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We provide the proofs for Hohmann and Holzmann (2015).

For convenience, we first recall the set-up and the results from Hohmann and Holzmann
(2015) before turning to the proofs in the Appendix. Let By(0) = {x € R? : ||x|| < 1} be the
unit disc in R? and let f : B (0) — R be integrable. Then its Radon transform is defined (for

almost all (¢, s)) as

Rf((p,s):/ f(scosep—tsin@,ssin@+1cosQ)dt,

[t]<y/1—52

(QD,S) € [_7[/277[/2] X [_]7]]
Consider the Radon transform as an operator between weighted L,-spaces

R: Ly (B1(0); tha) — Lo([~7/2,7/2] x [=1,1]; 1), 0
dup(x,y) = wa(x,y)dxdy, dup(@,s) =A(@)wi(s)dods.

For the weight functions w; and wy, we consider the following parametric families in y >
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-1/2,
Wl(s)_\/W(lg)l/Z—y, —1<s<,
i YLy @)
way) == (1 — =) (x,y) € Bi(0).
Gaussian white noise
We observe
dY (@,s) = (Rf)(@,s)dp(@,s) +edW(@,s), 3)

which means that for any h(@,s) € Ly([—n/2,7/2] x [—1,1]; 11 ), we may observe

/7:/22/ RF(9,5)h(9,5) A (<p)m(>d<pds+e/”/2/ Hosawie.,

= ((Rf); iy, +EW (),

where W (h) is a Gaussian field with mean zero and covariance

E(W(h)W(h)) = (hi, ko), hiyho € Lo([~7/2,70/2) x [~ 1, 1] 111

Review of general infinite white noise sequence models

We start by briefly reviewing some general facts about minimax estimation in infinite white

noise sequence models from Cavalier and Tsybakov (2002). Consider observing
Yo=6c+eo, &,  k=0,12,..., (5)

with (& )x an i.i.d. Gaussian white noise, € > 0 the noise level, and (o) a known sequence

of strictly positive weights. The goal is to estimate the parameter 6 = (6, 6,...) from the
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noisy observations Y. Certainly, estimating 8 gets more involved the smaller the weights o}

are. Asymptotics in this infinite sequence model are w.r.t. € — 0.

A linear estimator 6 = é(h) of 0 is defined as ék = hY; for some given real sequence
h = (ho,hy,...), not depending on the ¥;. The class of linear estimators thus corresponds to
the class of real, countably infinite sequences 4. The mean squared risk of an estimator 8 is
defined as

Re(6,6) =E[|6—6]>= Y E[(6:—6,)°].
k=0

Define the linear minimax risk on a class ® by

r¢(©) = inf sup Re(6(h),0),
heRN ge@

and the minimax risk on ® by

re(®) = infsup Re(6,0),
0 0cO

where infy is the infimum over all possible estimators. An estimator 0 is said to be rate
optimal on © if

supR:(6,0) = re(®) as € — 0.
0c0®

It is said to be asymptotically minimax or asymptotically efficient on © if

supRe(6,0) ~ re(®) as € — 0.
0€0

The class O is typically chosen to be an /-ellipsoid, i.e., given a constant L > 0 and a

sequence a = (ag,ay, .. .) of real ellipsoid weights, set

G):@(a,L):{B: aieksz}. ©®)
k=0
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Pinsker estimator

Let ® = ©(a,L) be an ellipsoid according to (6), and assume that for all € > 0 there exists a
solution c; to the equation

€Y o 2ar(1— cear) 4 = ceL, 7
k=0

where the subscript + denotes positive part, x; = max{x,0}. Then, the Pinsker estimator is

defined as the linear estimator 8 (h*) with weights h = (1 —ceay)+, k=0,1,....

Theorem 0.1 (Pinsker, 1980). a. The Pinsker estimator 6 (h*) is linear minimax on ®(a,L),

i.e., sUpgeeRe(O(h*),0) = rk(®) for all € > 0, where the linear minimax risk is given by

oo

rL(@) =g Z 0',:2(1 — CeQp)4- ®)
k=0

b If

-2
maxy. T O,
ap< _](2 O (9)
):k:ak<T (g

as T — oo, then r¢(®) ~ rk(@®) as € — 0, i. e., under (9) the Pinsker estimator is even asymp-

totically efficient on ®(a,L).

The condition (9) is from Cavalier and Tsybakov (2002). As we shall see below, the Pinsker

estimator may also be efficient if this condition is not satisfied.

Remark. If the sequence a is monotonically non-decreasing, then there always exists a so-
lution c¢ to (7) so that the Pinsker estimator is well-defined and Theorem 0.1 applies. Even
more, in this case c, is unique and known to be given by

N, -2
o — Zkio O, “ai
£ — _ 9
L/e2+ Y0 0%
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where

n
Ne = max{k:a; < c; '} = max {n €2 Z o, 2ar(an —ay) < L}, (10)
k=0

and the minimax risk is attained at (6 (h*), 0*) with

o — £, [L=ceaw)+ (11)

O CeQy

The sequence model for the Radon transform

Suppose now that we observe the Radon transform Rf of a function f € L,(B;(0); 2) in the

white noise model (3).

We require the singular value decomposition of the operator R in (1). It consists of triples

{‘Pm,hq)m,la G”7=l}m2120’ (12)

where the (W,,;)m>i>0 form an orthonormal basis of Ly(B(0);2), the {®y,;}m>1>0 are
orthonormal in L, ([—7/2, /2] x [—1,1]; ;) and complete in range(R), 6, ; > 0 for all m >
[ >0and RY¥,,; = 0, Py, and R*®,,; = 0,1 ¥,,1, where R* is the adjoint operator of R,
see Proposition B.2. The (W,,;)m>1>0 and (P, ;)m>1>0 are called the singular functions, the
(GmJ) m>1>0 the singular values. The singular values are presented in the next section, while
the derivation of the SVD together with explicit forms of the singular functions in terms of

orthogonal polynomials, is given in the Appendix B.1.

Evaluating (4) at the singular functions ®,, ;, we obtain the doubly indexed sequence of ob-
servations

Y(q)m,l) = <Rf7 q)m,l>u1 + EW(CDm,l) = O, 6m,l + S‘gm,h

where 6,,; = (f, W)y, are the Fourier coefficients of f w.r.t. the basis (¥,,;), and &,,; =

W (&, are independent standard-normal random variables. Now rescale ¥,,; = &, } Y (Ppry)s
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so that

Yt = O+ €0, 1€, m>1>0. (13)

Thus, in the doubly indexed sequence model (13), ellipsoidal smoothness assumptions on f
correspond to the decay of the Fourier coefficients 6,,; w.r.t. the basis (¥, ;)u>i>0, While

rates of convergence depend on the decay of the singular values o, ;.

We investigate estimation of 6 over the ellipsoids

@ =0x(k,L)={6: ¥ (m—1+1*(+1)*62, <L},

m>1>0

Compared to (6), where a is a full sequence of weights, here we use a slightly different

notation in which the parameter x determines the whole weighting sequence.

