exp(− exp(α̂TZi)Λ̂0(t)).

Using functional delta method in Van der Vaart & Wellner (1996) and(S4.6), (S4.7) be-

comes:

Ud(β0) =
n∑

i=1

∫ τ

0

M∗
i (t)(Xi − x∗d(t))dh(t) +

n∑
i=1

{∫ τ

0

Qd(t)

s(0)(t)
dMd

i (t) +

(
Dd −

∫ τ

0

Qd(t)z
T (t)dΛ0(t)

)
Ω−1

∫ τ

0

(Zi − z(t))dMd
i (t)

}
+ op(n

1/2),
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where

Qd(t) =
1

n

n∑
i=1

∫ τ

0

M∗
i (t)(Xi − x∗d(t))dh(t) exp(α

T
0 Zi)I(Yi −Ai ≥ t),

Dd =
1

n

n∑
i=1

∫ τ

0

M∗
i (t)(Xi − x∗d(t))dh(t)Λ0(Yi −Ai) exp(α

T
0 Zi)Z

T
i .

Followed by the uniform strong law of large numbers, we know that Qd(t) andDd converges

almost surely to nonrandom function qd(t) and D
∗
d in [0, τ ].

Therefore,

1√
n
Ud(β0) =

1√
n

n∑
i=1

ξdi + op(1),

where

ξdi =

∫ τ

0

M∗
i (t)(Xi − x∗d(t))dh(t) +

∫ τ

0

qd(t)

s(0)(t)
dMd

i (t)

+
[
D∗

d −
∫ τ

0

qd(t)z
T (t)dΛ0(t)

]
Ω−1

∫ τ

0

(Zi − z(t))dMd
i (t).

It then follows from the multivariate central limit theorem that 1√
n
Ud(β0) is asymptotically

normal with mean 0 and covaraite matrix Σd = E[ξd⊗2
i ].

Let Bd(β0) = − 1
n

∑n
i=1

∂Ud(β)

∂βT |β=β0 and Bd(β0) converges to a nonrandom matrix Bd by

the law of large number.

By the Taylor expansion of Ud(β) at β0, we have

√
n(β̂d − β0) = B−1

d n−1/2Ud(β0) + op(1),

=
1√
n
B−1

d

n∑
i=1

ξdi + op(1).

Hence,
√
n(β̂d − β0) is asymptotically zero-mean normal with covariance matrix B−1

d ΣdB
−1
d ,

which can be consistently estimated by B̂−1
d Σ̂dB̂

−1
d , where

B̂d =
1

n

n∑
i=1

∫ τ

0

δiI(Yi > t)

YiŜC(Yi −Ai|Zi)

(
Xi −Xd(t, β̂d)

)⊗2
m̂0d(t) exp(β̂

T
d Xi)dH(t),

ξ̂di =

∫ τ

0

M̂∗
i (t){Xi −Xd(t, β̂d)}dH(t) +

∫ τ

0

Q̂d(t)

S(0)(t; α̂)
dM̂d

i (t) +
[
D̂d

−
∫ τ

0

Q̂d(t)Z
T
(t; α̂)dΛ̂0(t)

]
Ω̂−1

∫ τ

0

(Zi − Z(t; α̂))dM̂d
i (t),

and

Σ̂d =
1

n

n∑
i=1

ξ̂d⊗2
i .
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(2) We begin to show the weak convergence of m̂0d(t). Since

√
n(m̂0d(t)−m0(t)) =

√
n(m̂0d(t, β̂)− m̂0d(t, β0)) +

√
n(m̂0d(t, β0)−m0(t)),

= −x∗d(t)m0(t)
1√
n

n∑
i=1

B−1
d ξdi +

√
n(m̂0d(t, β0)−m0(t)) + op(1).

Let

Φd(t) =
1

n

n∑
i=1

δiI(Yi > t){YiŜC(Yi −Ai|Zi)}−1 exp(βT
0 Xi),

Rd(t, u) =
1

n

n∑
i=1

M∗
i (t) exp(α

′
0Zi)I(Yi −Ai ≥ u),

R1(t) =
1

n

n∑
i=1

M∗
i (t)Λ0(Yi −Ai) exp(α

T
0 Zi)Z

′
i.

Using similar methods as that in (S4.7), we obtain:

√
n(m̂0d(t, β0)−m0(t)) = Φd(t)

−1 1√
n

n∑
i=1

[
M∗

i (t) +M∗
i (t)(1−

ŜC(Yi −Ai|Zi)

SC(Yi −Ai|Zi)
)
]
,

= Φd(t)
−1 1√

n

n∑
i=1

[
M∗

i (t) +

∫ τ

0

Rd(t, u)

s(0)(u)
dMd

i (u) +
[
R1(t)−

∫ τ

0

Rd(t, u)z
T (u)dΛ0(u)

]
,

Ω−1

∫ τ

0

(Zi − z(t))dMd
i (t)

]
+ op(1),

= ϕd(t)
−1 1√

n

n∑
i=1

[
M∗

i (t) +

∫ τ

0

rd(t, u)

s(0)(u)
dMd

i (u) +
[
r1(t)−

∫ τ

0

rd(t, u)z
T (u)dΛ0(u)

]
,

Ω−1

∫ τ

0

(Zi − z(t))dMd
i (t)

]
+ op(1).

Here, ϕd(t), rd(t, u) and r1(t) are the limits of Φd(t), Rd(t, u) and R1(t) and all are nonrandom

functions.

Therefore,

√
n(m̂0d(t)−m0(t)) =

1√
n

n∑
i=1

ψd
i (t) + op(1),

where

ψd
i (t) = ϕ−1

d (t)
{
M∗

i (t) +

∫ τ

0

rd(t, u)

s(0)(u)
dMd

i (u) +
[
r1(t)−

∫ τ

0

rd(t, u)z
T (u)dΛ0(u)

]
,

Ω−1

∫ τ

0

(Zi − z(t))dMd
i (t)

}
− x∗d(t)m0(t)B

−1
d ξdi .

Then using similar arguments as that in the proof of Theorem 2, we complete the proof.

Here, we omit the details. □
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