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Abstract: We propose a penalized quantile regression and an independence screen-
ing procedure to identify important covariates and to exclude unimportant ones
for a general class of ultrahigh dimensional single index models, in which the con-
ditional distribution of the response depends on the covariates via a single index
structure. We observe that linear quantile regression yields a consistent estimator of
the direction of the index parameter in the single index model. Such an observation
dramatically reduces computational complexity in selecting important covariates in
the single index model. We establish an oracle property for the penalized quan-
tile regression estimator when the covariate dimension increases at an exponential
rate of the sample size. From a practical perspective, however, when the covariate
dimension is extremely large, the penalized quantile regression may suffer from at
least two drawbacks: computational expediency and algorithmic stability. To ad-
dress these issues, we propose an independence screening procedure which is robust
to model misspecification, and has reliable performance when the distribution of the
response variable is heavily tailed or response realizations contain extreme values.
The new independence screening procedure offers a useful complement to penalized
quantile regression since it helps to reduce the covariate dimension from ultrahigh
dimensionality to a moderate scale. Based on the reduced model, penalized lin-
ear quantile regression further refines selection of important covariates at different
quantile levels. We examine the finite sample performance of the newly proposed
procedure by Monte Carlo simulations and demonstrate the proposed methodology
by an empirical analysis of a data set.

Key words and phrases: Distance correlation, penalized quantile regression, single
index models, sure screening property, ultrahigh dimensionality.

1. Introduction

Single index regression models are widely assumed to avoid the “curse of
dimensionality”. Let Y be a response variable and x be the associated covariate
vector. The traditional single index regression model is

Y =m(x"8y) +¢, (1.1)

where m(-) is an unknown regression function, B3, consists of unknown index
parameters, and ¢ is a random error with E(e | x) = 0 and var(e | x) = o2. This
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model has been well studied in the literature, for example, Powell, Stock, and
Stoker (T989) and Hardle, Hall, and Ichimura (T993). Zhu, Huang, and Li (2012)
studied the heteroscedastic single index regression model

Y =m(x"By) + o(x"By)e, (1.2)

for unknown functions m(-) and o(-), where £ has mean zero and is assumed
independent of x. Zhu, Huang, and Li (2012) developed an estimation procedure
for By and m(-) under a quantile loss function when the dimension of x is finite.

In this paper, we focus on the ultrahigh dimensional situation, denote by
Py, the dimension of x to emphasize the dependence of p,, on the sample size n.
Denote by F(y | x) the conditional distribution of ¥ given x. We study a general
class of single index models that includes models () and (I=2) as special cases.
Specifically, we assume that there exists 8, € RP" such that

F(y|x)=F(y|x"By), for all y € R. (1.3)

Here, the “curse of dimensionality” issue is avoided and model interpretability is
maintained via a single index structure. Because the conditional distributional
function F'(- | -) is unknown, the index parameter 3, is not identifiable. The
direction of B, instead of its true value, is our primary interest. We refer to
(I33) as a conditional distribution-based single index model (CDSIM for short)
in order to distinguish it from (I0) and (I=2).

When the covariate dimension is high, it is natural to assume that some
covariates are irrelevant. The presence of irrelevant covariates may substantially
deteriorate the precision of parameter estimation and the accuracy of response
prediction (ATfham (I984)). In the context of linear regression or generalized
linear regression, many regularization methods, such as the LASSO ([Iibshirani
(996)), the SCAD (Ean"and L (2001); Zon and T.d (2008)), the adaptive LASSO
(Zoul (2008)), the MCP (Zhang (2010)), the hard thresholding penalty (Zheng!
Fan, and Lvi (2014)) and general penalty functions (Fan and v (2013)) have
been proposed to remove irrelevant covariates and simultaneously estimate the
nonzero coefficients. Naik_and Tsai (2001), Kong and Xia (2007), Zhu, Qian]
and i (2007) and Liang et all (2010) developed some regularization methods
for single index regression. Recently, Wang, Wu, and Li (2012) investigated non-
convex penalized quantile regression for analyzing heterogeneity in the ultrahigh-
dimensional setting. [Fan, Fan, and Barufl (2004) proposed a two-step adaptive
robust LASSO based on weighted Li-penalized quantile regression to deal with
heavy-tailed high-dimensional data.

We consider variable selection and feature screening for (IZ3) when the co-
variate dimension p,, is ultrahigh. We further assume 3, is sparse. Denote by A
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the active index set, B4 the nonzero entries of 3, and x4 the collection of all
active covariates. When 3 is sparse, (IZ3) reduces to

F(y|x)=F(y|x4B,), forally € R. (1.4)

Our goal is to identify A and if possible, to estimate B 4. To the best of our
knowledge, there are few variable selection methods designed for models (I=3) or
(IA) with ultrahigh-dimensional covariates.

We introduce two approaches to accomplish our goal: a penalized linear
quantile regression and an independence screening procedure. When (I3) is
true, the quantile functions of (Y | x) vary with the realizations of (x"3). As
the quantile function admits a single index structure, we implement a penalized
quantile regression to exclude irrelevant covariates and simultaneously estimate
the direction of 3. The advantage of using quantile regression is that the quantile
function characterizes F' at (IZ3) and is resilient to outliers and extreme values
in the response. We show that, although the true quantile functions of (Y | x)
are possibly nonlinear, the estimator obtained from penalized linear quantile
regression remains consistent up to a proportionality constant. This strategy
helps to reduce the computational complexity substantially in estimating (I=3) in
that the linear quantile regression procedure avoids estimating nonlinear quantile
functions; This is appealing for ultrahigh dimensional data analysis. We show
that the penalized linear quantile regression estimate has the oracle property
under mild regularity conditions, even when p, tends to co in an exponential
rate in n.

From a practical perspective, when the covariate dimension is extremely
large, penalized linear quantile regression has the drawbacks of computational
inexpediency and algorithmic instability (Fan, Samworth, and Wu (2009)). To
further reduce the computational complexity in selecting important covariates
from ultrahigh dimensional candidates, we further introduce an independence
screening procedure which ranks the importance of each covariate through its
distance correlation with the marginal distribution F' of the response at model
(I3) and the implicit model (I4). Since F is bounded and monotone, we can
reasonably expect that the procedure still works in the presence of outliers or
extreme values in the response variable. It is computationally efficient and hence
offers a useful complement, rather an alterative, to the penalized quantile re-
gression approach since the proposed independence screening can precede the
penalized quantile regression when the latter fails to produce a reliable solution
within a tolerable time. Based on the reduced model, the penalized quantile re-
gression may further refine selection of important covariates at different quantile
levels. We show that this new independence screening procedure has the sure
screening property even when p,, is ultrahigh.
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The paper is organized as follows. In Section 2, we propose penalized linear
quantile regression and study the consistency and the oracle property of the
resulting estimator. We propose a robust independence screening procedure and
establish its sure screening property in Section 3. We compare the finite sample
performance of our proposals with several competitors in Section 4. Proofs are
given in the Appendix.

2. Penalized Linear Quantile Regression

In this section, we construct an estimate for the direction of 3, at (I=3) via
penalized linear quantile regression.