Sincem+1< (m—1+1)(I+1) < (m+1)*>forany 0 <1 <m,
0,(2x,L) C O(k,L) C ©;(k,L). (14)

Remark (Pinsker estimator for the Radon sequence model). In order to apply Pinkser’s Theo-
rem 0.1 to these ellipsoids in the doubly-indexed sequence model, we require total orderings
=i, i = 1,2, of the index set {(m,l), m > 1 > 0}, for which the weights in ®; are non-

decreasing: For @1, we let (m,l) <y (iit,]) if m < i or if m =/ and [ < [. Similarly, for

0@, we let (m,1) <, (i, 1) if (1+1)(m—1+1) < (I+1)(m— 1+ 1) or if there is equality and

1<

The singular values

We present the singular values 0, ; in the SVD (12) of the Radon transform, see Section B in



Weighted angle Radon transform 7

the supplement for the proofs. Let

: m\TQ2YL(+y)m—j+7)
Cn = diaglemo,- Gmm),  mj = (J) fmropree
and
A, = (dj,k)ﬁkzoﬁ_‘_’m, m=0,1,2,..., (16)

which is the Toeplitz matrix determined by the sequence

4= L/ " A2 = / e Ag)dy, ez
¢ 27 J-x TJ-z/2 ’ ’

The Toeplitz matrix A,, is Hermitian and positive semidefinite, and it is well known that it is
even positive definite whenever A is not essentially zero (which we shall always assume), see
for instance Tilli (2003) for universal lower bounds on the smallest eigenvalues of sequences

of Toeplitz matrices. We shall denote its (positive) eigenvalues by
Op,0 > ... > Oy > 0.

The matrix B, := C,,A,, is then also diagonizable, with strictly positive eigenvalues (see

Section B), which we denote by
ﬁm,O >...2 ﬁm,m > 0.
The singular values of R are given by

Om, = Tcﬁm,la m2>12>0. 17

The case Y= 1 (Fan beam design)

In this case the weights c¢,,; have the simple form c,,; = (m + 1)~! for all m, so, given the
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eigenvalues o, ; of A, it follows that Bt = O/ (m+ 1), and thus the singular values of

the operator R are

L m>1>0. (18)

In the general case, the eigenvalues of B,, cannot be expressed in terms of those of A,
however, it is possible to derive certain bounds. First, concerning the c,,;, and using I'(x +
8)/T(x) ~x% as x — oo for all § € R, it is easily seen that the inner weights, those for which
I grows as pm for some p € (0, 1), decay according to

%J~£$Q@a—p»7%m+n17

while the outer weights with / (or m — ) fixed behave like

e JEEYTU+Y)
Ty T(1+1)

(m+1)77,
both as m — . In particular, for y < 1, the extreme weights satisfy

. r'(2y) . r _
m ~N —— 1 B m ~S —— 1 y. 19
pinemi ~ Fopzgrt (D (hax, cmi ~ oy (m ) (19

For ¥ > 1 the roles of min and max are reversed.

From these estimates as well as general bounds on the eigenvalues of products of positive
definite Hermitian matrices, see for instance Wang and Zhang (1992) and Zhang and Zhang
(2006) we in obtain the bounds

L(2y)  Omm =)

> >) (2 O.m (r>1)
Fgar T o) < o < 0

Fllto),  —1/2<y<1.

(20)

Limited angle Radon transform
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We start with estimation in the limited angle case, where A = 1y forann <= /2. In this

case the Toeplitz matrices A,, generated by A are given by

Ay = (W)M—O,...,m’

where for j = k this expression is understood as the continuous continuation with value 21 /7.
It is well known that the small eigenvalues of A,, decay to zero exponentially fast, see Slepian

(1978), and specifically that
o ~ Cm 28" as m — oo, 1)

where the constants C, & > 0 only depend on the angle 17, and where € is given by

24/1—cos(mr—2n) ) 22)

V2 —+/1—cos(m—21n)

ézlog(lJr

Slepian (1978) also discusses the behaviour of the other extreme as well as of the intermediate

eigenvalues, which we shall not require, however.

We define the projection estimator @(h"") with truncation level M, as the linear estimator

with h,,; =1 forall 0 </ <m < M., and h,,; = 0 otherwise.

Theorem 3.1 (main paper) If there exist p;,p» € R and 7; > 7, > 0 such that the sequence

of smallest singular values 6, ,, satisfies
mPle” " < 0, S mP2e” 2" as m — oo,

then

re(@i(x,L))log(1/€)* (L' +0(1)) € [13%, 17¥] ase —0, i=1,2.



10 D. Hohmann and H. Holzmann

If in particular 7; = 7, = 7, then any projection estimator é(hP ") with truncation level

M = |t~ log(1/€)(1 —log(1/€) %)

for some 6 € (0,1) is efficient on ®;(x,L), i = 1,2, and the corresponding minimax risk is
given by

re(®;(x,L)) ~ t**Llog(1/e)"** as € — 0.

Corollary 3.3 (main paper) Let the weight function A : [—7/2, /2] — [0, ) be Lebesgue

measurable and bounded above. If there exist 0 < 1; < 1, < /2 such that
inf A(@)>0, sup A(p)=0.
[ol<m lpl>m
then

re(©i(k. L)) log(1/€)5 (2L +0(1) € (G567 ase =0, i=12,

for any y > —1/2, where the &; correspond to 1; according to (22).

Weight functions with isolated zeros

>m P asm — oo,

~

Proposition 3.4 (main paper) a. If there exists p > 0 such that B3, ,,
then

re(®;i(x,L)) = 0(82"i§+2) ase—0, i=1,2.
b.LetC>0and0<p; <p<p+1.1If

mP < Bum SmP as m — oo, (23)

~
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then the Pinsker estimator on ®;( o, L) is asymptotically efficient, and

4xk+2(p—py)
re(®;(a, L)) 2 & ZxtpTl ase—0, i=1,2.
c. If
Bon ~ CmP asm — oo, (24)
then
~ 4K
re(@;(k,L)) > CeFT (1+0(1)) ase—0, i=1,2,
where
. Ck N\ zedir (L(2Kk+p+1)) W0
¢ =E(x,p,L,C) = <7> .
n(k+p+1) p+1
Exact minimax rates and efficiency constants in case y =1
Now we restrict ourselves to the case Y= 1 (fan beam design), so that 6, ; = /T, /(m+1)

as given in (18). We shall impose the following assumptions on the eigenvalues @, ; of the

Toeplitz matrices A,,.

Assumption. There exist C > 0 and p > 1 such that

m
Y o, ~CmP™! asm — oo, 25)
1=0
Assumption. There exist p > 2, § > 0, and a positive, bounded sequence ¢ = (co,ci,...)
such that

O = CntlP T HO((m=14+ 1)1+ 1)P7'70), m=1>0. (26)

m
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We say that A is banded if

o)=Y de™?  reN, d.#0, di=d,

k=—r

since, by construction, the Hermitian Toeplitz matrices A,, generated by A are banded in this
case, and in fact, the coefficients d are exactly the entries of A,,. In particular, the condition

dy = d_; ensures that A is real.

Proposition 3.5 (main paper) Suppose that A is banded and satisfies A(—7n/2) =
A(m/2) = 0. Further, assume that there is a unique maximizer ¢y such that A is strictly
increasing on (—7/2, @) and strictly decreasing on (¢, 7/2), and the second derivatives
of A at m/2 and ¢y are non-zero. Then the eigenvalues a;,; satisfy (25) with p = 3 and

C=4/(3A"(n/2)), as well as (26) with p =3 and ¢; = W(j—f— 2.

Linear Minimax risk on ®; under 25

Let a,,; = (m+1)* be the ellipsoid weights corresponding to ® (xk,L). From (10) we have

(m,l)e = max{(nﬁ,f) g2 Z o'rﬁamJ (@f—ami) < L},

(m 1)< (m,l)

where the maximum is taken w.r.t. the total ordering < defined below (14). Since a,, =
... = apm for all m, we may include all / for the maximal value of m (since these do not

increase the sum). Therefore, (m,l)s = (Ng, Ng), where

n m
Ng = max {n - e? Z Z G,ﬁllm.l(an,n —apy) < L}.
m=01[=0
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By 25 we have ) G,ﬁ ~ Cr~'mP, yielding

C n

Z Z laml ann—aml — Z K K+P_m2x+p)

m=01[= ﬂ:m:
g K p2Etptl
T(k+p+1)2k+p+1)

as n — oo, and thus
L(x 1)(2x 1)y /@2x+p+1)
New(n letpt Dkt p s )) as € — 0.
Cke?

