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Supplementary Material
This note contains proofs for Lemmas 3, 4 and 6, Propositions 1 and 2.
S1 Proofs for some technical lemmas
In this section, we provide proofs for Lemmas 3, 4 and 6.

S1.1 Proof of Lemma 3.

Note that

v,
N.,
= { > Byyps (§/N.j'/N) By, (/N5 /N)

1<j#j'<N J,J N T =1—pgy
N Nea
= ZBJI” p2 (J/N.j/N) ZBJ/J”’,pz (J/N,j/N)
Jj=1 J, 0T T =1—pgy
N,
— N2 Z By ps (§/N,§/N) By g p, (3/N, §/N)
Jj=1 JJN TN TN =1—pg
= sz ® Vp2
N Nez
—~ SN2 By, (3/N,§/N) By gin p, (§/N, j/N)
j=1 J, T T T =1—po

Note that the entries in the matrix V,, o — V,, ® V,, are zero when the maximum
absolute difference between any two of the indices (J,J"”), (J',J") is greater than p;
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otherwise
N
N72> "By p, (§/N,§/N) By s p, (i/N,5/N)
j=1
1
=N | [ B 0:0) By 0) i+ OV )
0

=O (N he, + N0

Hence, |[Vp,2 — V,, @ V|| =0 (N"1he, + N72h ). Since

va ® sz - sz ® sz

oo
Ns, N
- max Z N2 Z (B ps (43/N, 3" /N) By g p, (3/N,§'/N)]
1—-p2<J’,J"" < Ns, J,J"=1—po J,3'=1

1 1
- / / Byt py (x,2") By g p, (2, 2") deda’
o Jo

Ns, N i’ /N j/N
max E |Bygr py (3/N,5'/N)
1—pa<J’,J" <N, Z /("—1)/]\7 v/(_]—l)/N P2

2 =1=ps j,j'=1
XBJNJ///,p2 (]/N,j//N) - BJJ/J)Q (I, .T/) BJ//J///,p2 (I, CC/)| dZEdﬂjl
< Ch?(Nhs,)? x N2 x N72h? = CN72h 2,

IN

applying Assumption (A3) one has HVP2 @Vy, = Vol =o(N7h).

HOO

According to Lemma 2, for any (Ns, 4 p2)® vector 7, one has || (Vp, ® sz)*ITHOO <

hs_22 |7l Hence, [[(Vp, ® V)7 > th | 7|l Note that

52

[Voor| = 1V ® Vi)l = | (Vi @ Vi) m = Vior||
= O0(h) Il
If T satisfies that HV;;QHOO = HV;;QTHOO < 0 (hy?) ITlloe = O (hg?), the lemma is

proved.
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S1.2 Proof of Lemma 4.
Note that for any matrix A = (a;;);"}',_; and any n by 1 vector & = (v, ..., )", one

has ||Aall, < [|A|l, [le]l - It is clear that

N,
NQ{ Z By p, (j/Najl/N)ij/}

¥ 5!
1<j#j'<N J,J'=1—ps

[ S

oo

IN

1]l N™2 > By, (§/N,j'/N)

max
1—pa<J,J’' <Nq
Pem =t 1<j#§'<N

AN

< B, Pl -
One also observe that

(N 2B}, (2,2 VX7

| <lBL e Xl [V

which, together with the boundedness of spline functions and Lemma 3, leads to the
desired result.

S1.3 Proof of Lemma 6.

Let Fy = O—(g—-ll?g-l?w..vz-1t7g~227'"ag—-tfl,tﬂg-tt)v then Fp C ]:3 CFy C - isan
increasing sequence of o-fields. Define

S(z,2') =v/n Z Epwr Or () g (27) + v Z (& — 1) Pr(2) (),

1<k#k/<t 1<k<t

for t =2,3,...,ky, where lim,_, k, = co. We first show that S¢(z,z’) is a martingale
process indexed by [0,1]?, i.e. for each (z,2') € [0,1]2.