2.1. The methodology

Model (I=3) and its sparse structure () indicate that the quantile functions
of (Y | x) at different quantile levels are all functions of (x"3,) and (x%34) if
the sparsity principle applies. This motivates us to estimate 8 through quantile
functions at different levels. Similar to Zhu, Huang, and Li (2012), we first show
that linear quantile regression can be used to estimate the direction of 3, at
(I3). To be specific, let p,(r) = 7r — rI(r < 0), the check loss function at the
7th quantile, for 7 € (0,1). Let b = (b1,...,b,,)" € RP* and put

L:(u,b) = E{p;(Y —u—x"b)} and (ur, 3,) = argmin{L,(u,b)}. (2.1)

u,b

Lemma 1. If E{x — E(x) | x"By} = var(x)8, {Bjvar(x)8,} ' Bi{x — E(x)},
then B, is proportional to By at (I=3).

This linearity condition is satisfied when x follows an elliptically contour
distribution (ILi (T991)). Hall'and T.i (T993) demonstrated that, regardless of the
covariate distribution, the linearity condition always offers an ideal approxima-
tion to reality as long as p, is sufficient large, and it is typically regarded as mild
in an ultrahigh-dimensional setting. Lemma 1 implies that the indices of zero
entries in By and B, coincide. Estimating the direction of 3, at (IZ3) amounts
to estimating 3. at (2). This lemma can be proved using similar arguments as
in Zhu, Huang, and Li (2012). We omit the proof.

When the covariate dimension is large, it is desirable to exclude irrelevant
covariates and simultaneously estimate 3, at (21). Here 3, is identifiable be-
cause the linear quantile loss function £, (u, b) is convex. Suppose that {(x;,Y;),
i =1,2,...,n} is a random sample from (I=3). We consider a penalized linear
quantile regression to produce a sparse estimator of 3_:

QUub) =1 S pe (¥ —u—xIb) + 5 pallby)), (22)
=1

j=1
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where p)(+) is a penalty function with a regularization parameter A. We use the
SCAD penalty (Fan_and T.i (2001)) and the MCP penalty (Zhang (2010)). The
MCP function is defined as

b2 a\?
pab) = A (I = 5y ) 100 < o] < aX) + “5-1(b] > a),

where a > 1. The SCAD penalty is

2 2
— 2
pa) = M0 < [b] < 3+ DAZEEXZ 150y < o)
1)A?
+%I(|b| > a)),

where a = 3.7 is suggested by Fan_and Li (2001). By minimizing the objective
function Q(u,b), we obtain the estimators (u,,3,) at the 7-th quantile, where

(@ir, B,) = argmin{Q(u, b)}. (2.3)

u,

2.2. The Oracle property

We study the oracle property of the estimators obtained from the penalized
linear quantile regression. Without loss of generality, assume the first g, com-
ponents of x are active and the rest are inactive, where ¢, (< py) is a positive
integer, so A = {1,2,...,¢,}. We define the oracle estimator at the population
level by

Lr(u,by) =E{p;(Y —u—x34b1)} and (u2,3?,) = argmin{L,(u,b1)}, (2.4)
u,bq

where by = (b1,...,by,)" € R¥. We further write 87 = (821,0")", where 32,

represents a g,-dimensional vector of nonzero components associated with the

active covariates and 0 denotes a (p, — qn)- dlmensmnal vector of zeros. Accord-
0
ingly, we define the oracle estimator 3, = (671’ 0")" at the sample level by

Lon(u,by) = Z{pT i —u—x; 4b1)} and
(@9, B71) = arg{)nm{ﬁm(u, b1)}. (2.5)
u,b1

We assume some regularity conditions.
(C1) There exist positive constants to and C' such that

lglcax E {exp(t|X])} < C < o0, for 0 <t < ty. (2.6)



74 WEI ZHONG, LIPING ZHU, RUNZE LI AND HENGJIAN CUI

(C2) There exist positive constants 0 < C; < Cy < 00, such that
C1 S Nl B(xaxl)} < Aan{B(xax})} < Cs,

where A, and A,.. represent the smallest and largest eigenvalues, respec-
tively, where {(x;4,Yi),i = 1,...,n} are in general position (Koenker
(2008, Sec. 2.2)).

(C3) The probability density function of (Y — x"3.) conditional on x, denoted
by f(-| x), is uniformly bounded away from 0 and oo in a neighborhood of
uO

(C4) The true model size g, satisfies ¢, = O(n“') for 0 < ¢; < 1/2.

T

(C5) For B2 = (B91,872,---,87,,)", there exist positive constants ¢y and C
such that 2¢; < ¢; <1and min |82 > Cn~(1-c2)/2,
1<j<an

Condition (C1) is concerned with the moments of the covariates; it holds when
the covariates are bounded, or when x has a multivariate normal distribution.
This condition is widely assumed in high dimensional inference. See, for instance,
Rickelland Levina (2008). Condition (C2) requires that the design matrix of the
true model at the population level be well behaved. Condition (C3) is a common
assumption on the conditional distribution function of (Y — x"3,) conditional
on x. Condition (C4) allows the sparsity size g, can diverge as the sample size n
goes to the infinity. Condition (C5) requires that the smallest true signal decay
to zero at a slow rate.

Lemma 2. Under (C1)—(C4), the oracle estimators u? and Bil satisfy

182 = B2l = 0p(\/22) and g — uz]| = Op(y/ L) (2.7)

Theorem 1 (The Oracle Property). Suppose (C1)—(C5) hold, and logp, =
o(nminte2=20.0%) with 0 < § < (c2 — c1)/2 and A = o {n=(172)/2}. Let B,(\) be
the set of local minima B, of the objective function Q(u,b) defined at (23) with
the SCAD or the MCP penalty and the tuning parameter \. Then

Pr {Bi € Bn()\)} — 1, as n— oo.

Theorem 1 has the oracle estimator ,@z as a local minimizer of the objective
function (E22) with probability approaching one as n — co. This result extends
Theorem 2.4 of Wang, Wu, and Li (2002) from the linear quantile regression
model to model (I=3). The results in Lemmas 1 and 2 and Theorem 1 imply
that BT from the penalized linear quantile regression is a consistent estimator
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of the direction of B, at model (I=3). It can detect the non-zero components
of By and simultaneously estimate its direction. From a technical perspective,
Wang, Wu, and Lj (2012) assumed all covariates uniformly bounded while in (C1)
we only require that distributions of the covariates have sub-exponential tails.
In practice, the linear quantile regression estimator obtained with the LASSO
penalty can serve as an initial value in our algorithm to minimize the objective

function Q(u,b).

3. Robust SIS based on Distance Correlation

We propose a robust feature screening procedure for model (I=3) using dis-
tance correlation.