Since ¢g ~ Ng ¥ by (10), and minding that (1 — ceayn)+ = 0 for m > N, from Pinsker’s

theorem we obtain

5@ (k,L)) NSZZZ - K(m+ 1))
m=0[=
2 Ne
L ce Y (mP — Ny “m**P)
T m=0 (27)

m (p+1)(k+p+1)

4K
~ Cy gZxtp T
with Cf = C}(x,p,L,C) given in Theorem 3.6 below.

Linear Minimax risk on ®; under 26

In order to simplify calculations, note that the ellipsoid ®, can be rewritten as

Oxc,L) = {0 ¥ (j+ 1) (k+1)762,, <L},
k>0

corresponding to the sequence of ellipsoid weights a4, = (j+ 1)*(k+1)*, j,k > 0. As-

sumption 26 then reads

A= HO((G+DK+1)P70), jk>0. (28)
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Define the totally ordered index sets
(n)={(.k) eNg: (j+1)(k+1)<n}, neN.

Similarly as above, for the parameter (j,k) in (10) we have {(j,k) <2 (j,k)e } U{(j,k)e} =

(Ng), where

N = max {n - €2 Z Gj_fk,k“ﬂrk,k (n* —ajixp) < L}.
(7.k)e(n)

Since ijkvk =(j+k+ l)n’lajjrlkk, Lemma A.6 gives

K(pvc) K n2k+p+l

-2 K
(j,g;'(n) R . (k+p+1)(2x+p+1)

as n — oo, where

K(p,c)= ic;(jﬂ)*“’*‘). (29)
j=0

Therefore,

as e — 0,

nL(k+p+1)2x+p+ 1))1/<2K+p+1>

NEN( K(p,c)ke?

so following the lines in (27) and using Lemma A.6, we find that

re(@y(k,L)) = € Z Gj:_zk,k(l —Ng " ajiik)
(Jk)€(Ne) (30)

4k
~ C; g2xFpTT
with C; = C;(x,p,L,c) given in Theorem 3.6 below.
Asymptotic efficiency on ®; and 0,

Given (27) and (30), we now easily arrive at
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15

Theorem 3.6 (main paper) For i = 1,2, under 25 and 26, respectively,

4K
re(0;(x,L)) ~ C; g2xtpt] as € —0,
where
- _pFl
. _ ( Eix )m (LK +p +1)) =T
" \m(k+p+1) p+1 ’
C, i=1,

Q]
I

K(p,C), i=2.

€1y
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A. Proofs

A.1. Proofs for Section 3.1 in main paper

The method of proof for the lower bound resembles that used in Golubev and Khasminskii
(1999). Since the proof of Proposition 2 in that paper seems to be problematic (in particular
the estimate in (26)), we provide a complete proof of a slightly stronger result (see Lemma

A.2 below). The main ingredient is the following lemma.

Lemma A.l. Let u > 0,6 >0, P(X =u)=P(X = —pu) = 1/2 and Y|X ~N(X,02). Then
E(BX|Y)—X)* > p? (1-2u%/c?).

Proof. We have

_1o-m? 1 rw? wo oy
— e 2 o2 _e 2 o2 el —¢ o2
[ | ]7“ _l(yiu)z _l(y+”)2 7’"" L)z/ _%'

e 2 o2 +e 2 o? eoc” +e o

Since E[X|Y]|(X = ) £ —E[X|Y]|(X = —p), it follows that

E[(E[X|Y] - X)*]| =E[(E[X|Y] — 1)*|X = u] = p*E[4(1 +exp(22)) ],

where Z ~ N(t,t) with t = u?/o?. Tt remains to show that

E[4(1+exp(2Z)) %] > 12t 1)

For any x € R, 4(1+¢") 2 >3- 1(_p _5j(x) + (1 —x) - 1(_5 ) (x). Integrating this w.r.t. the

distribution of 2 Z thus gives the lower bound

1+¢ <X 1G22
1420 — —— —/ ————¢ 2 4 =1-2t—R(t
( \ﬁ) —22/2mt ®)



Weighted angle Radon transform 17

with remainder

-2 | (=212 141 2 _x—2 (-2
R(t :/ e 2 & _zq)(_i):/ e 2 &
®) —w 2V/2mt Vit —w 2V/2mt

where @ is the distribution function of N(0, 1). Evidently, from the last expression it follows
that R(¢) is non-negative for all # > 0, which proves the lower bound (1) and thus concludes

the proof. [

Lemma A.2. For any ellipsoid ©, the minimax risk in sequence model (5) satisfies

uniformly in 0 = (6g)r>0 € ® and € > 0.

Proof. Fix 6y = (907]()1{20 € 0. Let ﬂk(e(),k) = 7(1{(—90’1{) = 1/2, and let w = []; m; be the

product distribution on @. Then, for all estimators é,

sup iEe (6 — 61)*] Z/G)ki)Ee [(6c— 6:)*] m(a6) Z;/@Ee [(6x — 6)*] 7(d6)

00 =0

and thus

re(©) > ii{lf Eq[(6c — 6,)*] 7(d6). )
k=0 6 /O

Now for any X = (Xg)i>0 ~ 7 such that (¥, Xy )r>0 are independent and such that Y |X; ~
N(Xy, 820',; 2), by sufficiency, the Bayes risks in (2) are minimized by 6, = E[X|Yx], so that

the conclusion follows from Lemma A.1. O

Lemma A.3. Consider the sequence model (5) and the ellipsoid ©(a,L) according to (6)

with ay = (k+ 1)*. If there exist y1,Y, > 1 such that

liminf 0¢/0k11 > 71, limsup or/0k11 < P, 3)
k—yoo0 k—so0
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then

g2 Z 0;) o} =rk(®(a,L))ON;")  ase—0,
where 6% is the Pinsker solution according to (11).

Proof. First, we may rewrite

where cg ~ N ¥. Set ng = | N¢ /2], and define the partial sums

ne

Sls—ZGk (1—cear)?/(cear)?, Sre = Z o, 2(1—cear)?/ (cear)*.
k=ng+1

The first sum S ¢ is comparatively small since it comprises the larger oy only. In fact, with

(3) it follows that

g
—2 -2 -2 -2 N —2a72
S1e<cg ch SO_N Z'}’] ° <6 NK'}’]
k=0

which is O(GN2 8) for any § > 0. Using 1 — (1 —x)¥ < max(1,K)x, 0 <x < 1, as well as

Ce > a;,gl 41 and (3) again, the second sum satisfies

Ne—ng—1

st S Z Gk lfcgak)zz Z (71;827]4(17C8a1\/8,j)2
k=ng+1 =0
Ng Ne— 1 N _ +1 K\ 2 Ng—ng—l . _|_1 2
<oy? —2/( ( e—J ) ) < 52 —2/(] )
Ne Z N +2 ~ e j;) o\ Ner2
SoyN 4)

With this, both sums S; ¢ and S; ¢ can now be bounded above in terms of the linear minimax

risk 75 (@) as follows. Using ¢ < a;,sl, 1—(1—=x)*>min(1,x)x, 0 <x <1, and the second
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inequality in (3),
Ne Ne . Ne+1—j\&
_ 2 -2 ' 2 2 ~2j Net+1—7J
01 0 1o 2o £ (57
Ne o
Z e WNet 1) Y 1
j=0
> e*oy’N, " (5)
This provides
£ (S1e+S2) SO N S (N,
and thus concludes the proof. O

Proof of Theorem 3.1. First we prove that 3L log(1/€)~2¥ is an asymptotic lower bound
on the minimax risk on ®;. In a second step we calculate the risk of the specific projection

estimator as introduced in the theorem and show that it attains the upper bound.