Let
di(z,2") = Si(z,2') - S;_1(x,2)
t—1
= Vn {ngt (¢k($)¢t($/) + ¢t(x)¢k(xl)) + (E-tt - 1) ¢t($)¢t(x/)} )
k=1
then d;(z, ') is F;-measurable for each (z,2’) € [0,1]2. Next note that for any ¢,
E{dt($71’/)|ft71}
t—1
= VnE { Zékt (¢k(x)¢t(x/) + ¢t(x)¢k(x/)) + (E-tt - 1) ¢t($)¢t(x/) ]:tl}
k=1

= VnE|n! Zfzt {Zfzk (¢n(2) ey (2") + ¢t(x)¢k(x/))}| ]'—t—ll
i=1 k=1

+VnE { (€4 — 1) ¢,(2)0, (") Fizr }
= 0.

S3
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Hence {d;(x,2'),t = 2,3,...} is a martingale difference process indexed by [0, 1]? with
respect to {F,t =2,3,...}.

Note that
B{d?(x,2)|Fi_1} = vgl)(x, x') + vt@)(az, ')+ vt(?’) (x,2), (S.1)
where
_ 2
v (@,2') = nE [{Z (@) + ¢yl >¢k<z’>>} Fial.
-
UE)( ) = nk [{(gtt_ )¢t( }2 |]'—t71};
v (2,2") = 2nE {i (a') + 6, (x m(x'))} (En—1) czat(x)ast(x')ft_l] :
k
For 11( )( z'), one has
n — 2
o (,a) = [}1 > {Zak Ou(@)0(') + (o m(x'))} &l Fis

E Y [;Z{s?kgi (6e(@)u(a) + 6 ()n ()"}

1<k<t—1 i=1

-

= EG, Y & (R (@)67 (@) + of ()7 (x)

1<k<t—1
+20;, () by, (") By (2") 4 ()

so we have for n — oo and k,, — oo,

En o °
Sou @) = Y G@)oh (@) + Y d(@)dn ()64 (@) (2) < o0
t=2

k#£k' k£k!

in probability.

Next note that vt(Q)(z ') = (Ef‘llt —1) ¢7(x)p:(x'), so one has for any k,, > 1,

Zv@) (z,2') = > (EEL, — 1) b (x)pr(2)) < 00
k=1

For v( )(am:r’)7 one has

v (@, 2)

2nk [{ZiZﬁgkﬁﬁ (84(2)6:(2") + 64(2) } < Zfzt ) ¢y (@) Fe1

J

= 2(B&, - 1E { € ( (@) + ¢y (x )m(ff’))}@(w)%(w’)lft1],
k=

1
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where £, = 237" | £ Note that
sup Z Z{m 31(2) 85, (2)| + |65,(2) bps (&) by () by ()]} < o0,
(z,z")€[0,1]? el k=1
thus,
kn kn t—1
S0P (@2 = 2B~ 1) Y. E €4 Fioa] {04(@)0n(2) + ¢(2)di(2))} 6, ()4 (a)
t=2 t=2 k=1

converges to zero in probability as n — oo and k,, — co.

According to (S.1), one has, as n — oo and k,, — 00,

ZE{cF v, 7)|Fioa} — Z G ()07 (1)) + Y (@) g () by (2") o ()

k;ék kAR

+ Z B¢y, — (z)¢¥ ()
oo

= G*(z,2") + G(z, ) +Z B¢y, — (@) i ("),
k=1
in probability.
In the following, denote
E{d}(z,2")|Fioa} = wiM (z,2) + 3w (z,2') + 3w (z,2') + 0P (2, )

where wgi) (x,2"),4i=1,2,3,4 are defined in the following;:

t

I
—_

wgl)(m,x’) = n3?E Fi1

)

3
S ( (') + oy (x )ﬁbk(xl))}

o~ k‘

2

(') + oy ( )¢k(xl))} (E-tt - 1) b (), (2")

|
= »—A

Fi1

)

