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Appendix

Appendix A: Some discussions on two modifications of WGLR tests

In constructing \,,, both the “likelihood” function and local smoother are of Wilcoxon-
type and come from (2.2). If we replace the local linear estimators in (1.3) by the local
linear Walsh-average estimators and denote the resulting test statistic as wy,, i.e.,

n n
— n a2 ~2
Wna = 5 <log;si — log;q) (A.1)
Similar to Theorems 1-2, we can establish the asymptotic normality of w,.

Theorem 7 (i) Suppose the conditions in Theorem 2 hold. Under Hy, we have

(wna - Mwna)/awna i) N(Oa 1)7

where
loma :%(er Y (K(0)02<2 B ;/K2(t)dt> oo ¢—1/27/xG(f:c)dG(x),
o2 . =2h"to i (p + 1)Q|(/K2(t)dt — a*2<2/K(t)K s« K (t)dt

+ 20—272 /(K * K)Q(t)dt>;

(#i) Suppose the conditions in Theorem 2 hold. under H,,, we have
- . d
[Wna — Hwna — O 27-2d2na]/o'wna - N(O, 1)3

where o2, =02, .+ 0 2h ' E[GU)TWWTG(U)).

wna wna

This theorem implies that the power of w,, is

_ 5 Owna 27 no"2B(G)
B, = - 5 = Za + 5 = .
Vo2, +no2B(G) V02, +no2B(G)

wna

It is difficult to calculate the ARE of w,,, with respect to the GLR test under the general
cases. For convenience, we choose the same bandwidth for w,, and GLR and then

ARE(wpq, GLR)
5 \1/2
or1 (f {K(t)-iK«K(@)} dt)
(S E2()dt — 022 [ K(8)K * K(t)dt + o272 [(K * K)2(t)dt)

12



Table A.1 shows the ARE of wy,, LOSS (Hong and Lee 2013) and WGLR with
respect to GLR for a number of distributions and kernel functions. We observe that
ARE(wpq, GLR)’s are similar for different kernels and generally much smaller than
ARE(WGLR, GLR) for heavy-tailed distribution. To a certain extent, wy, can be viewed
as some compromise between the GLR and WGLR tests. Moreover, if the local linear
Walsh-average estimators in (2.4) are replaced by the local linear estimators, similar

WILCOXON-TYPE GENERALIZED LIKELIHOOD RATIO

results to those in Table A.1 can be obtained.

Table A.1: The asymptotic efficiency comparisons of w,, and WGLR. ¢(d):
t-distribution with d degrees of freedom. T'(p, o):Tukey contaminated normal with CDF

F(z) = (1 - p)®(z) + p®(x/0) where p € [0,1] is the contamination proportion.

student’s

Epanechnikov Biweight Triweight Gaussian
ARE(LOSS, GLR)
1.46 1.46 1.46 1.49
Errors ARE(wnq, GLR) ARE(WGLR, GLR)
N(0,1) 0.99 0.99 0.99 0.99 0.96
£(3) 1.16 1.16 1.16 1.16 1.90
t(4) 1.07 1.07 1.07 1.07 1.40
T(0.05,10) 1.59 1.58 1.58 1.59 4.77
T(0.10, 10) 1.88 1.87 1.87 1.89 7.19

S3
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Appendix B: Proof of Theorem 6

Here we only provide the proof of Theorem 6. Obviously, Theorem 1 and 2 are the
special cases of Theorem 6 with ¢?(z) = 1. Let r,, = 1/v/nh. For ease of illustration, we
need some notations:

&= ¢ U (G(-) ~ 1/2), wo= [ [ s+ KWK (s + tyieds,

R0 = in igi(ag’(w) + AJ(U)T X)) /tzK(t)dt(l + 0(h) + O(n~Y2)),

11 &
Rpo0 = > ;&%(Uz)wo
1
Ryso = 2 Blag(Ui)* + AG(U:) "X XTAG(Us)]wo(1+ O(n~"72))

(o) = raT(ug) ™" > i WiK (Ui — uo)/h), ¢ = (¢, 01p) ", T(w) = Z(u) f(u),
Ry (ug) =1} Z D(ug) ™" (a(Ui) = B(uo) " Vi(uo) + A(Ui)" X — ’Y(UO)TZi(uO)> WK ((Ui — uo)/h),
Rin =Y &R (Ux)"Wi/p*(Uk), Ron =Y an(Up)" WiW[ R, (Uk)/p*(Us),

1 k=1

R, (Up)" Wi W} R, (Ur)/p*(Uy).

