
Statistica Sinica: Supplement

SUPPLEMENT TO
“OPTIMALLY COMBINED ESTIMATION
FOR TAIL QUANTILE REGRESSION”

Kehui Wang and Huixia Judy Wang

In this supplement, we provide the proofs for Theorems 1-3, Proposition 1 and the
statements in Remark 2 in the main paper. We first introduce some notations. Denote

an =

√
(1− τ)n

F−10 (τ)− F−10 (τ̃m)
and ak =

√
lk(1− τ)n

F−10 (τk)− F−10 (τ̃mk)
, (1)

where m > 1, τ̃m = 1−m(1− τ) and τ̃mk = 1−m(1− τk). For notational simplicity, we
denote Fi = FY (·|xi) and fi = fY (·|xi).

Proof of Theorem 1. At the τkth quantile, the local quantile estimator of the coeffi-
cients in model (2.1) is defined as

(α̂k, β̂k) = argmin
(α,β)

n∑
i=1

ρτk(yi − α− xTi β).

Denote t̂n,k = ak(α̂k − α0,k) and ẑn,k = ak(β̂k − β0), k = 1, . . . ,K. By Theorem 5.1 of
Chernozhukov (2005), we have

(t̂n,1, ẑn,1, . . . , t̂n,K , ẑ
T
n,K)T

d→ N

(
0,

(
m−ξ − 1

ξ

)−2{
Γ̃⊗

(
1 0
0 D

)−1})
,

where Γ̃ is a K ×K matrix with the (k, k′)th element as min(lk, lk′)/
√
lklk′ . Therefore,

we have

an(β̂WQAE−β0) =

K∑
k=1

$k
an
ak

ẑn,k
d→ N

(
0,$TΦ−1(ξ)ΓΦ−1(ξ)$

(
m−ξ − 1

ξ

)−2
D−1

)
.

Lemma 1. For a sequence of quantiles τ1, . . . , τK with τk → 1 and (1− τk)n→∞,

min(τk, τk′)− τkτk′
1− τ

∼ min(lk, lk′),

where τ → 1, (1− τ)n→∞, and (1− τk)/(1− τ)→ lk for k = 1, . . . ,K.

Proof. Let τ∗ = 1− τ, τ∗k = 1− τk. Therefore, τ∗k/τ
∗ → lk, k = 1, . . . ,K, and τ∗ → 0.
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It’s easy to show that min(τk, τk′)−τkτk′ = min(τ∗k , τ
∗
k′)−τ∗k τ∗k′ . For any k, k′ = 1, . . . ,K,

min(τk, τk′)− τkτk′
1− τ

=
min(τ∗k , τ

∗
k′)− τ∗k τ∗k′
τ∗

=
τ∗[min(lk, lk′) + o(1)− τ∗{lk + o(1)}{lk′ + o(1)}]

τ∗

= min{lk, lk′ + o(1)} − τ∗{lk + o(1)}{lk′ + o(1)}
∼ min(lk, lk′).

Lemma 2. Under conditions A3-A5, ak/an → l
ξ+1/2
k for any k = 1, . . . ,K.

Proof. Since ∂F−10 (τ)/∂τ = 1/f0{F−10 (τ)}, A4 means that for any x > 0

f0{F−10 (1− τ∗)}
f0{F−10 (1− xτ∗)}

∼ x−ξ−1, as τ∗ → 0. (2)

For any δ > 0, note that dF−10 (1− sδ)/ds = −δ
[
f0{F−10 (1− sδ)}

]−1
. Therefore,∫ m

1

1

f0{F−10 (1− sδ)}
ds =

F−10 (1− δ)− F−10 (1−mδ)
δ

. (3)

Combining (2) and (3) gives

F−10 (τk)− F−10 (τ̃mk)

lk(1− τ)/f0{F−10 (τk)}
∼ f0{F−10 (τk)}

[
F−10 {1− (1− τk)} − F−10 {1−m(1− τk)}

1− τk

]
= f0{F−10 (τk)}

∫ m

1

1

f0[F−10 {1− s(1− τk)}]
ds

=

∫ m

1

f0[F−10 {1− (1− τk)}]
f0[F−10 {1− s(1− τk)}]

ds

∼
∫ m

1

s−ξ−1ds =
m−ξ − 1

−ξ
(lnm if ξ = 0). (4)