]:t—l‘| )

M

Wa—
H,_.

wg:s)(x)m/) — n32E

U),E )( ) — 232 {

Eone ( (@) + ¢y (x )m(w’))} (€ — 1) G @07 (@)

I|
_

k
wi(z,2') = n*/*E {(Ett D) éu(@)o ()} 1Fioa)
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Then one has for any (z,2’) € [0, 1],

wi (z,2)

3
n’/?E |:{ Z E-ktéf’k(m)d)t(ﬂf/)Jr Z E-k’tqst(x)@bk/(x/)}

1<k<t—1 1<k/<t—1

= n3E [{ Do D Cubudi(@)e ()

1<k<t—1i=1

Fi-1

3
+ Z Z 5ik/§it¢k/($/)¢t(m)}

1<k/<t—1i=1

= n%%E [Z{( > Gdilx) +3 0 e?mi(w)@k,«ék/(x)) 3AHED)

= 1<k<t—1 1<k, k/<t—1

+( Yoo Guei@) 43 > éfkcéi(:c’)éik/m/(x’)) gf’t«éf(x)}
1<k/<t—1 1<k,k/<t—1
]:tl}

= n V2 (Bgh) [E{ > ( Zm) (2)6} (') + o3 (2" )5 ()
+3E{ > ( Zam) ) ()85 () + D (2') b (27) 85 (2))

1<k<t—1 i=1
1<k, b/ <t—1 i=1

Fi-1

]:tl}

Next note that

sup Z Z{I¢>k &')| + |9k ()i ()]} < oo,

(z,2")€[0,1]% 1 2 =1

Z Z Z {|6k(x oo (1) + [0 (2) g (2 ) B (2) [} < 0.

(“” 6[01] h=1k'—1 k=1

Hence, as n — oo and k,, — oo,

kn
> wi (@)
kn t—1 n
= n V2 (EE) ZE{Z (711253) (@) + ¢ (z")¢; (x)) ftl}
t=2 k=1 =1
+3i:E{ Z (i Zfzkfzk ) /(3?)@?(95/) + ¢i($l)¢k' (33/)¢§(33)) ]:t—l}
t=2 1<k,k/<t—1 i=1

— 0, in probability.
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(2 )(m,x’), one has

w® (z,2')

For w;

_ 1/2E

2
{ > G (Dp@)e(a) + ¢t(m>¢k(x/))}
i=1 1<k<t-—1

§?t (étt - 1) ¢t($)¢t(9€/)‘ ]:t—l}
= ”I/QE{ %Z‘fft < Zgzt _1> & (D1 ()9 (2)
1<k<t—1 ' i=1
+6,(@)04(2)° (@)1 ()| Fioa }
= nl/zE{ > [Z (net-et) e+ s Zgztfﬁflk] (6u2)1 ()
1<k<t—1 i=1 i#£]
+6,(2)61(2)° 6,(2)01 (") fH}

= n Y2(EBE, - 1) Z EA{& 0 (91(2)07 (2") by () + ¢ (")} (), (')

1<k<t—1
+20y () (") 7 ()67 () | Fir } -
In fact,

kn ky, t—1
SwP(x,a!) = 0B, - 1) YT E{E 4 (63 (@)67 ()6, (x) + 6} ()6} (2) by (2”)
t=2 t=2 k=1

120 (2) ¢y (") 7 ()67 (2)) | Fie1}

and

sup Z Z{m o (@) +|ok ()81 (2 b (2)) [+ b () g () D (27) 7 ()|} < 00,

(z,2)€[0,1]% .21 =1

Therefore, for any (z,z') € [0,1]?,

Zwm ) — 0 in probability.
Note that
wt(B)(x,x')
1|1 2 ©
PR S| <Z§n> +1—n2£?t] I CACEACORACILACH)
=1 i=1

= o V2[EE) - 2BE)] D E{& (dp(@)(@") + ¢,(2)0y () 67 (2) 67 ()| Fer }
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Hence, for any (z,2’) € [0, 1)
ko
3 _
Yo wP(wa!) =2 [B(E,) - 2B(L)]
t=2

kn, t—1 n
x> DB { L3 6 (@) + 8u()0n () @) )
t=2 k=1 =1

and Zt 2 w(3)( ,2') — 0 in probability.

n)

Next for any (z,z’) € [0,1]?, under assumptions (A4) and (A5), one has

E[{v (€ = 1) 0,(2)0,(a)} 1 7o
JHOl@eEE (¢ -1)".