Lemma 1 Let A be the local linear Walsh-average estimator. Then, under conditions
(A1)-(A5), uniformly for ug € €,
(@(uo), Auo)")" — ((uo), A(uo)")" = € + (n(u0) + Rn(u0))(1 + 0p(1)),

and under condition (A4'), c=0andn; =&,i=1,...,n

Proof. From Shang et al. (2012), we can easily obtain the result. |

Proof of Theorem 6 By Proposition 1, the estimators pg(x) is consistent. Note that
under Hyg, €F = €;. Thus, by Slutsky’s theorem, we only need to consider the asymptotic
property of

1/

na: ZZ Ei—’_T EJ‘_|p 1( )El+p I(U])é\Jl)

n—|—1 ke

—1/2

= n+lzz<|7— €1+T €]|_|T Ez"_T Ej+¢2])|)

i<j
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where ¢y = p~H(U3) (a(U;) —@(Us) + A(U:)T X3 — A(U)T X3)+p~ (U) (a(Uy) —a(U;) +

AUNTX; — :Zl(Uj)TXj). By using the identity

2l = [z —yl = ysgn(z) +2(z —y){I(0 <z <y) - I(y <2 < 0)}

which holds for z # 0, we have

,1/2 230 12
)\m—< n+1zz¢”5gnsz+z—:j ) ZZ Yei +€5) + ¢ij)

i<j 1<j

X {I(O <7 Meit+ej) < —ij)) — I(—dij < 77 Hei+¢5) < O)}>

=Ay — By,.

Firstly, we consider A;. By Lemma 1, we have

—1/2
Ah:<_ n+1ZZ U)W ,/p(U:) + R (U;) "W /p(U;)) sgn(e; + €5)

i<j
71/2

=(Ch + Dn)(1+ 0p(1))-

Firstly, note that Dy

ZZ an(U)"W,i/p(U;) + an(U;)"W /p(U;)) sen(e; + <)

i<j

_1/2 n
o, (U)W, / p(U; (ZZ Jrlsgnal—&—sj) +12an

JFi

n+1

'M@

Il
i

(3

(U)W ik p*(U3) + 0p(h™1/?),

'M:

©
I
—

where the last equality holds because of the facts that

>

J#i

o172

sgn g +¢5)= @_1/2((}’(& —0.5)) + op(n_l/Q)7

o 12
<n+12an T Wisen(e)/p(U ))ZO(;}):o(h_m),

—1/2 n
“ (SD 2 a"(Ui)TWngH(&)/p(Ui)) =0 <1 + 1> =o(h™ ).

n  n2h

W sgn(e;

n—f—lzz o, (U)W i/ p(Us) + an(U;)) "W/ p(U ))sgn(51+sj)>(1+op(1))

)/p(U.

i)
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Similarly, we can prove that

E Y (Ru(U)T W/ p(U) + Ru(U) W, /p(U)) sen(es + <))

R, (U)"W &/ p*(Us) + 0 (h1/2).

Thus,

Ah—Zan DTW it/ oAU +ZR DTW it/ 2 (Us) + 0, (h™112).

Next, we consider By, which can be written as

2 —1/2
Bn=- ,f+1 SN M ei+g) + 0i)I0 < 7 (e +5) < —¢ij))
i<j
290_1/2
nt1 Z<Z(T (i +e5) + 0i) (=i <77 '(ei +¢5) <0)
137
_Eh+Fh

On the set {¢;; < 0} and conditional on {X;,U;},

Pij— y
B =225 [ [ e e + osatorataasay

i<j

- n+1 ZZ/l 2(25”9 Ydy + O(n 1/2h_3/2)
= n+1zz¢”+0 1/2

i<j
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and var(Ep) = O(n~'h™2) = o(h™!). Similarly, on the set {¢;; > 0}, E(F) =
n+122¢2 + o(h=Y?) and var(E},) = O(n~'h=2) = o(h~'). Thus,

B =y SO 3 () + R0 W) (0

i<j

T (n(U) + Ru(U,))' W) /olU >) oy (h1/2)

(@@ W/ + 5 S (RaU) W A (0)

N | =

,_.
.
Il
-

£ R U)W W (U0

i=1

nHZZan DT W 0 (U)W p(U3) [ p(U;)