Consider the subellipsoid

o

6=0(k,L)={0: Y (m+ 162, <L,6, =0.m#1}, (©)

m=0

and given an estimator @ define the estimator 6 by

em,la m= l7
eml:

3

0, m#l

Then, Re(6,0) > R:(8,0) for all 8 € ©, and since O(x,L) C ©;(x,L),

sup Re(0,0) > supR¢(0,0) > supR.(6,0).
0c0; 6c6 EC)
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As 6 was arbitrary, this shows that

re(®;(x,L)) >  inf  supRe(6,0),
0:6,,,=0,m#l gc®

where the right-hand side, by Lemma A.2 and

Tom

om _
mPle” " < 6, < mP2e as m — oo,

is in turn bounded below by

o0 7 = oo Cc &
2 4 2 2 4 2py ,—2Tom

Z em,m - ? Z em,mcm,m > Z Gm,m - ? Z Gm,mm P2e

m=0 m=0 m=0 m=0

for some C > 0, uniformly in 6 € ©.

Now, the term on the right can be bounded by the linear minimax risk % corresponding to a
sequence model with G, ,, replaced by &, ,, = mP2e~"", for which condition (3) is satisfied.
In fact, letting 6* be the Pinsker solution according to (11) corresponding to this surrogate

sequence model, we have

3 24 v €% 6?2 _
B> Y omn (g 2 7(@),
mZ::0( mM) _mZ::() 6%,,1182-?—(6;;7,")2( '"=’”) ¢(0)

and from Lemma A.3 it follows that

e Y (65,0452, = o(7H(®)). ™

m=0

which together provide

~inf  supRe(6,0) > (O)(1+0o(1)).
0:0,,,=0.m#l gc®

Hence, for the lower bound it remains to evaluate the surrogate linear minimax risk 7%(®).



Weighted angle Radon transform 21

Denoting by ¢ and Ne the solutions to (7) and (10) in the surrogate model with &, ,,, since

¢e(m+1)* <1 for m < N we estimate

Fe(©) =€) 6,0 (1—Ce(m+1)%).

m=0
Ne
%L+82 Z mm E€(m+1)’<)i
m=0
<GL+e? Y (6,,)" 65 = CeL+0(7E (D)),
m=0

by (7), so that

(@) ~ &L as € — 0.
Using & ~ N; © and min(1, x)x < 1 — (1 —x)* <max(1,x)x, 0 <x <1, we get

Gl =€’ Z mm(m+ 1) (1= &e(m+1)%)

2 . J—1I\¥
~E Z Ng Ve — j Ne ])K(l_(l_ N, ))

€

. Ne .o

~ SZeZTgNgNE—I Z e—Zsz (Ng o ]) K—20> (] o 1)
Jj=0

- 826212N8N5*292*17

where the last sum was approximated using Lemma A.4 below. Therefore, Nf K221 20N

€72, which in turn holds true if and only if

2k —2p; — 1

Ne =1, ' (log(1/¢) + loglog(1/€)+0(1)),
and thus N ~ 7, 'log(1/€). This gives
ée ~ X log(1/e)™" ase—0

and hence provides the lower bound.
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For the upper bound, consider a projection estimator é(hP ) with trunctation level M. Its

risk is given by

Mg m
Re(6(H"), 0 2izo Ly Z
m=0[= m=Mc+11=

Now

m

sup Z Z l<supM_2K Z Zm+12K6,,21,,§LM£_2K,

0€0; m=M¢+11=0 S m=Mg+11=0
m n (8)
-2 1—2p1 2T m 172[)1 2Tn
ZZ ml<Zm—|—1 O S Y, m e <n e,
m=01[=0 m=0 m=0

where we used Lemma A.4 below for the last estimate. Therefore, there exists a constant
C > 0 such that

sup Re (O (1), 0) < Ce2My 21 20Me 4\ 2%,
0c0O;

In order to minimize the bound on the right-hand side, M, has to be chosen of order log(1/¢),

and if we specifically take M = |7, ' log(1/€)(1 —log(1/€)~°)| for some & € (0, 1), then

1-2p;+2x 2TMe log(l/s)l 2p1+ax

&M,
e2log( 1/e)1-

— 0,

yielding
sup Re (8(h""),0) < LM;*(1+0(1)) = t{*Llog(1/€) ** (1 +o(1)).
0c0O;
This finally provides the upper bound and thus concludes the proof. O

Lemma A4. Forally>1and §,cy,c; €R,

Zy n—j)1(j+98)2 NnC‘ZJ/ (j+06)2 as n— oo,
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Proof of Lemma A.4. Assume that ¢; > 0, the case ¢; < 0 is analogous. Then, for all 7,

n

;)7 T(1—j/n)1(j+8)2 < Z}/ (j+8)2,

providing the upper bound. To establish the lower bound, let 0 < € < 1 and set n, = |&n].

Then,

Z Y/ —j/n)(+6)2<(1—¢) Z yI(j+8)2 —0,

Jj=ne+1 Jj=neg+1
so that
— € 2> (1-¢g)
r}gnZy (1—j/n)1(j+9) (1—¢) l1mZy (j+90)
(1—¢g)“ Z yI(j+8)°

Now letting € — 0 provides the lower bound and concludes the proof. O

Proof of Corollary 3.3. Let o, ; be the eigenvalues of the Toeplitz matrices A,, generated by
A. By assumption, there exist constants ¢,C > 0 such that A > cli_y, n,) and A< Cl_y, )

()

Denoting by o, the eigenvalues of the Toeplitz matrices generated by 1/ IR L j=1,2,it

follows that

see Grenander and Szeg6 (1958). Therefore,

m1/2675|m 5 O S ml/Zefézm

with &; correspondingly defined as in (22). Using the bound given in (20) as well as the first

part of Theorem 3.1 finishes the proof. O



24 D. Hohmann and H. Holzmann

A.2. Proofs for Section 3.2 in main paper

Proof of Proposition 3.4. a. Because of the inclusion relation (14), it suffices to consider
i=1. As in Theorem 3.1, consider a projection estimator é(hP ") with truncation level M.

Its bias is estimated in (8), while the variance term may be bounded by

Mg m

ZZ mz<Z (m+1) mmNZm”“<M”” )
m=01= m=0 m=0
yielding
sup Re(O(hF7),0) < e2MP ™2 + M 2%
0c0O;
The bound on the right is minimized choosing Mg of order £ ~2/(2¢P+2) which provides the
upper bound.
b. Since
% O =0nP P =0(1), n— oo, (10)

Z%:O Z?n:O Zm =0 Gm M

condition (9) is satified, and the Pinsker estimator is efficient.

Lete >0,i€ {1,2}, and 0 be an arbitrary estimator for 6 € ®;. From the reduction scheme
introduced at the beginning of the proof of Theorem 3.1, we at once obtain the lower bound

re(@®;) > re(0)

with reduced ellipsoid ® = O(k, L) defined in (6).