3.1. The methodology

We first review the definition of distance correlation (Szekely, Rizzo, and
Bakirov (2007)). The distance covariance between random variables X and Y is

deov?(X,Y) = S; + Sy — 283, (3.1)

where S; = E(|X - X||Y -Y]), S2 = E(|[X-X|)E(]Y -Y|), S3 = E{E(| X - X] |
X)E([Y =Y]|Y)}, and (X,Y) is an independent copy of (X,Y). The distance
correlation between X and Y is

B deov(X,Y)
deorr(X, ) = V/deov(X,Y)dcov(Y, Y) (3.2)

Szekely, Rizzo, and Bakirov (2007) pointed out that dcorr(X,Y) = 0 if and
only if X and Y are independent and dcorr(X,Y") is strictly increasing in the
absolute value of the Pearson correlation between X and Y. Motivated by these
properties, Li, Zhong, and Zhu (20012) proposed a sure independence screening to
rank all predictors using their distance correlations with the response variable,
termed DC-SIS, and proved its sure screening property for ultrahigh-dimensional
data.

We denote by X the kth predictor with £ =1,...,p, and propose to quan-
tify the importance of Xj through its distance correlation with the marginal
distribution function of Y, denoted by F(Y). That is,

wy = deorr{ Xy, F(Y)}, (3.3)

where F(y) = E{1(Y <y)} and 1(-) denotes an indicator function. This is a
modification of the marginal utility in [Li, Zhong, and Zhu (2017) in that here we
use F(Y) instead of Y.
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The marginal utility at (823) has several advantages compared with existing
measurements: dcorr{ Xy, F'(Y)} = 0 if and only if X and Y are independent,
and following [Li, Zhong, and Zhu (2017), we can see that the screening procedure
based on (B33) is model-free and hence is applicable at (I=3) and (4); since F(Y)
is a bounded function for all types of Y, we can expect that the procedure using
(B33) has a reliable performance when the response is the heavy-tailed and when
extreme values are present in the response values; If one suspects that the covari-
ates also contain some extreme values, then one can use dcorr{ Fy(Xy), F(Y)} to
rank the importance of the Xy, where Fy(z) = E{1(X) < z)}.

We now show how to implement the marginal utility (833) in the screening
procedure. Let {(x;,Y;),i =1, -+ ,n} be a random sample from the population
(x,Y). We first estimate the distance covariance between X} and F(Y') through
the moment estimation method,

—2 ~ ~ ~
dcov {Xk, F(Y)} = Sk,1 + Sk’Q - 25]@3, (34)

where

. 1 n n
Sk1=—3 DD X = Xl [Fa(Yi) = Fu(Y)),

i=1 j=1
Sk =3 ZZ | Xik — Xkl e} ZZ [Fn(Yi) — Fu(Y)], and
i=1 j=1 i=1 j=1
N 1 n n n
Sk =3 DO Xk — Xl [Fu(Y)) — Fu(Y)))|
i=1 j=1 I=1

are the corresponding estimators of Sy 1, Sk 2, Sk,3, and Fy,(y) = n~t Y1y <
y). We estimate wy, with

deov( Xy, F(Y))

&y, = deorr{ Xy, F(Y)} (3.5)

T (X, Xi)doov (F(Y), F(Y))

Our independence screening procedure retains the covariates with the @y values
larger than a user-specified threshold. Let .Z = {k cwp > en " for 1 <k < pn}
for some pre-specified thresholds ¢ > 0 and 0 < k < 1/2. The constants ¢ and
k control the signal strength and will be defined at (C6) below. We refer to
this approach as the distance correlation based robust independence screening
procedure (DC-RoSIS).

3.2. Sure screening property

We first state the consistency of Wy, which paves the road to proving the sure
screening property of the DC-RoSIS procedure.
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Theorem 2. Under (C1), for any 0 < v < 1/2—k, there exist positive constants
c1 and ¢y such that

Pr( max | — wg| > cn_“>
1<k<p

<0 <p[exp {—clnl_Q(’“V)} + nexp (—can’) } ) (3.6)

We remark here that to derive the consistency of the estimated marginal
utility, we do not need any moment condition on the response. To prove the sure
screening property, we make of further assumption
(C6) The marginal utility at (B33) satisfies géiﬁwk > 2cn~", for some constants

c>0and 0 <k <1/2.
Condition (C6) allows the minimal signal of the active covariates to converge to
zero as the sample size diverges, while it requires the minimum signal of active
covariates be not too small.

Theorem 3 (Sure Screening Property). Under (C6) and the conditions in The-
orem 2, it follows that

Pr (.A C .Z) >1- O(sn [exp {—01n1_2(”+7)} + nexp (—czrﬂ)]), (3.7)

where s, is the cardinality of A. Thus, Pr (A - .Z) —1 asn— oo.

4. Numerical Studies

We have conducted simulations to demonstrate the finite sample performance
of our proposals. We further illustrate the proposed methodology through an
empirical analysis of a real data example.

4.1. Simulations

In Example 1 we compare the performance of several independence screen-
ing procedures, and in Example 2 we assess the performance of penalized linear
quantile regressions with different penalties and at different quantiles. Through-
out the simulations we generated x = (X1, X, -+ ,X,)" from N(0,X), where
¥ = (045)pxp With o;; = 0.5, We took p = 1,000 and n = 200.

Example 1. We compared the finite sample performance of DC-RoSIS with
the existing procedures including SIS (Fan"and Tx (200R)), SIRS (Zhn_ef al
(2017)), RRCS (Li“et-all (2012)) and DC-SIS (Li, Zhong, and Zhu (201%7)). We
repeated each experiment 500 times and evaluated the performance with the the
criteria S, Psj, and P,. Here, § is the minimum model size to include all active
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covariates. We summarize the median of & with its associated robust estimate
of the standard deviation (RSD = IQR/1.34). A smaller S value indicates a
better performance. P;; is the empirical probability that the active covariate X;
is selected for a given model size d. We set d = 2[n/logn] throughout. P, is the
empirical probability that all active covariates are selected for the given model
size d = 2[n/logn]. If the sure screening property holds true, both P; and P,
values are close to one when the estimated model size d is reasonably large.

We considered the models.
(1): HY)=x"B +¢,
(2): ¥ = exp(2 — x7B/2) + (2 - x"B/2)° + exp(x*B/2)z,
(3): Y = {1 +exp(—3x78)} ¢,
(4): Y = 51Xy + o Xo + 51 X7 + ¢,
where 8 = (3,1.5,0,0,0,0,2,0,...,0)". In each model, only X1, X5 and X7 are
truly important. The random error € was independently generated from either
the standard normal or the standard Cauchy. In (1), H(Y) = {|Y|*sgn(Y)—1}/\
is the Box-Cox transformation. These models were used in Liefall (2012). We
set A =1 and A = 0.25. The single index (x"3) contributes both the conditional
mean and variance of the response in (2), and are totally irrelevant to the mean
regression function in model (3). The active covariate X7 in (4) is quadratically
related to the response. Though it is not a special case of model (I=3) or (IA), we
use it here to show that our procedure works quite well for a variety of regressions
even when the model assumptions are violated.

The results are summarized in Table 1. It can be seen that SIS does not
perform well when ¢ is Cauchy. Even when ¢ is normal, SIS still fails to behave
well in the nonlinear models (3) and (4). SIRS performs very well for all single
index models, but fails to identify X7 as an important covariate in (4) because
it is not capable of detecting symmetric patterns. The performance of RRCS
is generally favorable for (1) and (2), but it hardly detects the active covariates
that are only relevant to the conditional variance of the response in model (3)
or that X7 exhibits symmetric patterns with Y in (4). DC-RoSIS and DC-SIS
have similar performances when ¢ is normal, and when ¢ is Cauchy, DC-RoSIS
significantly improves DC-SIS. For example, in (1) with A = 0.25, DC-SIS fails
to detect the true relationship between two random variables when very extreme
values are present.