J#i
TL + lz#zan z (Uj)TWj/p(Ui)/p(Uj) + 0p(h71/2)_

After calculating the expectation and variance of the last three sums, we can prove that

nt 122071 )W ian (Uj )" W;/p(Ui)/p(Uj) = Op(1 + (nh)_1/2 +(nh)™h),

Jj#i
nHZ#ZR Ro(U))"W 1/ p(U)/p(Uy) = Op(h* + n=/h7/> £ =02,
nHZ#Zan (U)W iR (U)W, /(U plUy) = Op(h* + 0 /0% 4 0™ 1h),

and accordingly,

This leads to

= Zan DTW s/ (U) = 5 D (a0 W2 /()

+ Rp1 — Ry — Rz + 0,(h™Y/2).
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Taking the same procedure as Lemma 7.2 in Fan et al. (2001), we can show that

R, = n1/2h2Rn10 + O(n_1/2h),
Rus = n'?h2Rya0 + O(n~'/2h),
R,.3 = TL]’L4Rn30 + O(hg)

Also, similar to Lemma 7.4 in Fan et al. (2001), it can be verified that

Zan DTW ) = %<p+1> OV
+ ZZp_l D UN&GGWIT(U) T WK (U = Uy) + 0, (h1?),
J#i
Z(anwnwff/p?w) ;L<p+1Ef K
hzz —1( UjEEWIT N U)K * K((U; — Uj)/R)W j + 0,(h™1/?).

Thus, Ape = fna — dina + W(n)h’1/2/2 + op(h’l/z), where di,, = 7 2[nh*R3y —
n'2h?(Rp10 — Rn2o)] = Op(nh* + n'/2h?) = 0,(h~'/?) and

ZZ Y Uj)&i&i [2Kn(Us — Uj) — Ky Kn(Us — U)W T(U;) "' W
Jj#i

- %Z > GG R2Kn(U; = Uy) = Ky Kn(U; = U JWT(U;) "' W
JFi

where ¢; = p~ 1 (U;)& = o~ V/27(G(g;) — 0.5). Tt remains to show that
W(n) 4 N(0,v)

with v = 2||2K — K * K||3(p + 1)Ef(U)~!. Similar to Fan et al. (2001), by applying
Theorem 2 in De Jong (1987), we can easily obtain the result.

Under Hi, and by similar arguments as above, it can be checked that
)\na =HUna + d2na - W( ) _1/2/2

_Zh 1/2GT sz/p ( )+0 (h_1/2),

Then we can obtain the assertion. O
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Appendix C: Proofs of other theorems

Proof of Proposition 1 By Fan and Gijbels (1996), we can easily show that f(u) =
f(u)(1+ 0p(1)). Thus, we only need to show that

o172

2n (n—lt 2 (u

ZZI (I8 + 8] < ta)Kn(Us — ) K (U; — u)

’Lljl

pi(u) =
is a ratio-consistent estimator of p~!(u).

pt(u) = 2n2t f2 ZZI Us)ei + o(Uj)e;| < tn) Kn(Ui — u) K (U — u)

=1 j=1
- f2 DIPMUCECTETAES (PCACEFUASELS)
=1 j=1
X Kn(Ui — u) K (U; — u)
= n1+Un2

Clearly, U1 = n2 Zl 1 Z; 1 Wi (4, 7) is of the form of U-statistic since U, is symmetric
in this arguments. Note that

EW3(i,)) =57~ EI(leUi)ei + o(Uj)e;j| < ta) Kji (Ui — w)Kj(Uj — u))

3
24 (u)
:t%fz‘*?}‘*m)E</ (o (st~ 5er) - (e~ b))

o (152) 1 (%2))

VBB — 0= 1h-2)  ofn
- nTQ( )h2f2( )(1+ (1))_O(tn h )_ ( )

where the antepenultimate equality is followed by a simple calculation similar to Parzen
(1962). Thus, U, = E(W,(4, 7)) + 0p(1). Similarly,

~1/2
BOVa(i,1)) =505

wert(/ (e 475 - (i~ 46))

oo (%) e ()

1
= o)

(I(le(Ui)ei + o(Uj)ej| < tn) Kn(Ui — u)Kp(Uj — u))
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Thus, Up; = p~(u) 4 0,(1). Similarly, we can show that U,s = O(h?+ (nh)~/2) = o(1)
by Lemma 1. Thus, p~!(u) is a ratio-consistent estimator of p=1(u). 0