Therefore, as n — 0o and k, — 00, Sup, 1)e0,1]2 Zt o Wy

w (z,2")

(4 )( ,2’) — 0, in probability.

According to the definition of E [d}(z,2’)|F;—1], one has
sup Z E d3 (x,2") (’d?(m,x’ﬂ > e)\ft,l] — 0, in probability, for every € > 0.
(z,z")€[0,1]2 t—2

The uniform central limit theorem, Theorem 1 in Bae and Choi (1999) induces that
L(Si(z,2'), (z,2') € [0,1]?) converges to L({,(z,2'), (z,2) € [0,1]?), as n — oo, where
Cy(z,x') is a gaussian process such that E¢, (x,2') =0,

EC¢Y (z,2') = G*(z,2) + G(z, ) )+ (Bl — 3) ()07 ()
k=1

and covariance function

cov (¢4 (x,2), ¢4 (0,9) = Zm ) ¢ () 63, () D (v)
k#k'

o0

+ Y (B - 1) 6} () 6} () 67 (v) o (o) -

kk'=1

According to the definition of ¢ (x,2’) in Section 3.2, Lemma 6 is proved.
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S2 Proof of Proposition 1

Recall that the error terms defined in Section 2 are U;; = Y;; — m(j/N), i = 1,...,n,
j=1,..., N. Note that
U]]/ = TL71 ZU,LJU”/
= _1Z{Z§Lk¢k (j/N)+ 0 (j/N) 613} {Zimk §'/N) + o (' /N)eij }
k=1 k=1
= Uy + Uzjjr + Usjjr + Usjiyrs
where
— e —
Ui = > Eawdr (G/N) by (3 /N),
Kk’
02]’)" = Zékkéf?k (J/N) ¢x (3'/N),
k=1
Usjjr = 12 (/N)o (5'/N) eizeij,
Usjyr = n‘lz{zgm (3/N)o (5 /N)eijr + Y _ ity (7' /N) o (j/N) ez—j}
i=1 (k=1 k=1

Let Uiy, (z,2") = By, (x,1") (X™X) ' X*TU;, where U; = {Uijj’}1<j¢j/<1v’ for i =
1,2,3,4. Then we can have the following decomposition for ém (z,z")

ép2 ('Iv I‘/) = Z;{lp2 (Ia Ij) + Z;{2P2 (1’, SL'/) + Z:l3p2 (ZC, I/) + 04;02 (177 1'/) .

Define
Z E O, (1) P (2)
KAk
Us(z,2") = G (z,2") +Z{¢k o) (Epp = 1)}

Next we illustrate the facts that Uy, (x,:r ) and Usy, (z,2') are the dominating terms
in the above decomposition, which converge uniformly to U, (z,2’) and Uz (z,z") respec-
tively, while Usp, (x, ') and Uy, (x,x’) are negligible noise terms.

By the definition of Uy, one has that

Upp, (z,2)) = N~’B,, (x,x’)VI;{QXT Z E o dr (3/N) ¢y (5'/N)
KAk’

Z E'kk’akk/ (z,27).

k#k!
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Forany 1 <k # k' < oo, F (E.kk,)2 <nt (E{“‘llkEf‘llk,)l/2 =0O(n™'). Lemma 5 and
Assumption (A3) imply that
2

E sup Z & (Pppr — ¢kk') (z,2")

z,z’ €[0,1]2 k!