We can now use Pinsker’s theorem to estimate the minimax risk on ®(k, L) which evidently
coincides with the minimax risk for estimating the single-indexed sequence (6p, 61,1, .)
within the ellipsoid ®(a, L) defined in (6) for a,, = (m+ 1)X. The linear minimax risk on ®

is therefore given by

re(@) =€y 0,51 —ce(m+1)"),
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where

Ne :max{n €2 i Cpm(m+ 1) ((n+ 1) = (m+ 1)) gL}

m=0
and ce ~ N . Using Y _om* ~ (z+1)"'n" as n — oo for all z > 0,

< K K K K(” + 1)2K+p+l
Y mP(m+1)5((n+1)* = (m+1)*) ~ xiptDxiptl)’

m=0

2
As € — 0, under (23) this provides Ny = € 2<tp+1 50 that

5> 02 v 5 il o 420y
"é(@)ZE Zmpl(lfNe_K(m#»l)K)Zg Ngl zg 2KkpF1

m=0

Finally, (10) shows that condition (9) is satisfied for the sub-problem with C:)(oc,L) as well,

so that

re(O(a, L)) ~ r¢(O(at, L)).

c. Under (24) we find the exact rates

)

nL(K—l—p—l—l)(ZK—i—p—i—l))W
Cke?

N£N<

and

. Ccet M Cke2NPT!
~ P(1_N"K K\ €
re(©) T m;)m (1=Ng " (m+1)%) z(p+1)(k+p+1)

~ 4K
~C(x,p,L,C)g2tpiT,
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A.3. Proofs for Section 3.3 in main paper

Under the assumptions of Proposition 3.5, it follows from theorem 1.4 of Bottcher et al.
(2010) that the inner and large eigenvalues of A,, are bounded away from zero, uniformly in

m, i.e., given a small € > 0 there exists C¢ > 0 such that

a}n,l > CS (1 1)

whenever (im—1+1)/(m—+2) > €. Further, their theorem 1.5 states that for the small eigen-

values it holds that

am,l:l//(EQZ)ﬂ2 (mr;i—;l)2+0((%)2) 12

asm—ooand (m—1)/m— 0.

Lemma A.5. If A is banded and satisfies the assumptions of Proposition 3.5 holds, then there

exists a constant C > 0 such that the eigenvalues @i, ; of the Toeplitz matrices A,, generated

by g satisfy
8 m+2 \2 m-+2
-1
o — < >1>0
md A”(n/2)n2<m—l+1> ‘ m—1I1+1’ "=
Proof. Set ¢ = 8/(A"(n/2)7%) and Ay = |0, — c(;295 )2| For the small eigenvalues

O 1, (12) provides

N _(m—l+1)2—cam,(m+2)2

= a,m —T+1)?
B m—14+1)20((m—141)/(m+2))
~(m —z+14/m+2)2(1+0( —1+1)/(m+2)))
. om+2 o(1)
m—I+11+0(m—1+1)/(m+2)))

Choosing & > 0 small enough, 1+O((m—1+1)/(m+2))) is bounded away from 0, uni-
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formly in m and [, whenever (m — [+ 1)/(m+2) < &, which shows that there is C; > 0 such
that

Am71§C1(m+2)/(m—l+l), (m—l+1)/(m+2)§£

Choosing C¢ according to (11), for the inner and large eigenvalues we even obtain the uniform
bound

Apy <Colltce 2 =G, (m—1+1)/(m+2)>¢
Setting C = max{C},C,} concludes the proof. O

Remark. In order to obtain (11) and (12) we actually apply theorems 1.4 and 1.5 of Bottcher et
al. (2010) to the generating function g(¢) = A (¢ /2 —r/2). Due to the additional shift of /2,
the resulting Toeplitz matrix does not coincide with A,,, it does have the same eigenvalues,

though.

Proof of Proposition 3.5. In order to show the statement concerning (25), in view of Lemma
AS,

5o 8(m+2)? & B m-+2
Lt = T B +ZO( e

The error is O(mlogm) = o(m?). Using that Y7, j~* = &% /6, the driving part is asymptoti-

cally equivalent to m2 /A" (7 /2), concluding the proof.

Concerning (26), from Lemma A.5 there exists C > 0 such that, for allm > [ > 0,

8  |(m+2)* -1

~1 2
’am,l — il | <C(m+2)+ V)R 1)

Now, (m+2)2 = (m—1+1)>+2(m—1+1)(I+ 1) + 1% + 21 + 2, which shows that the right
summand is bounded by C; (I + 1) for an adequate constant C; > 0. Therefore we obtain

o -1

'm,l

—emlP| SCm+2)+Ci(1+1) < (C+Cp)(m—1+1)(1+1),
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whence 26 holds true for any 6 < 1. O

Lemma A.6. If there exist B > 1, 6 > 0, and a positive, bounded sequence ¢ = (cy,cy,...)
such that

Ak =k FO(((G+D)(Kk+1)P2), k>0,

then, for all a > 0,

K(B+1,c) O tB+2

i+k+ D+ D)%k+ D)%), ~
L kDGR D) o~

(jk)€(n)

as n— oo, where K(B,c) =YX7 oc;(j+ 1)-(B+D),

Proof of Lemma A.6. Conveniently, assume that 6 < 1, and set [n] = {(j,k) : j,k > 1, jk <

n}, ®&jikk = Ojrk—2k—1, and ¢; = c;_, so that the sum above reads

Y (j+k—1)j°‘k°‘aj*‘k’k

(J,k)€[n]
=Y jak‘x+1a]‘_+1k,k + ) ja+1kaaj_+1k,k - X jakaé‘j_ﬁk,k-
(Jj:k)€n] (Jk)Eln] (J.k)Eln]

Denote these latter three sums by S ,,, S2 ,, and S3 ,,, respectively. We will see that the first
sum Sy, is the driving part. In fact, 3 , is bounded by S, ,, which itself will be shown to be

negligible at rate n®*+B+2,

Remember the approximation

—

X

[haly

J=+ )W o) = o), x=1,7>0,
1

J

where the constants hidden in the O-terms only depend on 7, no longer on x. Further, using

kP — (k—1)P| = O(kP~!) and the boundedness of the c; gives &jix = CjkP +O(((j +
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1) (k+ 1))ﬁ’5), soforany x > 1,y>0,and j €N,

x]
Zk +kk—cJZk”ﬁ+ZO PookrtP?)

__ G 7+B+1 B8 y+B+1-5
_ +0 .
Z e V)

The sum S, ,, therefore satisfies

S2 n:; jot! Z & j+kk
= L O ) 40 S P ))

_ na+ﬁ+1 Z O(j*ﬁ) _|_na+[3+176 Z 0(1)
j=1 j=1

_ O(n‘HﬁHlogn) +O(noc+[>’+2—6)7

providing the negligibility of S , and S3 ,,. Finally, the first sum Sy , gives

C -onjJ a+l A1
SL":Z]J Zk O gk
=

n

=3 O B 0 o)
j=1

j=1
no+B+2 n
T atpt2~ Z T LA My
jf
o+p+2
_ K(B ;_i;)j_z (1 +0(1)) 4_0(”oc+13+2—6)7

which concludes the proof.

Proof of Theorem 3.6. In view of (27) and (30), it remains to show that condition (9) holds.

Under 25,
n m 1 n

Y Yo,i=2Ym+l) Y o) =m0

) m=0 =0
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and
2 o 2
max max o 7 < ma o s=nP.
m=0,.).(.,n1:0,..)jm m,l 71111:1’(1),.).(.,11[:0 ml "
And under (26),
i+k+1
max 0%, = max gcjk”*])—f—o(np*‘s):O(np),
(ke TR (jk)Em) T

while Lemma A.6 shows that

-2 _ p+l
Y, opu=n
(Jk)E(n)

So, evidently, in both cases (9) holds. L]

B. Appendix

B.1. The singular value decomposition

Davison (1983) presents the SVD of the Radon transform with weight functions w; and w»,
without weight on the angle. Further, in case of limited angle and y = 1, he relates the singular
values to the eigenvalues of certain hermitian Toeplitz matrices. We extend his analysis by
allowing a general weight function A on the angle as well as general parameter y > —1/2 for

the weighted Radon transform R in (1).