Example 2. In this example, we examined the finite sample performance of the
penalized linear quantile regression with different penalties, including LASSO
(ibshirani (1996)), SCAD (Fan_and T (2001)) and MCP (Zhang (2010)). We
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Table 1. Performance comparison among different independence screening
methods for four regression models with two different random errors.

e ~N(0,1) ¢ ~ Cauchy Distribution

Method S P Pe Pur Pa Size P, Ps Par Pa

SIS 3.0(0.0) 1.00 .00 1.00 1.00 220 0(483.4) 0.67 0.62 0.49 0.39

DC-SIS  3.0(0.0) 1.001.00 1.00 .00  3.0(0.7)  0.98 0.98 0.95 0.95

Model (1) SIRS 3.0(0.0) 1.001.001.001.00  3.0(0.0) 1.00 1.00 1.00 1.00
A=1) RRCS 3.0(0.0) 1.001.00 1.00 1.00  3.0(0.0) 1.00 1.00 1.00 1.00
DC-RoSIS  3.0(0.0) 1.00 1.00 1.00 .00 3.0(0.0)  1.00 1.00 1.00 1.00

SIS 3.0(0.7) 1,00 1.00 0.99 0.99 794.5(210.5) 0.10 0.07 0.09 0.00

DC-SIS  3.0(0.0)  1.00 1.00 1.00 1.00 702 5(246.6) 0.17 0.14 0.13 0.05

Model (1) SIRS 3.0(0.0) 1.00 1.001.001.00  3.0(0.0) 1.00 1.00 1.00 1.00
(A=025)  RRCS 3.0(0.0) 1.001.001.001.00 3.0(0.0) 1.00 1.00 1.00 1.00
DC-RoSIS  3.0(0.0) 100 1.00 1.00 .00 3.0(0.0) 1.00 1.00 1.00 1.00

SIS 5.0(14.2) 0.990.99 0.90 0.90 29.0(122.4) 0.89 0.83 0.69 0.63

DC-SIS  3.0(0.7)  1.00 1.00 0.99 0.9 3 0(2.9)  0.99 0.99 0.94 0.94

Model (2) SIRS  3.0(0.0) 1.001.00 1.001.00  3.0(0.7) 1.00 1.00 1.00 1.00
RRCS 3.0(0.0) 1.001.001.00 1.00  3.0(0.7) 1.00 1.00 1.00 1.00

DC-RoSIS  3.0(0.0) 1.001.00 1.00 .00  3.0(0.7) 1.00 1.00 1.00 1.00

STS 786.5(217.5) 0.08 0.06 0.07 0.00 791.0(213.2) 0.06 0.07 0.07 0.00

DC-SIS 4 0(4.5)  1.00 1.00 0.97 0.97 70.0(130.8) 0.92 0.83 0.57 0.52

Model (3) SIRS 7.0(8.2) 1.001.000.990.99 8.0(8.9) 1.001.00 0.98 0.98
RRCS 796 0(222.8) 0.10 0.10 0.09 0.00 782.0(253.3) 0.12 0.09 0.06 0.00

DC-RoSIS  8.0(9.7) 1.00 1.00 0.96 0.96  9.0(11.9) 1.00 1.00 0.96 0.96

SIS 270.5(400.6) 1.00 1.00 0.25 0.25 594.0(358.0) 0.72 0.62 0.07 0.05

DC-SIS  4.0(0.7) 1.00 1.00 1.00 .00  8.0(18.7) 0.99 0.98 0.86 0.86

Model (4) SIRS 427.0(419.6) 1.00 1.00 0.11 0.11 493.5(387.7) 1.00 1.00 0.09 0.09
RRCS 434.0(391.1) 1.00 1.00 0.13 0.13 477.5(394.0) 1.00 1.00 0.10 0.10

DC-RoSIS  4.0(1.5) 1.00 1.00 1.00 1.00  6.0(5.2)  1.00 1.00 0.99 0.99

first utilized our procedure to select d = 2[n/log(n)] top ranked covariates and
then applied penalized linear quantile regression to estimate the direction of
B. For conditional quantile regression, we considered three different quantiles

= 0.25,0.50 and 0.75. Following Wang, Wu, and Li (201%), an additional
independent data set of size 10n was generated to select the tuning parameter
A by minimizing the estimated prediction error based on the quantile check loss
function.

We denoted the final estimator by BT = (31, 32, e ,Ep)T. The coefficients of
covariates removed by the screening procedure were directly set to be zero in the
final estimator. Based on 100 repetitions, we evaluate the performance in terms
of the following: Size: The average number of non-zero estimated regression
coefficients Bj # 0 for 1 < j < p; C: The average number of truly non-zero coeffi-
cients correctly estimated to be non-zero; IC: The average number of truly zero
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Table 2. Simulation Results for Penalized Linear Quantile Regression at
difference quantile levels (25%, 50% and 75%) and with difference penalties
(LASSO, SCAD, MCP).

€~ N(O, 1)

Method Size 1C AE
LASSO(r =0.25) 18.16(6.28) 3.00(0 00) 15.16(6.28) 0.47(0.22)
LASSO(7 = 0.50) 18.14(6.33) 3.00(0.00) 15.14(6.33) 0.93(0.36)
LASSO(r =0.75) 13.97(6.16) 2.96(0.20) 11.01(6.15) 1.33(0.57)

SCAD(r =0.25)  3.46(0.86) 3.00(0.00)  0.46(0.86) 0.11(0.07)

SCAD(r =0.50)  3.68(1.58) 2.96(0.20)  0.72(1.56) 0.28(0.23)

SCAD(r =0.75)  3.47(1.58) 2.68(0.55)  0.79(1.52) 0.62(0.36)

MCP(r =0.25)  3.36(0.73) 3.00(0.00)  0.36(0.73) 0.11(0.07)

MCP(r =0.50)  3.53(1.23) 2.96(0.20)  0.57(1.21) 0.28(0.20)

MCP(r =0.75)  3.50(1.68) 2.68(0.55)  0.82(1.62) 0.63(0.36)
€ ~ Cauchy Distribution

Method Size 1C AE
LASSO(7r =0.25) 23.75(6.63) 3.00(0 00) 20.75(6.63) 0.66(0.25)
LASSO(7 = 0.50) 19.29(7.66) 3.00(0.00) 16.29(7.66) 0.97(0.42)
LASSO(r =0.75) 14.01(6.89) 2.88(0.33) 11.13(6.82) 1.34(0.63)

