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Theorems 5–8.

Let C0 = {δ(v) = (δ1(v), · · · , δp(v)) : v ∈ [0, 1], δ1(0) = 0, δ(v) is continuous on [0, 1]},
Θ = (θ′,α′)′, and f(v;α) be the conditional density function of X′α. Denote W (α, δ2) =

(Z′
1, δ2(X

′α)′Z2X
′)′,

µi =

∫
xiK(x)dx, νi =

∫
xiK2(x)dx, P (t | z,x) = Pr(T ≥ t | Z = z,X = x),

Γ(z,x) =

∫ τ

0

P (t | z,x)λ0(t)dt, s00(t;Θ, δ1) = E
[
P (t | Z,X) exp{Z′

1θ + δ1(X
′α)′Z2}

]
,

s10(t;Θ, δ1, v) = E
[
Z2P (t | Z,X) exp{Z′

1θ + δ1(v)
′Z2} | X′α = v

]
f(v;α),

s20(t;Θ, δ1, v) = E
[
Z2Z

′
2P (t | Z,X) exp{Z′

1θ + δ1(v)
′Z2} | X′α = v

]
f(v;α),

s11(t;Θ, δ1, v) = E
[
Z2X

′P (t | Z,X) exp{Z′
1θ + δ1(v)

′Z2} | X′α = v
]
f(v;α),

r0(t;α1,Θ, δ1, δ2) = E
[
P (t | Z,X)W (α1, δ2) exp{Z′

1θ + δ1(X
′α)′Z2}

]
,

r1(t;α1,Θ, δ1, δ2, v) = E
[
P (t | Z,X)W (α1, δ2) exp{Z′

1θ + δ1(v)
′Z2}Z′

2 | X′α = v
]
f(v;α),

m1(t) = E
[
P (t | Z,X) exp{Z′

1θ0 + β(X′α0)
′Z2}W (α0, β̇)

]
,

m2(t) = E
[
P (t | Z,X) exp{Z′

1θ0 + β(X′α0)
′Z2}W (α0, β̇)W (α0, β̇)

′
]
,

κ(t, v) = E
[
P (t | Z,X)Z2W (α0, β̇)

′ exp{Z′
1θ0 + Z′

2β(v)} | X′α0 = v
]
f(v;Θ0),

D1 =

∫ τ

0

{
r0(t)m1(t)

′

s00(t)
−m2(t)

}
λ0(t)dt, D2(v) =

∫ τ

0

{
s10(t; v)m1(t)

′

s00(t)
− κ(t, v)

}
λ0(t)dt,

D3(v) =

∫ τ

0

{
r0(t)s10(t; v)

′

s00(t)
− r1(t; v)

}
λ0(t)dt, Σ(v) =

∫ τ

0

s20(t; v)λ0(t)dt,

Ψ(w; v) =

∫ τ

0

[
s10(t; v)s10(t;w)′

s00(t)
−D2(v)D

−1
1

{
r0(t)s10(t;w)′

s00(t)
− r1(t;w)

}]
λ0(t)dt,

r0(t) = r0(t;α0,Θ0,β, β̇), r1(t; v) = r1(t;α0,Θ0,β, β̇, v), s00(t) = s00(t;Θ0,β),

s10(t; v) = s10(t;Θ0,β, v), s20(t; v) = s20(t;Θ0,β, v) and s11(t; v) = s11(t;Θ0,β, v).

Let g satisfy the following integral equation in C0: D3(w) = g(w)Σ(w)−
∫ 1

0
g(v)Ψ(w; v)dv.
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Theorem 5 Under Conditions (C1)–(C7) stated in Appendix with Z = (Z′
1,Z

′
2)

′, we have

∥θ̂ − θ∥ → 0, ∥α̂−α∥ → 0, sup
0<w<1

∥β̂(w)− β(w)∥ → 0,

in probability.

Theorem 6 Denote Θ = (θ′,α′)′. Under the conditions of Theorem 5, if nh4 = o(1), as

n → ∞

√
n
(
Θ̂−Θ0

)
→ N(0,∆), (S0.1)

where

∆ = D−1
1

∫ τ

0

E
[
ξ2i (t)P (t|Z1i,Z2i,Xi) exp{θ′Z1i + β(X′

iα0)
′Z2i}

]
λ0(t)dt(D

−1
1 )′,

ξi(t) =

∫ 1

0

g(v)
s10(t; v)

s00(t)
dv +

{∫ 1

0

g(v)D2(v)D
−1
1 dv − I

}{
Wi −

r0(t)

s00(t)

}
− Z2ig(X

′
iα0),

Wi = (Z′
1i, β̇(X

′
iα0)

′Z2iX
′
i)

′, D1, D2, P (t|z,x), g(·), s10(·), s00(·), r0(·) are defined in the

Supplementary Material.

Theorem 7 Under the conditions of Theorem 5, if nh5 = O(1), for v ∈ (0, 1),

(nh)1/2
{
β̂(v)− β(v)− 1

2
h2µ2(I −A)−1(β̈)(v)

}
D→ N(0,V(v)), (S0.2)

where I, A and V(v) are defined similarly with those in Theorem 3 except that Σ(v) and Ψ(w; v)

are defined in the Supplementary Material.

For any function ϕ(w) = {ϕ′
1, ϕ2(w)′}′, which has a continuous second derivative on [0, τ ],

let ϕ′
1Θ̂ +

∫ τ

0
ϕ′
2(w)β̂(w)dw be the proposed estimator of ϕ′

1Θ +
∫ τ

0
ϕ′
2(w)β(w)dw. Theorem

8 below shows that Θ̂ is an efficient estimator of Θ and β̂(·) is a semiparametrically efficient

estimator of β(·).

Theorem 8 Under the conditions of Theorem 5, if nh4 = o(1), then, as n → ∞,

ϕ′
1Θ̂+

∫ τ

0

ϕ′
2(w)β̂(w)dw is an efficient estimator of ϕ′

1Θ+

∫ τ

0

ϕ′
2(w)β(w)dw.