Proof of Theorem 7 Taking the same procedure as Fan et al. (2001), under Hy, we
have

n

Wna :Z an(Ui)TWiEZ‘/U2 — % Z(an(Ui)TWi)2/02

i=1

+Y R, (U)"Wigi/0® = Rua/0® — Rns/o® + o, (h71/?).
i=1

Also, we can verify that

" 1
Zan(Ui)TWiEi Zﬁ(p + 1)K (0)CEf(U)
=1
1 _ _
+ EZ > el WIT(U) "W K (Ui — Uj) + 0, (h1?),
J7#i
ZRn(Ui) Wi =n?h*Rn10 + O(n~Y/2h).
=1
Thus

Wna = tuna + Weo(n)h ™22 + 0,(h~1/?),
where

2h1/2 2 T 1
3N o WIT(U) T WKL (U; - Uy)

n =
Jj#i

W, (n) =

1 _ _
— Y Y 0 PG WIT T UK« K (U = Uy) /)W ;.
J#i
Applying the martingale central limit theorem (Hall and Heyde 1980), we can verify that
W, (n) % N(0,5),

where

s=2(p+1EfU)" (40—272 / K2(t)dt — 40~ 4?7 /K(t)K * K (t)dt

+o 47t /(K - K)Q(t)dt)

Under H 1(1 and by the similar arguments as above, it can be verified that

Wna =Hwna + 0727—2d2na - Ww(n)hil/z/Q

= VnGL (U)W ie;/o” + 0, (h™1/?),
=1
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from which the assertion follows immediately.

Proof of Theorem 3 Denote

(T T2 _ B 1
r= ( Ty Ta, > y Tig=T11 —T'1o'55 oy,

where I'11, Ty, Ta1, Tap are (p1 +1) x (p1+1), (p1 +1) X p2, p2 X (p1 + 1), p2 X p2 matrices

A~

and py = p — p1. Taking the same procedure as for A, we have

n

~b
Ay (o) — As(uo) =r7Tg3! (o) 3 (& + Ao(U) XY oo, X7, V7))
i=1

x XD K (U = uo) /h)(1 + 0p(1)),

where ﬁg(UQ, X§2), Uz) = AQ(UO)TXZ@) + AIQ(UQ)TX?)(UZ — Uo). Note that A\,p = Mg —
AL, where

/ /2! ~a | za| _ |2b | ob
nb =TT E E (‘€i+€j‘_|5i+€j|)'
i<j

Similar to the proof of Theorem 6, under Hy,, we have

n n T
Ny =r2 3N e, X 13 (U)X P K (U - Uj) /h)

i=1 j=1
1, v @7 po1 @) 5@ T -1
~ 3" > GE((Ui = Uj)/h) X, Ty (U)X X5 Ty (Ui)
i=1 \j=1
’ (Z GE((U; = Up) /X P | + 0, (h™Y/2),
j=1
Consequently,
—)\an2
=233 et (W - Tars U)X P) TrAw:)
i=1 j=1
x (WY = DT (U)X P ) K(U: - U;) /1)
4 n n n
i _ _
+ 266 Y (WY~ Dia(UoT5 (U)X )T (U
i=1 j=1 k=1

< (W~ DU (U)X )W — DU T3 U)X D)7
x D3 (UR) (W = Trp (U035 (U)X D)
+Rn4 + Rn.S + ()19(1171/2)7
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T
where ng) = (1,X§1) )T and

ZZ&@ Z (W — DU (U)X )T L (U)

=1 5=1

% (WS) . F12(Uk)F521(Uk)Xg))X,(Cz)TI‘;Ql(Uk)Xg-Q)
X K((U' - Uk)/h) ((Uj = Ux)/h),

n n

ZZ%Z — i (Un)T355 (Uk) X $2) T 5 (U

1=1j5=1
T
x (W)~ Toa(U)T5 (U0 X ) X2 15 (U) X P
x K((U; — Uy) /) K((U; — Ug)/h).
After some tedious calculation, as nh®/? — oo, E(R2,) = O(n"2h~*) = o(h™') and thus
Ryy = 0,(h™'/2). Similarly, we can show R,5 = 0,(h~'/?). As a consequence,
_/\anZ
n
— 2 _
=2y Z@@ — Di(Un)T (U)X )T TT3(U:)
1=15=1
x (Wi — ruwnr;;(U»Xf’)K((Ui —U;)/h)
4 n n n
[ _ _
52D G D (WY = Taa(Un)T53 (Un) X)) T 5(Uk)
i=1 j=1 k=1
x (W) = TCia(U)T3; (U)X D)W = Do (Un) T3 (U)X )T
x D13 (UR) (W = Dip(Un)D5 (U)X SY) + 0, (12