Therefore, applying (2) and (4), we have

ak
an

=

√
nlk(1− τ)√
n(1− τ)

{
F−10 (τ)− F−10 (τ̃m)

F−10 (τk)− F−10 (τ̃mk)

}
=

√
lk

[
F−10 (τ)− F−10 (τ̃m)

(1− τ)/f0{F−10 (τ)}

] [
(1− τ)/f0[F−10 (τ)]

lk(1− τ)/f0{F−10 (τk)}

] [
lk(1− τ)/f0{F−10 (τk)}
F−10 (τk)− F−10 (τ̃mk)

]
∼

√
lk

(
m−ξ − 1

−ξ

)(
1

lk
lξ+1
k

)(
−ξ

m−ξ − 1

)
= l

ξ+ 1
2

k .

Proof of Theorem 2. For notational simplicity, we write θ̂WCRQ = (α̂1, . . . , α̂K , β̂
T

)T

in this proof. Let ûn,k = ak(α̂k − α0,k), k = 1, . . . ,K, and ûn = an(β̂ − β0), where
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(α0,1, . . . , α0,K ,β0) are the true parameters. From (2.7), it is clear that (ûn,1, . . . , ûn,K , ûn)
is the minimizer of

Ln =
an√

n(1− τ)

K∑
k=1

ωk

n∑
i=1

{
ρτk

(
yi − xTi β0 − α0,k −

uk
ak
− xTi u

an

)
− ρτk(yi − xTi β0 − α0,k)

}
with respect to (u1, . . . , uk,u). Using Knight’s identity (Knight, 1998),

ρτ (u− v)− ρτ (u) = −v{τ − I(u < 0)}+

∫ v

0

{I(u ≤ s)− I(u ≤ 0)}ds,

we can rewrite Ln as Ln
.
= Ln,1 + Ln,2, where

Ln,1 =
an√

n(1− τ)

K∑
k=1

ωk

n∑
i=1

(
uk
ak

+
xTi u

an

)
{I(εi,k < 0)− τk},

Ln,2 =
an√

n(1− τ)

K∑
k=1

ωk

n∑
i=1

∫ uk
ak

+
xTi u

an

0

{I(εi,k 6 s)− I(εi,k 6 0)}ds,

and εi,k = yi − xTi β0 − α0,k. Denoting ψi,k = I(εi,k < 0)− τk, we have

Ln,1 =
an√

n(1− τ)

K∑
k=1

ωk
ak

n∑
i=1

ψi,kuk +
an√

n(1− τ)

K∑
k=1

ωk
an

n∑
i=1

ψi,kx
T
i u

=

K∑
k=1

Wn,kuk + WT
nu

.
= W̃T

n Ũ, (5)

where

Wn,k =
ωk√

n(1− τ)

an
ak

n∑
i=1

ψi,k, Wn =
1√

n(1− τ)

K∑
k=1

n∑
i=1

ωkψi,kxi,

W̃n = (Wn,1, . . . ,Wn,K ,W
T
n )T , and Ũ = (un,1, . . . , un,K ,u

T
n )T .

We next derive the limiting distribution of W̃n. Denote

Ti =

(
ω1√

(1− τ)

an
a1
ψi,1, . . . ,

ωK√
(1− τ)

an
aK

ψi,K ,S
T
i

)T
,

where Si = (1− τ)−1/2
∑K
k=1 ωkψi,kxi. Note that Ti are i.i.d. with mean 0 and covari-

ance matrix Vn. For k, k′ = 1, . . . ,K, the (k, k′)th element of Vn is,

Vn(k, k′) = cov(
ωk√

(1− τ)

an
ak
ψi,k,

ωk′√
(1− τ)

an
ak′

ψi,k′)

=
ωkωk′

(1− τ)

a2n
akak′

{min(τk, τk′)− τkτk′}

→ ωkωk′ l
−ξ− 1

2

k l
−ξ− 1

2

k′ min(lk, lk′), (6)
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where Lemmas 1 and 2 are used to prove the last step. Under condition A2,

V ar(Si) = E{V ar(Si|xi)}+ V ar{E(Si|xi)}

= E

{
xix

T
i

K∑
k=1

K∑
k′=1

ωkωk′
min(τk, τk′)− τkτk′

1− τ

}
+ 0

= D

K∑
k=1

K∑
k′=1

ωkωk′
min(τk, τk′)− τkτk′

1− τ
→ DωTΓω.