SCAD(r =0.25)  3.56(1.19) 3.00(0.00)  0.56(1.19) 0.12(0.08)
SCAD(r =0.50)  3.66(1.36) 2.94(0.24)  0.72(1.36) 0.27(0.22)
SCAD(r =0.75)  3.33(1.91) 2.60(0.61)  0.73(1.84) 0.63(0.38)
MCP(r =0.25)  3.43(0.83) 3.00(0.00)  0.43(0.83) 0.11(0.07)
MCP(r =0.50)  3.70(1.67) 2.94(0.24)  0.76(1.66) 0.28(0.24)
MCP(r =0.75)  3.57(2.23) 2.64(0.53)  0.93(2.18) 0.65(0.42)

coefficients incorrectly estimated to be non-zero; AE: The average of absolute es-

timation error of 3., defined by 30_, ‘ﬁjSign(ﬁj,l)/ 18-l — Bojsign(Boj1)/11Boll| -

We only report the results for model (2) in Example 1, which is a het-
eroscedastic single index model, as the results for other models lead to similar
conclusion. The simulation results are charted in Table 2. In each column, the
value represents the mean of 100 replicates with its sample standard deviation
in the parentheses. For two random errors and different quantiles, the first three
columns show that the LASSO is relatively conservative and tends to select larger
models, while the SCAD and the MCP consistently select the true model. The
relatively small values in the column labeled “AE” shows that our procedure
can produce consistent estimators. The satisfactory simulation results suggest
that the proposed robust two-stage procedure is indeed robust to the presence of
heteroscedasticity and extreme values in the response.

2. An application

We conducted an empirical study of the Cardiomyopathy microarray dataset.
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Figure 1. Exploratory data analysis: histogram and boxplot of Rol.

This dataset was analyzed by Segal, Dahlquist, and Conklin (2003) , Hall"and
Miller (2009), and [Li. Zhong, and Zhu (2012). The response variable is the genetic
overexpression level of a G protein-coupled receptor (Rol) in mice, which can
sense molecules outside the cell and activate inside signal transduction pathways
and cellular responses. The covariates are 6,319 genetic expression levels. Only
30 specimens are observed. The main goal of the analysis is to determine the
most influential genes for the response.

We display the boxplot and the histogram of Y in Figure 1. Both indicate
that the response distribution may be heavy-tailed and the data contain outliers.
We first implemented independence screening procedures to reduce the covariate
dimension to the size of 2[n/logn] = 16. The performances of SIS and DC-
SIS are similar to that of DC-RoSIS in this data analysis. We only present
results of DC-RoSIS for regularized quantile regression with different penalties
in this example. The DC-RoSIS ranks the genes, Msa.2877.0 and Msa.2134.0,
in the top, which are same as the DC-SIS (Li, Zhong, and Zhu (2012)). The
gene Msa.1166.0, identified by generalized correlation ranking (Hall“and Millex
(2009)), is also ranked in the top 10 by our screening procedure.

We further applied our procedure to the reduced model to estimate the
direction of the index parameter and to simultaneously select important variables
at different quantiles of the response. We chose the quantile levels 7 = 0.25,0.50
and 0.75, and three different penalties, LASSO, SCAD and MCP. We used BIC to
select the tuning parameters for each method. With the estimated single index,
denoted (XTBT), we applied cubic splines to estimate the quantile functions g, (-)
of model (=3) or, equivalently, model (). Figure 2 depicts the estimated curves
of qAT(XT,[ABT) at different quantiles and for different penalties, which demonstrate
the computational effectiveness of our proposals.

To compare the finite sample performances of different methods with dif-
ferent quantiles, we report the number of nonzero coefficients selected by each
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Figure 2. The estimated curves of g, (x*3,) (the vertical axis) versus (x*/3.)
(the horizontal axis) at different quantiles for different penalties. From left
to right, 7 = 0.25, 0.50 and 075; From up to down, LASSO, SCAD and
MCP.

method, denoted by “Size” in Table 3. In addition, to evaluate the goodness of
fit for each model, as with R? for the linear model, we take the quantile-adjusted
RQ (ccQ_RQ») as
n2Y G (X0
Zz:l [:r{ 22 q‘l’( AZ /37')} % 100%’ (41)
S pR(Yi - V)

where p(-) is the 7th quantile check loss function, g,(-) is the cubic-spline esti-

Q-R*=|1-
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Table 3. Empirical analysis of Cardiomyopathy microarray dataset.

All Data Partitioned Data

Method Size Q-R? Ave Size Ave Q-R? PE
SCREEN(r =0.25) 16 97.6 16.00(0.00)  94.41(3.66)  0.48(0.21)
SCREEN(r = 0.50) 16 93.1 16.00(0.00)  92.96(2.67)  0.67(0.27)
SCREEN(r =0.75) 16 94.4 16.00(0.00)  94.99(1.31)  0.59(0.33)
LASSO(r =0.25) 12 87.8 8.56(1.55)  78.59(10.75) 0.44(0.20)
LASSO(r = 0.50) 8 89.1 7.21(1.54)  90.71(3.49)  0.55(0.17)
LASSO(r =0.75) 5  91.2 5.64(1.25)  94.54(1.71)  0.44(0.22)
SCAD(r =025) 10  96.9 829(2.81)  90.88(6.46)  0.44(0.18)
SCAD(7 = 0.50) 6 92.3 6.52(3.13)  92.33(3.24)  0.58(0.20)
SCAD(7 = 0.75) 3 93.0 3.82(1.46)  94.04(1.45) 0.50(0.25)
MCP(r =025) 10  96.9 8.69(2.64) 91.71(5.92) 0.43(0.14)
MCP(r = 0.50) 5 89.3 6.91(2.81)  92.58(3.09) 0.55(0.26)
MCP(r =0.75) 4  92.8 4.13(1.64)  94.15(1.46)  0.51(0.28)

mate of ¢-(-), ¢- (X} BT) is the 7-th quantile function of Y;, and Y; is the sample
7th quantile of Y. The larger Q-R? is, the better the model fit. For example,
for 7 = 0.75, SCAD selected three covariates, which can explain 93.0% variance
of the response in terms of the defined Q-R?. As a benchmark, we also report
the model with all 16 selected genes by our screening procedure, denoted by
SCREEN in Table 3. In addition, we conducted 100 random partitions to ex-
amine prediction performance. For each partition, we randomly selected 90% of
the data (27 observations) as the training set and the rest 10% (3 observations)
as the test set. The average of the model sizes selected by each method, with
its standard error across 100 partitions in the parenthesis, are reported in the
third column (“Ave Size”) of Table 3. In this table, we also report the average
of quantile-adjusted R? for each method on the training set and its associated
standard error, denoted by “Ave Q-R?”. The column labeled by “PE” denotes
the median of prediction errors based on the quantile check loss function with
the interquartile range/1.34 in the parentheses. We conclude that the penalized
linear quantile regression improves both the model interpretability in terms of
the model size and the model predictability in terms of the prediction errors.

5. Discussions

Our proposed method has reliable performance when the distribution of the
response variable is heavily tailed or response realizations contain extreme values.
A referee raised the question of the performance of the procedure in the presence
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of heavy-tail predictors or extreme outliers contained in the predictors. In this
case, Condition (C1) is violated and the proposed method may fail. However, we
can use Fy(X}), the distribution function of Xy, in place of X}, in the screening
procedure. This replacement helps us remove (C1) and achieve the robustness
feature in the x-direction; see Appendix A in the Supplement for more details.
However, implementing penalized linear quantile regression when x contains out-
liers is not straightforward. How to remove condition (C1) in penalized linear
quantile regression is an interesting topic for future research.