We start with the following two results.

Proposition B.1. If A is integrable, the Radon transform R as a map between the weighted

Ly-spaces in (1) is continuous with operator norm

/2
IRIP= swp [RfIE = [ 2(p)do.
I£lluy =1 -7/2
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Proof. For ¢ € [—n/2,7/2] fixed, define

Ro : Ly (B1(0); o) — Lo([—1,1];wi(s) ds) )

by Ry f(s) =Rf(¢@,s). This operator has norm ||Ry|| = 1, see Davison (1981, Theorem 1),

providing

/2 /2
IRAG = [ IRofI, Ao)ao <115, [ A(0)do.

—n/2

Further, wl_1 and wy 1 are normalized to one, and Rywy 1— wl_1 for all ¢, yielding

/2
IRIP= sup [RFIE, = [ 2(p)do.
1wy =1 —7/2

Proposition B.2. The adjoint operator of R is given by

R* ZL2([—7Z'/2,7T/2] X [—1, 1];“1) —>L2(Bl(0);u2),

/2
R'g)(e) =wo(e) " [ a0, xcosg-+ysing)wi(xeosg +ysing)A(g)do.
-

Proof. For ¢ € [—m/2,7/2] fixed, let the operator Ry, as in (1), be defined by (Ryf)(s) =

(Rf)(¢,s). The adjoint Ry, of Ry is then, for g € L([—1,1];w1), given by

(Rpg)(x,y) = wa(x,y) "' g(xcos @ +ysin @)wi (xcos @ + ysin ),
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which, applying the rotation (x,y) = (scos @ —fsin @, ssin @ + ¢ cos @), follows from

1 V1-s2
(Rof,8)w, :/71/7 — f(scos@—tsin@,ssin@+tcos@)g(s)w(s)drds
:/ ( )f(x,y)g(xcos(p+ysin(p)w1(xcos(p+ysin(p)dxdy
B(0

= F(x,9) (RGg) (x,y) wa(x,y) dxdy
B1(0)

= (£, RG8)w,-

For g € Ly([-m/2,m/2] x [—1,1]; 1), defining g¢ on [—1,1] by go(s) = g(@,s), this, by

definition of R*, particularly gives

/2

Rg)xy) = [ (Rygo)(3)2(9)do. @

—m/

providing

/2

/2
RE8w= [ Rofgomd(0)dg= [ (7 Rigelnh(9)do

-7/
/2

= [ S [ (Roge) ()R (9)dpwalr.y) dxdy
B (0) *71'/2

= <f7R*g>,uza

which shows that R and R* are adjoint to one another. O

Next let us introduce the ingredients of the singular value decomposition. For the Toeplitz
matrix A,, in (16), let

0 m m
(Vg = Oy

denote an orthonormal basis of eigenvectors corresponding to the real eigenvalues 0y, >

oo 2> Oy > 0. Define the matrices

V= (Vm7(), ... ,vm,m)7 Ay = diag( @m0, -, Omm)s
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Let C,, be defined in (15), and let
1/2 % 1/2
Bm = Am VmCmeAm P (3)

a Hermitian matrix which is similar to C,,A,,,, and hence has the same eigenvalues. Let

{Wana = W)WY

denote an orthonormal basis of eigenvectors of B,, corresponding to the eigenvalues

ﬁm70, . ,ﬁm,m > 0.

Form > 12> 0, let i, (¢) = e "=209 and let

m k) k)

z ! m,l “mk;
Py =Wy =Y 2 g “4)
K dp=0 V F0mk

Let C}, denote the Gegenbauer or ultraspherical polynomials on [—1, 1], and let
¢m:W]_1C2,/1, m=0,1,....
where w is defined in (2). The ¢y, are orthogonal and complete in Ly([—1,1];w;(s)ds),

with

R me 2y
(O = o TR 172

see Davison (1983). Form > 1 > 0, let

S i) —mesm2olsssl )

quJ((P,S) =
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Further, let P,Ea’ﬁ ) denote the Jacobi polynomials, and for (x,y) = re'® let

57 i (6) Jna (r) AL(y+m—1) oy p(r-tm-21) s 2
\Pm )= —"3, m =—————7r""P ' 2rr—1 ; 6
,l(x y) WZ(X,)]) J, ,l(r) (m—l)'T(}/) r i ( r ) ( )
and
\/ITZ m W(k]l) V(kzk) ~
le,l(x;y) = = LA leA,kz (X,y)7 @)

Y, dm ky kp=0 Cmky/ am,kl

Theorem B.3. Set 6,,; = \/7Py as in (17). The singular value decomposition of R between

the weighted Ly-spaces in (1) is given by

{\Pm,l ) (I)m,l ’ Gm,l }mZIZO’

where ®,,; is defined in (5), and ¥, ; is defined in (7). In particular, the functions (‘Pm,l)mzlzo
Sform an orthonormal basis of Ly(B1(0); W), so that R is injective, and we have for all

fe Lz(Bl (0);”2) that

I

D=

=X
m=0

Gr;,} (Rf, q)m,l>lil\PmJ'

1=0

Proof of Theorem B.3. We start with the following lemma.

Lemma B.d4. For ¢, = w;'C} and h € Ly([~/2,7/2);1(9)d@), the function g(¢,s) =

h(‘P)(bm (S) satisfies

h(@")Ch(cos(@' — @))A(¢")de'.

RR'g)(g.0) = ) [

C},/q(l) —/2

Proof. Using (2), for g € Ly([-n/2,7m/2] x [—1,1]; 1) we may rewrite

/2
RRQ)(0.5)= [ (RoRyig)(5)2(0) .
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Now, from theorem 3.1 in Davison and Grunbaum (1981) it follows that

Y r_
RpRy0n)(5) = PEGEI 0, (5). g /2272

and, by linearity of R, and R’(‘p,, for g = h¢,, we have

(RpR{y8g)(s) = (') (RgR{0m) (s),
which together complete the proof. O

Lemma B.4 constitutes the first step to determine the spectral decomposition of the operator
RR* and hence the SVD of R. It shows that RR* leaves the subspaces V,,, of Ly ([—7/2, /2] x

[—1,1]; 1) with

Vi = {h(9) dn(s), h € Lo([—7/2,7/2}: A (@)d @)}

invariant. Therefore, in the next lemma we study the action of the self-adjoint integral opera-

tors T, on Ly ([—7/2,7/2],A(@)d @) given by

"7T/2
() =Ch)™ [ hg')Chlcos(e’ ~ )A(#)do.

Lemma B.5. Then the following statements hold:
1. T, vanishes on the orthogonal complement of lin{hy,;}1",, and Tyhy, = T(CpnApm) i

2. The functions

(k)
v, h 1=0,....m
ﬂamJ = m,l m,k > ) s by

hm,l
A /E(Xm’]

/
Vi, =
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are an orthonormal basis of
lin{/, Yty C La([—7/2,7/2); A(9)d9),
and
Tuhy = 7By, where by = (huo,....hmm)',  Tubiw = (Tuhimos- .., Tnhmm)'

and By, is defined in (3).