S
< Z E& { sup

k#k' $7I/e[0a1]2

<m0 S o (Joplo 4l )

k=1k'=1

< Cnilhgfz Z ”(lsk”o,l =0 (nil) ,

(Prr — %;«) (z, x’)‘}

thus,

sup
z,x'€[0,1]2

(1;{1;02 —U) (95795/)‘ = sup z/Nflpz - Z é-kk'a’kk’ (z,2')
z,2’€[0,1]2 2k

= sup Z Eoter (Pror — szk') (z,2")

z,2’€[0,1]2 e
= op(n_l/Q).

Similarly, one has F (‘Ekk — 1)2 = n_l(Ef%k — 1). Also

sup
z,z’€[0,1]?

(Claps =) (2.} = sup D (€ =1) (B~ i) (0:)

Lemma 5 and Assumption (A3) imply that

0o 2
Z E — 1) (B — Pur) (@,2) }

2
($ur — b (@, x’)\}

< E (ékk - 1>2 { sup

z,x’€[0,1]2
1h2p2 Z ||¢k||0 1=0 _1) )

then sup,, ,/¢co,1)2 (Usp, — Us) (z,2")| = 0, (n=1/2). Therefore, one has

(Z;llm +112p2 — Uy — Us) (;v,:r’)‘ =0, (n_1/2) )

sup
z,x’'€[0,1]2
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Denote that
N.,

N7*X"U3 = {n_l > AiJ.]’} ;
i=1

J.J'=1-p2

where

Ay =N 3" Byp (i/N)o (i/N) By, (' /N) 0 (7' /N) €ijiyr-
1<j#5'<N

It is easy to see that EA;;; = 0 and EA?,;, = O (h2, N~?). Using standard arguments
in Wang and Yang (2009), one has

IN"2X"Ts | = 0. { N0 2R log"? (m) } .

Therefore, according to the definition of ﬁgpz (x,2"), one has

sup
z,x’€[0,1]?

BT (w7x’)VZjZ{2N’2XTI_JgHoo

b2

<Cp swp By, (2,)) [V e N XD
z,x’€[0,1]2 o0

= Oa.s. {Nﬁlnil/zhszllogl/zn} = 0. (nfl/z) .

Likewise, in order to get the upper bound of ‘27{4“ (x,2")|, one has
N.,
- 2 ) : : o
X0 =333 6 > 6 G/N)o (/N Buyrgn G/N.T'/N) 2y
i—1k=1  1<j#j/<N J—1—p

Let
Dijy = N_QZ Ei Z ¢x (J/N)o (5 /N) By p (3/N,§'IN) eije ¢,
k=1 1<j#j'<N
then ED;;; =0,

ED};;; =N~* Z Z or (j/N) o (' /N) B?IJ’,pg (4/N,j'/N) Ef?kEE?jf
k=11<j#j'<N

CN—4{ sup ) o} (x)} Y. B3, (/N)o® (§'/N) By, ('/N)

2€[0,1] = 1<j#j'<N

IN

= CN—“{ sup G(m,w)} > B3, (i/N)o*(i'/N) B3, (i'/N)

z€(0.1] 1<j#£)' <N

= O(h3,N7?).
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Similar arguments in Wang and Yang (2009) leads to

XTUy -
H N2 :Oa.s.{N 'n 1/2h3210g1/2 (n)}
Thus,
1 XU,

HB; (x’ x/)V;mQ N2

= O, {N_ln_l/th_zllogl/2 (n)}

Oas. (n71/2) .

o0

S3 Proof of Proposition 2

For simplicity, denote
Bipip(1/N) -+ Bn., p(1/N)
X, =

BiopnN/N) o B, NN )

for the positive integer p;. We decompose 11, (j/N) into three terms m,, (j/N), Epl (j/N)
and &, (j/N) in the space H(P1=2) of spline functions:

My, (55) =My, (37) +&p, (33) + ;Cpl (J’.)a
where

iy (2) = {Biopypy (2) -+, By, ()} (X7X0) ™ Xim,
Epr (z) = {Bl—l)hIJI (@), BN, p, (x)} (Xifxl)_l Xje,

En (@) = (Bropip (2) s By ()} (XTX0) 7 XT Y €
k=1
where m = (m (1/N),...,m (N/N))T is the signal vector,
T
e = (6(1/N)&1,...,0(N/N)ey) , 85 = n tY ey, 1 < j < N, is the noise
vector and ¢, = (¢ (1/N),..., ¢ (N/N))T are the eigenfunction vectors, and £, =
n71 Z?:l gik? 1 S k é 0.

Thus, one can write the residuals Uy ,, = Yi; — 1y, (j/N) as
Usjn = m (j/N) = g, (/N) = &, (i/N) = Ep, (i/N) + Usj.

Let f].jj/’pl =0 " Uijipu Uijop, - We calculate the difference of Gy, p, (x, 2") =G, (2, 2')

by checking the difference U ,, — U.j; first. For any 1 < j # j' < N, one has
Ui = Uiy = 0 3 Ui, —m) (§'/N) + Usje iy, = m) (§/N)
i=1

+Ui3&,, (3 /N) + Uijely, (3/N) + Uijep, (7//N) +Uijrep, (5/N))]
+ (1, —m) (§'/N) (rirp, —m) (j/N).
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Next, we calculate the super norm of each part of épl,P2 (x,2") — ém (z,z') respec-
tively. One can write &,, (j'/N) = Z]JVil1_p1 Bjp, (§'/N)wy, where {WJ}]jill_pl =
N='V, 1XTe and

X" { > Uisép, (j'/N)}
=t 1<j#5/ <N
N,

= Z Z Uijgpl (j//N)BJJ’,Im (]/N7.7I/N)
1=11<j#j'<N J,J' =1—p

Thus,

X" {n >_Uiién, <j'/N>}

N, N

Z %Z Z Uij Z BJ”vpl (j//N)wJ” BJJ',PQ (j/NaJI/N)

JJ'=1-ps | i=11<j#j'<N JI=1-p

1<j#5' <N ||

NS2 NSl 1 n j/ ] j/ 2 s1
2
Z Z n Z Z Uij By p, (N) By p, (N’ N) Z Wy
J,J'=1—po J'=1—py i=1 1<j#j/ <N e
= I x1I,

IN

where

N N,

I= ) S oY > UiiBiyp, (§/N.j'/N) By p, (5'/N)

J,J'=1—py J''=1—p; i=1 1<j#j'<N

‘2
2.

Let h. = min {hs,, hs, }. The definition of spline function implies that

and [T = ||N"1V, Xte

N,y Ny N
nt ST N ST EWGUG) B, (/N) Bag, (77/N)

JJ'=1—py J'=1-p; | j.j"'=1

El]

N N
XY > By (7'/N) By p, (i /N) Byry (7" /N) B, (5 /N)

J'#5 5"

C(G,0*)n ' N*hZ hiIN,, max {N,

IN

N,,} < C(G,0*)n *Nhg,h,.

17

Hence,

N72X" {n—1 > Uiz, (j’/N)} =0 <n—1/2h§2/2h}/2) .
=1

1<j#5' <N ||
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Meanwhile, one has that
11 < Gy, |[N"'XTe|2 h? = Ous. {(Nnb2)7'}.