In addition, for any k = 1, . . . ,K,

cov

(
ωk√

(1− τ)

an
ak
ψi,k,Si

)
=

ωk
(1− τ)

an
ak
E

ψi,k
 K∑
j=1

ωjψi,jxi


=

ωk
(1− τ)

an
ak
E

E
ψi,k K∑

j=1

ωjψi,jxi

∣∣∣∣∣∣xi
 = 0, (7)

where the last step is due to the assumption that E(X) = 0. Combining (6)-(7) gives
the limit of Vn

Vn → V =

(
V1 0
0 DωTΓω

)
, (8)

where V1 is a K×K matrix with the (k, k′)th element ωkωk′ l
−ξ− 1

2

k l
−ξ− 1

2

k′ min(lklk′), and
k, k′ = 1, . . . ,K. Applying the multivariate Central Limit Theorem and Slutsky theorem
to Ti, we can show that

W̃n =
1√
n

n∑
i=1

Ti
d→ N(0,V). (9)

Now we consider the second part of the objective function Ln, Ln,2. By the defini-
tions of an and ak, we have

Ln,2 =

K∑
k=1

ωk
F−10 (τk)− F−10 (τ̃mk)

F−10 (τ)− F−10 (τ̃m)
Gkn,

where

Gkn =
ak√

lk(1− τ)n

n∑
i=1

∫ uk
ak

+
xTi u

an

0

{I(εi,k 6 s)− I(εi,k 6 0)}ds

=

n∑
i=1

∫ uk+
ak
an

xTi u

0

I(εi,k 6 s
ak

)− I(εi,k 6 0)√
lk(1− τ)n

ds.
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Furthermore, we have

E(Gkn) = nE

[∫ uk+
ak
an

xTi u

0

Fi
{
F−1i (τk) + s/ak

}
− Fi{F−1i (τk)}√

lk(1− τ)n
ds

]
(iterated expectations)

(i)
= nE

(∫ uk+
ak
an

xTi u

0

fi[F
−1
i (τk) + o{F−10 (τk)− F−10 (τ̃mk)}]s

ak
√
lk(1− τ)n

ds

)
(ii)∼ nE

[∫ uk+
ak
an

xTi u

0

fi{F−1i (τk)}s
ak
√
lk(1− τ)n

ds

]

= nE

[
1

2
(uk +

ak
an

xTi u)2
fi{F−1i (τk)}
ak
√
lk(1− τ)n

]

= E

[
1

2
(uk +

ak
an

xTi u)2
F−10 (τk)− F−10 (τ̃mk)

lk(1− τ)/fi{F−1i (τk)}

]
(iii)∼ E

{
1

2
(uk + l

ξ+ 1
2

k xTi u)2K(xi)
−ξ
(
m−ξ − 1

−ξ

)}
. (10)

By Taylor expansion and the fact that (1− τ)n→∞,

s/ak = s{F−10 (τk)− F−10 (τ̃mk)}/
√
lk(1− τ)n = o{F−10 (τk)− F−10 (τ̃mk)},

then equation (i) in (10) is proven. The equation (ii) holds because fi{F−1i (τk) +
o
(
F−10 (τk)− F−10 (τ̃mk)

)
} ∼ fi{F−1i (τk)} as τk → 1, which is derived following the same

arguments as in the proof of Lemma 9.6 in Chernozhukov (2005). The equation (iii) is
proven as follows. By condition A3, as τ → 1,

fi
{
F−1i (τ)

}
= fU{α(τ)|xi} ∼ f0

{
F−10 (τ)

}
.