3. The functions (hy, defined in (4), form an orthonormal basis of lin{h,, ;| }" , as
, AS1=0

m
=0

well and

Tnzﬁm.l = nﬁm,lilm,l-

Proof. Ad 1.: In view of (4.9.19) and (4.9.21) in Szeg6 (1967), the polynomials C,’,/,(cos )

attain the explicit form

- LU+HYEmMm—j+Y) im—2j
Cl(cosp) = , elm=20)9,
(c0s) = X = Fy i1

so that, since Ciy(1) = [(m +2y)/(T(2y)m!), setting

emj = (m) TQy)T(j+PT(m—j+7)
m,j J C(m+2y)[(y)?

we find that

m . . T/2 ) N
T.h() = Z CmJe—t(m—ZJ)(U/ h((P/)el(m—Zj)(U ;L((Pl)d(p'.
j=0 —77,'/2

This evidently shows that 7,,h = 0 for A in the orthogonal complement of lin{/,,0,...,Amm}
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inLy([-7/2,7/2];A(9)d ), and defining

2,
Lo, o
TJ-n/2

we find that

m
Tnhpi =7 Z cm,jdl*jhmv/’
=0

proving part 1.

Ad 2.: Orthonormality of the functions Em’o ... 771,,,’,,, follows from that of v, 0,...,Vum. In

fact, using

/2
<hm,k1 7hm,k2>7L = /771/2 hm,kl ((P)hm,kz((P) A’((p) d(p = nakz—klv

we have
-z 1 “ (k) (k
<hm A 7hm 12>l s — Z vin 1l) vgnzl) Aky—ky
7 7 Oty Xl o=0 L
1 _ Oty —
/ nm,ly 1
=—V AV = v Vi, -
LM Vm, I 'm,
O, 1y O 1y i ! O, 1, i !
This in particular implies that izm_o, .. ,fzm,m are linearly independent so that, since 71,",1 €

lin{Ay}1" o, L =0,...,m, they are a corresponding basis, too, concluding part c.

Finally, note that h,, = 7='/2A='/2V’ h,,, h,, = n'/?V,,A!/?h,,, and A,,V,, = V,,A,,,, with

part b providing

1/2 1/2

Thy = V20, V! Tuhy, = 1112 A, 72V AL Cuhy,

m* = m

= nl/zArln/ZV;/nthm = nArln/zvincmvarln/zﬁm>

which shows part 2.

Part 3. is proved similarly as part 2. O
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From Lemma B.4 and Lemma B.5, part 3., it follows that for all m > 1 > 0,
RR*q)m,l = émeilm,l = nﬁm,lq)m,b (8)

Further, from Lemma B.5, parts 1. and 3., the system {®,,, ; },y>/>0 is orthonormal and com-

plete in the orthogonal complement of the kernel of R*, and hence in the closure of range(R).

Setting 0y, 1 = + /n'ﬁmJ and¥,,; = G”;}R*QDmJ, it follows from (8) that
Rle,l = Om,l (I)m.la R*q)m,l = Om,i lI"m,l-

To complete the proof of the theorem, it remains to show (7) and that the {¥,, ; }o</<m form

an orthonormal basis of Ly (B (0); ).

The functions (W,,;)o<i<m in (6) form an orthogonal basis of L,(B;(0); u2). Call the func-
tions on the right side of (7) Lf’,,,ﬁl(x,y). By orthonormality of the vectors v,,; and wy,, it

o~

follows that the (W,,;)o</<m form an orthogonal basis of L, (B;(0); u2) as well.

From Davison (1983, theorem 3.2),

(R{i‘m,l) ((Pas) =TCpm, hm,l((P) ¢m (S) )

Further by (9) and the definitions of &,,; and ‘i’m,z, we have that (R‘i’mﬁl) = Oy Py Since
the (P, 7)o<i<m are orthonormal in Ly ([—7/2,7/2] x [—1,1]; u1), this implies that R as an
operator between the weighted L, spaces in (1) is injective. By (8), for the functions ¥, ; =
GJ}R*@W we also have that (R®,,;) = 0,/ Py, so that ¥,,; = {I}m,l by injectivity. This

concludes the proof of Theorem B.3. O
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B.2. Singular functions and smoothness conditions in case y =1

First we specialize our results for the singular functions to the case Y = 1. Here the weights
Cm, have the simple form c¢,,; = (m—+ 1)’1 for all m, so, given the eigenvalues o, ; of A,
it follows that f3,,; = o, ;/(m+ 1), and thus the singular values of the operator R are G,,; =

Ty, /(m+1),m > 1> 0. Further, d,, = 1 for all m, and

Cl(5) = Up(s) = Snllm+ arccoss)

sinarccoss

are the Chebyshev polynomials of the second kind. Therefore, the singular functions ®,,; in

detector space reduce to

2 1— S2 n (k) .
o —— U —i(m—2k)¢
i) = 21 Un(9) L e
with {v,,; = (vfr(li)l, . ,vffl) )/}, the orthonormal system of eigenvectors of A,,.

The functions q’m’l reduce to the Zernike functions z,,; defined by

Zm,l (x,y) = ZZJ—Ql(r)e—i(m—Zl)O’
where m > 1> 0and (x,y) = re’® € B1(0), and where the radial part Z"~2! on the unit interval
[0,1] is given by

(—=1)*(m —k)!

(m—n)/2
" n—2k
Zn(7) ,;0 kz((m+n)/2—k)!((m—n)/sz)!rn

for m —n even. The singular function ¥, ; in (7) are then expressed as

m+1 m
Woa(ry) = S Y vilana(ey),  m=120. (10)
k=0

Next, following Johnstone (1989) we relate ellipsoid-type smoothness conditions to certain
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weak derivatives w.r.t. a weighted Ly-norm. To this end, introduce the measure
dli3(x7Y) = 7[71 (S+ ])(] —)C2 _y2>stdy? (.X,y) € By (0)

Proposition B.6. In case y=1, a function f € Ly(B1(0); 12) has weak derivatives of order s
in the weighted Ly-space L,(B1(0); 13) if and only if its Fourier coefficients 6,1 = (f,¥m.1),
with singular base functions ¥, ; given in (10), satisfy

02, (") m—k+ 1) (k+ 1) <

)y Vil
0

m=01,

s

Proposition B.6 motivates us to consider

@3:@3(K,L)={9: ) (m—k+1)2’f(k+1)2'<(v">l) 1<L}

m!
m>1,k>0

where v,,; = (v 0), 7vmm,)) are the orthonormal eigenvectors of A,,. ®s corresponds to

functions having 2x weak derivatives which are bounded by a constant depending on L, in

a weighted L,-space. However, an analytic treatment of @3 is difficult since the behavior of

(k)

the entries Vil

of the eigenvectors of A,, is generally unknown, and even in the specific cases
where results are available (cf. Bottcher et al., 2010), these are pretty involved. We therefore

focused on the smoothness classes ®; and ®,, but point out the inclusion relations
®1 (ZKaL) - ®3(K7L) - ®1 (KaL)7

which follow since (m+1)* < Y7 _o(m —k-+1)*(k+1)*(v k)l)z < (m+1)* for any

m,

0<I<m.

Proof of Proposition B.6. In order to deduce the summability condition of Proposition B.6,
similar as in Johnstone (1989) we differentiate the singular functions ¥,,; given in (10) by

means of the differential operators D = (d/dx—id /dy)/2 and D = (d/dx+id /dy)/2. These
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differential operators have the advantage of providing neat formulas for the derivatives of the

Zernike functions z,,;. In fact, we will see below that for p,q € N such that p +¢q = s we get

T >[>
DquZml = T m—s,l—p>’ m—q- l P,
07 GISC,
where
/2 ‘
hz/n [(x,y) = / C! (xcos @ +ysin q))e*’(m*ﬂ)(Pd(P’
’ J—m/2

and where the norm of these derivatives with respect to 3 is explicitly given by

a2+ D)@2s+ 1) (m—1+p)(+q)!
22+ (s+3/2) (I—p)!(m—1—¢q)!(m+1)"

1D D215, =

Now, it suffices to show that the summability condition

62, (Vi) (m—k+ 1) (k+1)° < oo

m,l ,

0

>

m=01

s

(In

12)

13)

is equivalent to D?D?f € L,(B1(0); u3) for all p,q € N such that p + g = s. For this, we first

give bounds on the L,-norms of the Zernike functions above. Clearly,

(m—1+p)!
(m—1—q)!