For statistical inference, one may be interested in the asymptotical distribu-
tion of the regularized quantile estimator and here we can adapt the idea of Theo-
rem 2 in Wirand Liu (2009). They proved that the SCAD and adaptive-LASSO
penalized linear quantile estimator is asymptotically normal if the number of
important covariates is a fixed number. If the number of important covariates
diverges to infinity, it is much more challenging to derive the asymptotic normal-
ity. This is an interesting research direction.

Supplementary Material

The supplementary material consists of three sections. In Section S1, we
propose to quantify the importance of Xy through its distance correlation be-
tween the respective marginal distribution functions of Xj and Y. In Section S2
and S3, we provide more simulations.
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Appendix: Proof of Theorems
Appendix A. Proof of Lemma 2

Lemma A.1. The oracle estimator u? of u is the Tth quantile of Y — x% 37,
conditional on x4, i.e. E{I(Y —x}48%) <u?)|xa}=7.

Proof of Lemma A.1. Let {; be the 7th quantile of Y —x7 37, conditional on
x 4. By definition, we have E{I(Y —x"37; < &) | x4} = 7. It suffices to show
L&, 821) < Lr(u,32;) holds for any u. We have

Lr(u,B71) — L&, B71) = E{pr (Y —u—x4B71)} — E{p:(Y — & — x4B8%1)}
=Ef(u—&GHIY = & —x3B87, <0) — 7}]

u—¢-
+E UO {I(Y =& —xiBy; <t) = I(Y =& —x4B7 <0)}dt| >0,

where the second equality follows from Knighfi (T998). Of the final two terms,
the first is zero and the second is nonnegative. Thus & = u? and the desired
conclusion follows.

Proof of Lemma 2. To prove Lemma 2, we borrow from He and Shad (2000)
on M-estimation. It suffices to show that for any fixed n > 0, there exists two
constants A; and A, such that for all sufficiently large n,

pr{” inf Lo (uf +n” Y2030, B2 + 0 PquPy) > Lon(u, 21>} >1-n.
Y 1
u|=Ag

Here,

Gn(u,v) =: ng,* {Em(U? + 201 P, B2 4+ Vg Py) — Lon(u, /331)}

n
=S Y22 (T ) (Y — XTa8% <) — 7}
=1
71/2 1/ u+xz .A’Y)

;! Z / [10V; = X2 B2 < + 8)— I(Yi— X! 482 <u)} ds
= Inl + In27

where the second equality follows from Knighfi (T998)’s identity.
E{I(Y —x4B9; <u?)| x4} =7 by Lemma A.1, so E(I,1) = 0. Then,

var(In1) = E{var(In1 | x4)} +var{E(In1 | x4)}

=7(1— T)q;IE{n_l Z(u + X;F,A'Y)Z}
i=1
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<27(1 = 7)g, " [u® + Amax {E(xax)} [7IIP) < Oy (AT + A3),

where the last inequality follows by (C2). Thus, I,,; = O ( 1/2) (A2 + A2)1/2.
We evaluate I,2. Denote by F(- | x4) and f(- | x4) the conditional distri-
bution and density of (Y —x737;) given x4, respectively

n V2 st 4)

(P2 + 5 | x5,4) — F(u? | x;.4)} ds]

n*1/2q,}/2(u+x?A"}’)
=q, E Z/ fug + " [ x,4)sds
— Jo

En:{ -1/24 1/2 u+XZ'T,A’Y)}2]

= CEB(u+x47)* 2 C 1+ Anin {E(xax)}] (u” + [7]?) = C(A] + A),

>Cq,'E

where the first inequality follows by (C3) and the last inequality follows by (C2).
Therefore, E (I,2) = O(1)(A2 + A2). Next we consider the variance of I,

var (I2)
2

126, (uxy)
<ng,’E / {I(Y =x4B71 Suf+s)—I(Y =x 87 < u?)}ds
0

< ng, 2 B{n~ 24, (u+ x5y)} < gt L+ Awin {E(xaxi)} (u® + [|71I%)
< O(g; (AT +A3),

which converges to zero as n — oo because g, = O(n°'). This indicates that
|Ino—E(In2)| = 0p(1) by Chebyshev’s inequality. Since I,,2 is always nonnegative,

Inz = B(In2) + 0p(1) > C(AT + AF) + 0p(1).

For sufficiently large A; and As, I, dominates I,,; asymptotically as n — oo.
Therefore, for any fixed n > 0, there exists two constants A; and Ay such that
for all sufficiently large n, we have G, (u,~) > 0 with probability at least 1 —n

Appendix B. Proof of Theorem 1

We follow the idea of the proof of Theorem 2.4 in Wang, Wu, and Li (2012).
Their moment conditions on x are different. With a slight notational abuse, we
K ~ T ~0
write X4 = (L,xa)", B7 = (u2,87")" as at (24), B, = (ur,B;)", and B, =
(u?,B, )", where B denotes the penalized linear quantile estimator at (EZ3)

0 0T
and 3, = (ﬁTl,OT)T 1s the oracle estimator at (ZH). Accordingly, we write

3’1 = (’U,?, ) and 1671 - ( 7'?1671) :
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We first write the objective function (EZ2) of the penalized linear quan-
tile regression as the difference of two convex functions in 3. Here, we only
consider the proof for the SCAD penalty, the proof for the MCP penalty can
be achieved by the similar arguments. We have Q(3) = ¢(83) — h(8), where

9(8) = n S p, (Vi — xIB) + A% 6], and h(B) = X0, Hy(8;), with
0, 0 <85 <A

22|85 +A2

NG — 2 15 o
Thus, the subdifferential of h(3) at any 3 is

A< ]ﬁj\ < al\;

oh _
8h(ﬁ) = {“ = (M07,lj,1,...,lu,pn)T€an+1 Lo = O,M] = 8;16)7‘]:17’17”} .
J

The subdifferential of g(3) at any 3 is

09(8) = {€ = (€0.€1, -, &,)" R gy = (1-m)n ™" 3 Xyl (Yi~xIB < 0)

i=1

12)(1]1 —x"B>0)—n 12)(2]% + N .
i=1
where v; = 0if ¥; —x78 # 0 and v; € [T — 1, 7] otherwise; lp = 0; [; = sgn(5;) if
Bj #0 and l €[-1 1] o‘chervwse7 for 1 <j < pn.
Let s(B) = {so ... Sp.(B)}" be the set of the subgradient func-
tions for the unpenahzed quantile regression, where

s5;(B8)=(1-1) —12){2]1 —xTB<0)—7n" 1ZXUI —x73>0)

i=1
-1
—n EXijUia
i=1

where v; = 0if Y; — x;f,/fo\' # 0 and v; € [T — 1, 7] otherwise.

Lemmas B.1, B.2 and B.3 facilitate the proof of Theorem 1. Tao and An
(997) proposed the numerical algorithm based on the convex difference repre-
sentation of Lemma B.1. Lemmas B.2 and B.3 characterize the properties of the
oracle estimator ,3 and the associated subgradient functions 5([32) respectively.