By Lemma 4, one has

nl/2 sup B} (z,2")V, !, N72X" {ml > Uijép, (j’/N)}
z,2'€[0,1] ‘ 15" <N || o

-0 {n71/2N71/2h;1h;2/2h1/2h;22} _ O{nfl/ZNfl/Zh;ll/zh;;’/z} — 0(1) .
Slmllarly, L (J'/N) = Zyill_pl Bjp, (j'/N) sy, where
{312 = NOVIXT S T E gy
k=1

Assumption (A3) ensures that

XT {n_l Zn:Uijépl (j’/N)}

1<j#j'<N ||

N, N, n
< Z 712 Z Uij XBJ”,IH (j//N)BJJ’,pz (]/ijl/N)
J,J'=1—pa J'=1—p1 i=11<j#j'<N
N,
<Y
J'=1-p1
— I xIII,

N _ 2
where 11T = HN—W;}X{ S f.kql)kH2. Note that

Ny,
e} [e%s) N
N_leZE-k¢k = Zg-kN_lzBJ,pl (J/N) ¢y (3/N) ;
k=1 k=1 j=1 J—1—p,
and
2
oo B N
DN By (5/N) 6 G/N)| < ChZ sup Z i (v
k=1 j=1 z€[0,1] x4
= 0 (n_lhfl) ,
hence

NTIXY Z £ i

k=1

1< C,, he? = 0y {(nhs,) ™}

2
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and

nl/2

sup || B, (z, ' )Vp212N 2XT x {nl Z Uijgpl (J//N)}
i=1

z,x’€[0,1]2

=0 {nfl/%;l”h;fhi/?h;f} =0 ?hY?) = 0(1).

1G5 <N || o

Next one obtains that

2
nTINTEY TN UyBug, (5/N) By, (7/N) (m = 1iy,) (5'N)
i=11<j#j'<N
— 1 4 "
=n"" N~ Z (UrjUrj) By, (§/N) Byp, (5" /N)
jj//—l
N N
X > By, (3'/N)Byiy, (7/N)
33 5 A
x (m — 1y, ) (5 /N) (m = 1p,) (57 /N)
< O(G,0)R2P n IN~* (Nhy,)* = C(G,0?)h2P n Rt .
Therefore,
sup ||By, (z,2")V, ' ,N~ ZXT{ 7121]2] m (j'/N) — 1, (J"/N))}
2,2/ €[0,1]2 1<j#5' <N || oo
= O™ 2 h 2 hE hey) = O™ 2h ) = o (n™1/2)
Finally, we derive the upper bound of
sup || By, (z, x’)\A’;jQN”XT (m — rhpl)®2H ,
z,z’€[0,1]2 ’ o
where )
(m — ﬁlm)@ = {(m —y,) (j/N) (m — 1y, ) (j,/N)hgj;ﬁj/gN .

In order to apply Lemma 4, one needs to find the upper bound of H(m — Iilpl)®2H

Using the similar proof as Lemma A.8 in Wang and Yang (2009) and Assumption (A3),
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one has sup,co,1) [Ep, (7)| + SupP,ep 1 épl (33)} = 0 (n~1/2). Therefore,

sup  {m (z) — 1y, (2)} {m () — 1y, ()}
(z,z")€[0,1]?

2

z€[0,1] z€]0, z€]0,1]

2
£ <x>\}

< [O (hg’ll +n‘1/2)} -0 (hff’l Tl h;glln—lm) —0 (n‘1/2) '

S{ sup |m (z) —my, (z)| + SUP |5p1( x)|+ sup

= 0 (n~1/2). Hence, the proposition has been proved.

Hence H(m - rhp1)®2H

S4 Proof of equation (4.2)

By straightforward calculation,

M(z,2") = E{n’(x)n’(z)}

o) 2 o) 2

- E {kam )} {Zskm/(z’)}]
k=1 k=1

= Z Z Z Z (£1k1§1k2§1k3€1k4)¢k1($)¢k2(m)¢k3(w/)¢k4(m/)

k1 1k:1k:1k4:1
= Z IEACT AT +2Z S 1, @00, (006, (), (&)
1k3;£k1 =1 ka#k1

- Z E(&1)én (@) di(x)

= ZZ% z) 3, (@ +2Z Z% ), ()0, ('), ()

k1= 1k‘3 =1ko=

+ZE &l — 3)i ()i (2)

= G(z,2)G(2',2') +2G(x,2") + Y E(£1, — 3)¢i ()i ()
k=1

= V(z,2') + G*(z,2").
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