The remaining proof follows the same lines as those in the proof of Theorem 6. g

Proof of Theorem 4 Let 7, = 6 *(G(2¢c — &;) — 1/2) and T'y; = Tap — F21F;11F12.
Analogously to the arguments for A, we get

(@ (o), A7 (o))" = (o), A1 (10) )T = (€, 01p,)" + (@ (u0) + R (u0)) (1 + 0,(1)),
where

aatun) =2 (g gy ) Lt X TR )/

i=1

-1 n
R (uo) = i(é r0> Z(a(rm—ﬁ(uo)Tv (o) + A (U)X ("

=1

T
Ay ()" XD A’f(quXE”) @, XY K (U~ uo)/h).
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Define ¢;; = a(U;) — 6°(Us) + A(U) "X — A" (U)T X s+ a(Uy) —6°(Uy) + A(U;)TX ;-
A“(U)TX; and WE” — (1, XO")T. Thus,

n2u =7 ZZ |€z+53|)

i<j

n—i—lzz |€1+8]_2C+¢ZJ| ‘5i+€j—26+¢i]‘|)
i<j

n+1zz lei +&5 — 20+¢z1| lei +e5 — 2d])
i<j

n_HZZ lei + &5 — 2c+ @iz — |ei + &5 — 2¢])

i<j

=Gy — Hy,.

Taking the same procedure as in the proof of Theorem 6, we can show that

G =012 (@n(U;) + R (U)W My + (@ (U3) + R (U)W V)2 4 0, (h7172),
=1

Hy, =716 (an(U3) + R (Us)) " Wini + ((an(Us) + R (Ui) " W) + 0, (h™1/2).

i=1

Finally, similar to the proof of Theorem 3, we can obtain the result. |

Proof of Theorem 5 Denote & = > Z%sgn(stre;). We will show that E* (&) =
J#i

0p(1) and E*(£;%) = 72(1 + 0,(1)) where E* denotes the conditional expectation given
{Xi) Uia K}?:l

—1/2 —1/2
QO T SO nt * * *
ZZ Sgl’l E +€ ) = mE (Sgl’l(fi +€j))
~1/2
_ ‘P T _ _ .
ZZ Cr )= gy, 2 e o0
-1/
%
_27 ZZ sgn(e; + €5 + ¢ij) — sgn(e; + ;)]
n+l =1 j=1
+ — 2n e+ 1) lzljzlsgn 51—1—5]
=hpn + Iap,

where ¢;; is defined in the proof of Theorem 6. Taking the similar procedure as for
dealing with By, we obtain that E(I%) = O((nh)™!) and E(I3,) = O(n™!'). Thus,
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?

E*(&) = op((nh)~Y/2 4 n=1/2) = 0,(1). Next, we consider the second moment.

2
—1/2

k[ ex2 * 4 T * *
E* (&) =F g E s——sen(ef +¢j)
- 2(n+1)

¥
:m DD (senlei + 5+ dig)senles + < + o))
i=1 j=1
=P T Y e+ e+ )
=1 j=1
_1 n
@
m Z > Z sgn(ei + ¢ + ¢ij) — sgn(ei + ¢;)lsen(e; + & + dur))
i=1j=11=1

n

+ m ;; ZZ; sgn(e; + €5)[sgn(e; + & + ¢ir) — sgn(e; + &;)])

=Jin + Jop + J3p.

Using the similar arguments as for By, it can be verified that E(Jy;,) = 72, var(Jis) =
O(n~1), E(J3,) = O((nh)™") and E(J3) = O((nh)~)). Hence, B*(¢/%) = ° +
O,((nh)~1/2 4 n=1/2). With these results, Theorem 5 can be established by mimick-
ing the proof of Theorem 6. O

Proof of Corollaries 1-2 The proof of these two results are similar and thus we only
elaborate on the first one. We decompose this problem as the following two simple null
hypothesis

Hogi : (o, 00) = (Bo + ¢, p1) versus Higy : m(z) = ap + a1z (A.2)
and
Hogo : (o, 010) = (Bo + ¢, 1) versus Higo : m(x) # ag + arz, (A.3)

where By, 81 are the true value of parameters. The WGLR test statistics for the hypothe-
ses (A.2) and (A.3) are denoted as Apg2 and Apgo, respectively. It can be easily seen
that A\ny = Aig2 — Ang1. According to Theorem 3, we have o, L (Ang2 — fing) LS N(0,1).
Furthermore, by Theorem 3.6.1 in Hettmansperger and McKean (2010), we have \,g1 =
O,(1) = 0,(h™'/?), from which the result immediately follows. O
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Appendix D: Simulation results in heteroscedasticity cases