(I+¢)!
(I=p)—

< (m—14p) < (m—1+1)'s’,

<({+q) <({(+1)s.

Further, m — 1 —q+1> (m—1+1)(g+1)"" and I —p+1> (I+1)(p+1)"! whenever

m—gq > 1> p,yielding

(m—1+p)!
(m—1—gq)!
(I+q)!

(= 2P 2 U+ D) s+ 1)

>m—1l—qg+1)*>m—-14+1)°(s+1)"",
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Therefore, by (13) there exist constants cs,Cs > 0, only depending on s = p + ¢, such that

o< m+1
P (m—14+1)5(1+1)

D7D 2 <

forallm—qg>1>p.
Now, expanding f as a Fourier series in the singular functions ¥, ;,

o m =

m m
f= Z Z 0, 1Yt = ol vm+1) 6y, Z V;(f,)lzmykﬂ
0 k=0

m=01[=0 m=0 =

1

whence, using the orthogonality of the z,, ; which in turn follows from that of the ‘¥, ,,

see

(14) below, the weak derivatives of f with respect to the operators D and D satisfy

oo m m—q
—- _ k 2 —
D7Dl =77 X G+ 1) 1, 04y X () 10" Dl
m=s = =p

oo m m

<Y Y62 Y () on— ke (k1)

m=s[=0 k=p

This sum is finite for all p,q € N such that p 4+ ¢ = s if and only if the same holds true for k

ranging from O to m. And finally, since the 67

<, are finite due to f € L, the outer sum can be

extended to m ranging from O to infinity. O

Proof of (13). For clarity, in the following we express the dependence of all functions on

the parameter y. Further, recall that the measures ,ul-y , 1 =1,2,3, are defined in terms of the

weight functions

m'20(y+1/2)
(y)

witny) =y ' (1-x* =y (x,y) €Bi(0),

wi(@,s) = (1= s <1, ]p| < 7/2,

wiy) = (y+ D)1= =), (x,y) €Bi(0).

Assume that A = 1, in which case the singular functions in detector space, for arbitrary 7, are
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given by
CY (s)e—im=2D9
q)Zn,l((Pas) = ()ﬁ,
V redmwi(s)
and the singular values by o, ; = nc’}; ;» Where
v VER'" T (m+2y) g (m) rCRy)C(y+m—DT(y+1)
" mD(y+1/2)(m+y)T(y)’ SN CQy+mI(y?

Hence, in view of Lemma B.2, the eigenfunctions in brain space can be written as

1 w/2 )
¥y (xy) = / CY (xcos @ +ysin@)e "2 4
iy Jdhel, wh(x,y) T2
h;yn,l (X,y)

T, /d,Z,cZnJ wi(x,y)

with h}; ; defined in (12), and in particular, regarding (10) and minding that d=1,c =

> Eml T

(m+1)~", and wl (x,y) = 7, the Zernike functions are given by

T _
ZmA,l(xvy) = Tﬂl}‘}n,l(xvy) =7 lhfln,l(xvy)' (14)

We now come back to the differential operators D = (d/dx —id/dy)/2 and D = (d/dx+
id/dy)/2. From the Gegenbauer identity d /dsC}y(s) = 2'}/C2::11 (s), see e. g. (4.7.14) in Szegd

(1967), it readily follows that

DY, = yh!*! DR, = yn!*!

m m—1,—1° m m—1,0°

where in particular th;ﬂ0 = Dh}’mm = 0. For p,q € N such that p + g = s this provides (11).

The norm of these derivatives can now be evaluated with respect to 3. For this, note that
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’)/ ( 7+1)

w3 = and that the ‘I—‘L ; are normalized with respect to ,ug . Therefore,

[0 Wy = i e w3y = el e e
-7 /dy+1 3;l+ll7

for p,q € N such that p+ g = s yielding

_ +1 [ v+1 7+1
||DquvalHy§ 7” in s,l— p| =s! dm sCm— s,l—p*°
Plugging in the formulas for cZn ; and d}, given above provides (13). O

B.3. Exact rates for the ordinary Radon transform

To complement the above analysis, we finally show that in contrast to the weight function 4
on the angle, which strongly effects the rate of convergence, the parameter y in the weight

functions w; and w, alone does not influence the rate of convergence.

In case that A = 1, i.e., the Radon transform inverse problem as studied in the past, exact
minimax rates can be given not only for y = 1, the situation for which the rates are well
known, but for arbitrary y. We here concentrate on the case y € (0, 1], including parallel

beam design, for instance.

Recall that for 4 = 1 the singular values o,,; are given by

Om,l = \/TCm 1

with

Chy] = (m> F(Zy)l"(l + ’}’)F(m — 1+ Y)
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In view of Lemma B.7 and using T'(m +2y) /T (m+ 1) ~ m>¥~1,

§r o TP m+2'}/i [(m—1+1)
=0 ™ T(2y) T(m+1) =T L(m—1+7)
"\-’(:)/n/lz7
] Pre-y

as m — oo, where Cy = Since this can be treated as imposing 25 for p =2

T(5/2— 7)23 27

and C = Cy, Theorem 3.6 provides the minimax risk
re(@1(k,L)) ~Cl e ase—0

with

- (G yﬂguax+awés
P \n(x+3) 3 '

For example, using the duplication formula I'(z)['(z40.5) = 2! ~22\/aT(2z), z € Z, in parallel
beam design we particularly have

Cos5 = 7'[2/8.

Lemma B.7. Denoting by I the Gamma function, for any v € (0, 1],

LUEDIn =+ VATC=D) a2 gy

ST+ Tm—1+y)  I(5/2-7)
Proof. Set f(x) =T (x)/T'(x+y— 1), and without loss of generality always assume that m is

even. Then, by symmetrie in / and m — [,

T+ T(m—141) "2
=2Y fU+1)f(m—1+1).
T(I+y) T(m—1+7) ;f * 1)

e

Let € > 0. As x — oo, the function f satisfies f(x) ~ x' 7, whence there exists x; > 0 such
that

l—e<fx+1)/x"7<l4e,  x>x. (15)
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Setting me = [x¢], it is evident that

me—1

Y fa+0)fm—i+1)=0(m'").
=0

Further,
m/2 m/2 m/2
Y fi+Dfm—1+1)2 Y "= > (m/2) Y
I=myg 1=myg 1=myg
> m372y.

For each ¢ fixed, we therefore obtain the upper bound

m/2 m/2
limsup Y f(I+1)f(m—1+1) < ((1 +£)2+0(1))limsuplefy(m—l)lfy,
m—oo () m—ree |—()

and likewise the lower bound

m/2 m/2
liminf Y f(I+1)f(m—1+1) > ((1—€)*+0(1))liminf ¥ ' "(m—1)"7,
=0 =0

m—yoeo m—yoeo

so letting € — O gives

m/2 m/2 1 m/2

Y 1) fm—14+1)~ Y 1" =D =m> =Y (1 m) (1 =1 m) Y
=0 =0 miZo
1/2
~ 32V I-yr1 _ \1—7
m /0 x (1 —x) "dx.

With this, and minding that

e Iy, /ED(Q2—17)2%73
/Ox "(1—x) de_—l—‘(S/Z—y) ,

we conclude the proof.
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