Lemma B.1 (Difference Convex Program). g(x) and h(x) are two conver func-
tions. Let x* be a point that admits a neighborhood U such that Oh(x)NOg(x*) #
0, Vx € U N dom(g). Then x* is a local minimizer of g(x) — h(x).



88 WEI ZHONG, LIPING ZHU, RUNZE LI AND HENGJIAN CUI

Lemma B. 2. Suppose (C4) (C5) holds and A\ = o(n=(1=¢2)/2). For the oracle
>0

estimator B there exist v} with vi = 0 if Y; —x/B, # 0 and v} € [t — 1,7]

otherwise, such that, with probabzlzty approaching one, we have

0

. ~o0 1 .
Sj(,BT):O,jZO,l,...,qn, and |B] ’2(@4‘*))\, ]:17”'7(]71-

2

Proof of Lemma B.2. The unpenalized quantile loss obJectlve function is
convex. By convex Optlmlzatlon theory, 0 € 9 1 | p- (Vi — XT,@ ). Therefore,
there exists v} such that s; (,8 ) = 0 with v; = v for j = 0,1,...,¢g,. On the
other hand,

> — 2.
 foin | 5] in [7;] - max 18, — 82,

Condition (C5) requires that min \5%\ > Cn~(1=¢)/2_ In addition, max ’B\j"_
1<j<gn ’ 1<j<qn
5073‘ < HB —B%| = (m) = Op(n 7(1701)/2) op(n ’(1*‘32)/2) Therefore,

1§11<n |BJ | > On=(7¢2)/2 _ o (n=(17¢2)/2) where ¢; and ¢y are defined at (C4)
<i<an

and (C5), respectively. For A = o{n~(17¢)/2} we have that, with probability
~0
approaching one, |3 | > (a+1/2)\,j =1,..., ¢, which completes the proof.

Lemma B.3. Suppose (C1)—(C5) hold, A = o(n=(1=%2)/2) and logp, =
0( min{ez—26, 9}) with some constant 0 < 0 < (cg—c1)/2. For the oracle estimator
5 and the s; (ﬁ ), with probability approaching one, we have

~o0 ~0 .
Isj(B)I <A, and |8 |=0,j=¢,+1,...,pn.

Proof of Lemma B.3. Since Ei is the oracle estimator, |ﬁAjO| =0,7 =qn+
1,...,p,. It remains to show that

PI‘(|Sj(Bj_)|>)\, forsomej:qn—i—l,...,pn)—)O, as n — oo.
LetD:{i:ﬁ—x}@izO}:{i:Yi—XZAﬁz:O},thenforj:qn+1,...,pn,
s;(B)=(1-1) _IZXUI X3, < 0)
1ZXUI x{B; >0)—n 1ZXUU“
=1

=n! ZXij{I(Yi -xB; <0) - 7}

_1ZX”{’UZ (1—-7)I TB =0)}
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n
-1 2° -1
=0ty X {I(Yi = x{aBr1 <0) =7} =07ty Xylvf + (1 7)),
i=1 €D

where v} € [T—1, 7] with i € D satisfies Sg(Bi) =0withv, = o, forj=1,...,¢n,
by Lemma B.2.

Pr(|s;(B7)| > 2, for some j = g, +1,...,pn)

n
< Pr ()n‘l ZXU{I(Y; — X;F,A,/B\il < O)—'r}‘ > )\, for some j = q,+1,... ,pn)
i=1

+ Pr(

n! ZXij{U;‘ + (1 — 7')}‘ > A, for some j=g¢q,+1,... ,pn)
€D
=:Th1 + Tha.

First, we deal with Tj2. Let M = O(n’) with some constant 0 < 6 <
(co — c1)/2. We have

T < Pr( max n_linj1{|Xij| < Mo +(1 —7')}‘ > %)

J=qn+1,....pn s
Y
+Pr ( Cmax [0t X {[XG] > M) + (1 - T)]‘ > 7)
J=aqn+1,...,pn . 2
€D
=:Tho1 + Thao.

Since (x;,4, Y;) are in general positions Koenked (20045, Sec. 2.2), with probability
tending to one there exists exactly g, + 1 elements in D. Thus, with probability
tending to one,

max
gn+1,....pn

nUY X 1{|X] < MM+ (1- 1)}
€D
< M(gn + 1)n~t = 0171 = o(N),

where the last equality holds for A = o(n=(1=¢)/2) and 0 < 6 < (¢3 — ¢1)/2.
Therefore, T,,01 — 0 as n — oo. For T},92, the events satisfy

A
{’nil ZXz‘jl{’Xiﬂ > M}vf + (1 —7')]‘ > 5} C {|Xij] > M, for some i € D},
i€D
because if |X;;| < M for all i € D, then n 'Y, p Xi;1{|X;;| > M} = 0.

Therefore,

A
Thps <pn max Pr (’n_l 3 XX > MYo; + (1 - T)]] >2)
J=qn+1,....pn e 2
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< 1 P ¥
< Pnlgn + )ieD,q,rleral)éjgpn r (| Xi;| > M)

< pn(Qn + 1) eXp(—tM)E{eXp(t‘Xij’)}

< Cpulgn + 1) exp(—tM) = Cp,O(n°) exp(—tn®) — 0,
as n — oo, where logp, = o(n™™c2=200}) with some constant 0 < 6 < (c3 —
c1)/2, 0 < t < tg. The third inequality here holds from Markov’s inequality and

the fourth follows from (C1). Therefore, T2 = Tpo1 + Thoe — 0, as n — oc.
It remains to show that

n

Pr (‘n_IZXij{I(Y}—XiTBi < 0)—7}) > )\, for some j = qn—l—l,...,pn> — 0,
i=1

as n — 0o. We consider

T < Pr ( . max
J:‘Zn+1:7pn

e o A
Y X {1 = X8 < 0) =7} > )
=1

n
+Pr ( _ max sup nt Y Xy [I(Yi T XaP < 0)
J=qn+1,....pn ngl_ﬁilHSAm =1

(Vi 482 <0)— {Pr(¥i—x] 4By <0)~Pr(¥i — x}482 <0)} ][> 2)
+Pr ( _ max sup n! Zn: Xij
J=nt by 3 3% |<A\/an/n =1
[Pr(Y; — x4, < 0) — Pr(Y; —x[aB <0} > 2)
=:Jn1 + Jn2 + JIns.
For Ju1, let M = O(n?) with 0 < 6 < (c2 — ¢1)/2, then

= A
< Pr(max |07t XX S MHIYG - X082 <0) - 7}[> )

J=qn+1,....pn

=1
n
-1 T Q0 A
+ Pr ( Cmax ot XX > MMHI(Y: — X482 < 0) —7’}‘ >—)
J=a@n+1,....pn — ’ 4
=: Jn11 + Jn12.