In this subsection, we conduct a simulation study in the heteroscedasticity case. All the
settings are the same as the above subsection except that the variance function is

u

2
o (u) = ———.
fol etdt
Similar to Koul et al.(1987), we choose the bandwidth ¢, in (2.14) as ¢, = h7y, where
Ve is the a-th quantile of the empirical distribution function of {|&; — &;|}1<i<j<n. Here
we choose a = 0.8.

Tables A.2 and A.3 report the simulated level of our test and power comparison
with other tests, respectively. The simulated results are similar to the homoscedasticity
case. We can control the empirical sizes in most cases. Under the normal cases, WGLR
performs a litter worse than GLR, Zheng and LOSS tests. However, under the non-
normal cases, WGLR is significantly powerful than the other tests. And WGLR still
performs better than WQ in the model (I) and (VI). Thus, our WGLR procedure is also
robust in the heteroscedasticity case.

Table A.2: Simulated level (%) of test on testing (3.1) with heteroscedastic error

n =25 n = 50 n = 100
h (@& M (© @ M (© (@ G (o
0.12 7.5 7.0 7.1 5.4 4.5 5.8 5.6 5.9 4.8
0.15 7.2 6.7 7.3 5.7 4.9 4.8 5.3 5.2 4.9
0.18 6.3 5.1 5.3 4.3 4.0 4.7 4.1 5.4 5.3
0.21 4.5 5.0 4.2 5.5 4.4 3.8 4.2 4.1 5.7
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Table A.3: Empirical power (%) of tests on testing (3.1) with heteroscedastic error.

n =25 n =50
Models WGLR GLR WQ Zheng LOSS[WGLR GLR WQ Zheng LOSS
N(0,1) 48] 13 13 4.8 25 23 37 27 4.0 43 39
(I1) 17 22 13 33 37 45 46 19 66 61
(I11) 11 24 20 17 14 40 51 47 41 26
(IV) 16 32 48 46 21 50 65 82 77 49
(V) 22 30 18 40 41 58 62 37 T4 70
(VI) 28 28 5.8 45 42 62 57 09 76 71
t(3) M 40 16 5.5 37 27 75 39 46 50 56
(II) 49 33 19 50 46 84 64 39 68 75
(111) 43 32 35 23 20 87 68 83 41 47
(Iv) 55 43 71 57 35 90 97T 79 68
(V) 61 42 35 51 56 92 70 T7 80
(VI) 65 41 09 62 53 96 72 18 79 81
7(0.05,10) (I) 66 35 5.6 57 44 96 54 55 65 56
(I1) 78 50 44 72 60 99 70 71 77 73
(I11) 69 48 72 38 31 99 69 99 67 53
(Iv) 81 57 96 71 52 99 74 100 87 65
(V) 86 60 69 69 66 100 74 95 80 79
(VI) 89 58 19 74 65 100 76 32 83 80

Appendix E: Some additional simulation results in Section 3

Table A.4: Simulated level (%) of test on testing linearity

n = 60 n = 100
h (@ () ( @ (@ (b)) (o (d)
0.06 7.2 6.8 7.0 7.3 6.2 6.4 6.5 6.6
0.09 6.4 6.0 6.3 6.6 6.1 5.8 6.2 5.6
0.12 5.3 5.2 4.7 4.6 5.8 5.5 4.4 4.9
0.15 5.0 5.4 4.5 5.3 5.1 4.7 5.3 5.0

S17
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Figure A.1: Simulated power curves of square alternative on testing linearity.
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Figure A.2: Simulated power curves on testing homogeneity with n = 100, h = 0.09.
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Table A.5: Simulated level (%) of test on testing homogeneity

h @ (O (o (@ (& b (© (@
006 69 73 72 73]62 63 60 69
009 59 62 55 68|63 57 62 59
012 53 58 57 44|58 58 47 57
015 44 57 49 59 |50 42 56 5.2

Appendix F: Some additional figures in Section 4
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Figure A.3: The normal QQ-plot for the residuals
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Figure A.4: Fitted coefficient functions and corresponding pointwise 95% confidence interval.