By Hoeffding’s inequality,

e e A
Pr([n! D2 X 1(Xi] < MU = X482 <0) -7} > 2)
i=1

<2e ( n)\2>
<2exp|——=—=].
SM?
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Thus, Jn11 < 2pnexp{—nA2/(8M?)} = 2p, exp(—n'=29A2/8) — 0, as n — oo,
because logp, = o(n™{2=20.9}) with some constant 0 < § < (¢3 — ¢1)/2 and
A = ofn=(=)/2} " On the other hand, we can similarly follow the arguments
that deal with T},90 and have that

n
_ A
Jni2 <p, max Pr ()n IZXZ-jl{\Xm > M}‘ > Z>
i=1

J=qn+1,...pn
<P J5 g, P (X > M) = Olpum) exp(—tn) 40
as n — 0o, because logp, = o(nmm{”_%ﬁ}) . Therefore, J,1 = Ju11 + Jpi2 =
o(1).

Following arguments for proving Lemma 4.3 of Wang, Wu, and Li (2012)
and the arguments that deal with T},29 and J,12, we can show that J,2 = o(1).
It remains to deal with J,3. For a fixed M = O(n?) with 0 < 6 < (ca — ¢1)/2,

n
ha s Pr(mex st <)
IEI TP 8, - B2 <Ay /ga/n i=1
A
{Pr(Y; —x; 481 < 0) = Pr(Y; —x; 487, < O)H > g)
n
+Pr ( - mzix sup nt ZXij1{|Xij| > M}
T BB A4/ =T

A
{Pr(¥i —xi 4B, < 0) — Pr(¥i = x0 482 < 0)f| > 2)
=: Jn31 + Jn32.
To handle J,31, we observe that
n
- Hlé%X sup nfl Z X”].{|XU| > M}
ISt P B, B2 <Agn/n =
{ Pr(Y: = x1.48) < 0) = Pr(Y; — x748%, < 0)}|

<M s |B{rxaxa® - 8|
18, =B 1<V an/n
<M s N {Bax}IB - B2l

18,-B11<A/an/n
< O{ne (Qn/n)1/2 } _ O{n*(1*01*29)/2},

where f(- | x4) is defined in (C3) where ( is between ug +x7% (81 — 87;) and u?,
and thus the second inequality follows (C3) and Cauchy-Schwartz inequality, and
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the third inequality follows (C2). Consequently, together with A\ = o{n~(1=¢2)/2}
we have that Ju31 < Pr{O(n=(1=1=20)/2) > \/8} = 0(1) if 0 < 6 < (c2 — ¢1)/2.
We can also follow similar arguments as with J,12 and obtain that J,32 = o(1).
Therefore, J,3 = Jp31 + Jng2 = o(1). Consequently,

Pr { max
Qn+17---7pn

n
n S X {I(Y; - xE Bl < 0) T}‘ > )\}
i=1
< Jn1 + Jn2 + JnS = 0(1)7
which implies that Pr {]s](ﬁiﬂ > )\, forsome j=gq,+1,... ,pn} — 0. This
completes the proof of Lemma B.3.

With Lemmas B.2 and B.3 for random x with sub-exponential tail probabil-
ity, (C1), we can follow the proof of Theorem 2.4 of Wang, Wu, and Li (2012) to
obtain the oracle property and complete the proof.

Appendix C. Proof of Theorem 2.

We use ¢; and ¢o to denote two different generic positive constants. First we
%2 ~ ~ ~
assume F(y) is known. Then, dcov {Xj, F(Y)} = Si; + Siy — 25}, where

A* 1 n n
Sk = ﬁzz [ Xir — Xl [F(Y) — F(Y;)],

i=1 j=1

Sk = ﬁzz [ Xt — Xkl -5 Y > IF(Y:) - F(Y;)|, and
=1 j=1 =1 j=1

/\* 1 n n n

Sz = EZZZ | Xk — Xu| |[F(Y)) — F(YD)].
i=1 j=1 |=1

— 2
Similarly we take w; = deorr {Xk, F(Y)}. Theorem 1 of Li, Zhong, and Zhu
(2012) stated that, for any 0 < v < 1/2 — k, there exist positive constants ¢; > 0
and co > 0 such that

Pr - >cn "
(1, 93 - 2 ™ )

<0 (p [exp{ cint (“+7)} + nexp (—cznV)D . (C.1)

To prove Theorem 2, it thus suffices to show the difference between &} and @y,
at (B3) is 1gn0rable when n is large enough, which amounts to studying the
differences between S* and Skm for m = 1,2,3. We sketch the proof for the
case m = 1 only because the proof of the other two cases is, in spirit, the
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same. We recall that §;§1 = (1/n?) >, > e | Xk — X[ |[F(Y;) — F(Y)| and
Sk1 = (1/n?) 321y 325y [ Xk = Xil|Fo(Yi) = Fu(Y;)[. Then,

Pr( max |Sf; — Sp| > 5)

1<k<p,

= e w723 K Xl [0 - FOR) - Fa) - o) 22)

=1 j=1

< Pr < max (A,IBn)l/2 > E)
1<k<pn

< Pr< max (AnBp)Y?>e, |Xk]<M>+Pr< max (Aan)1/22£,]Xk]>M>
1<k<pn 1<k<pn

= Tl + T27

where M is a positive constant to be specified later, 4, =n=2> " | Z;L:l(Xik —

Xji)? and By =2 30 320 {|F(Y:) = F(Y)| = | Fa(Yi) — Fa(Y)[}2

Using ||z| — |y|| < |z —y| < |z| + |y|, we obtain that

| 1Fa(Y3) = Fu(Y))| = [F(Y;) = F(Y))| | < |Fa(Yi) — F(Yi)| + |Fu(Y)) — F(Y))]
<2 max | (Yi) — F(Y3)]

Also because max A, < max n %Y 1, > i1 2(X2 + X]Qk) < 4M?, we have

1<k<pn 1<k<pn
T, <P oM (| F(Y; F, F.(Y)])? V2
L <Pr| max 2Mn- {Zmzl| )= |Fu(¥) = Fa()) | 2
g
N >er < - >
<Pr {4er§?xn|F( D) — (E)|_e}_Pr{ryn€a}>§an(y) F(y)|_4M}
2
g ne
< = —3M -
_2exp{ 2n(4M)} 2 exp( 5 5)5 (C.2)

where the last inequality follows by the Dvoretzky-Kiefer-Wolfowitz inequality.
For the second term, for all 0 < s < 2sp, where s is defined in (C),

< =
To <Pr (121;1@&)( | X% > M) Pr {122}; exp(s|Xx|) > exp(sM)}

< 12}3}( E {exp(s|Xg|)} exp(—sM) < Cexp(—sM), (C.3)
where C' is a positive constant, the second inequality follows from Markov’s
inequality, and the last inequality is applied under ().

Then, by choosing M = O(n?) for 0 < v < 1/2—k, (CH) and (C3) together
imply that, for some positive constants ¢; and co,
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ne?
8M?
< 2exp(—c162n'727) + Cexp(—can?). (C.4)

Pr <1max 155, — Sp| > E> < 2exp(— ) + Cexp(—sM)

<k<p

Thus, it is not difficult to show that

Pr < max |y — Wy| > cn”) <0 (exp {—cmlﬂ(’ﬁw} + exp (—cwﬂ)) .

1<k<p
(C.5)
Then (C) and (C3H) together complete the proof of Theorem 2.
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