Therefore,
F−10 (τk)− F−10 (τ̃mk)

lk(1− τ)/fi{F−1i (τk)}
∼ F−10 (τk)− F−10 (τ̃mk)

lk(1− τ)/f0{F−10 (τk)}
. (11)

Combining (11) and (4), we have

F−10 (τk)− F−10 (τ̃mk)

lk(1− τ)/fi{F−1i (τk)}
∼ m−ξ − 1

−ξ
, (12)

which together with Lemma 2 proves equation (iii). Furthermore, we can show that
V ar(Gkn) → 0 by following the same arguments as in the proof of Lemma 9.6 in
Chernozhukov (2005). In Lemma 2 we showed that {F−10 (τ) − F−10 (τ̃m)}/{F−10 (τk) −
F−10 (τ̃mk)} ∼ lξk. Therefore, we have

Ln,2
p→ E

{
K∑
k=1

ωkl
−ξ
k

1

2
(uk + l

ξ+ 1
2

k xTi u)2
(
m−ξ − 1

−ξ

)}

=

(
m−ξ − 1

−ξ

) K∑
k=1

ωk

(
1

2
u2kl
−ξ
k +

1

2
lξ+1
k uTDu

)
. (13)
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Combining (5), (9) and (13), we get

Ln
d→ L∞ ≡

∑
k=1

Wkuk + WTu +

(
m−ξ − 1

−ξ

) K∑
k=1

ωk

(
1

2
u2kl
−ξ
k +

1

2
lξ+1
k uTDu

)
,

where W̃ =
(
W1, . . . ,WK ,W

T
)T

is a random vector following the distribution N(0,V)

with V defined in (8). Since the objective function L∞ is quadratic in Ũ, the minimizer
of L∞ is

uk,∞ =

{(
m−ξ − 1

ξ

)
ωkl
−ξ
k

}−1
Wk, for k = 1, . . . ,K,

u∞ =

(
m−ξ − 1

−ξ

)−1
{φT (ξ)ω}−1D−1W,

where φ(ξ) = (lξ+1
1 , . . . , lξ+1

K )T . By the definition of W, we have

u∞ ∼ N

(
0,

ωTΓω

{φT (ξ)ω}2

(
m−ξ − 1

−ξ

)−2
D−1

)
.

Note that ωk ≥ 0, k = 1, . . . ,K, then the application of the convexity lemma in Pollard
(1991) gives

an(β̂WCRQ − β0) = ûn
d→ u∞.

The proof of the statements in Remark 2 relies on the following Lemma 3.

Lemma 3. Let f(x) = (aξ+1 − xξ+1)/(a− x) for a > 0, x > 0 and x 6= a, then (i) when
ξ > 0, f(x) is an increasing function; (ii) when −1/2 < ξ < 0, f(x) is a decreasing
function.

Proof. We first prove (i). Note that

f ′(x) =
aξ+1 − (ξ + 1)axξ + ξxξ+1

(a− x)2
(14)

has the same sign as that of (a/x)ξ+1 − (ξ + 1)a/x + ξ. Consider the function s(t) =
tξ+1 − (ξ + 1)t + ξ, t > 0. For ξ > 0, s′′(t) = ξ(ξ + 1)tξ−1 > 0, so s(t) is a convex
function that achieves its minimum at t = 1. Since s(1) = 0, s(t) and f ′(x) are both
nonnegative. Thus f(x) is an increasing function for ξ > 0. To prove (ii), we can use the
same technique to show that s(t) is a concave function achieving its maximum at t = 1,
and thus f ′(x) ≤ 0 for all x > 0.

Proof of Remark 2. Recall that the matrix Γ is a K ×K matrix with the (k, k′)th
element defined as min(lk, lk′). Then it can be shown that Γ−1 is a band matrix with
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the following form

Γ−1 =



1
l1−l2 − 1

l1−l2 0 0 0

− 1
l1−l2

1
l1−l2 + 1

l2−l3 − 1
l2−l3 0 0

0 − 1
l2−l3

1
l2−l3 + 1

l3−l4 0 0

0 0 − 1
l3−l4

. . . − 1
lK−2−lK−1

0

0 0 0 1
lK−2−lK−1

+ 1
lK−1−lK − 1

lK−1−lK
0 0 0 − 1

lK−1−lK
lK−1

LK(lK−1−lK)


.

Therefore, the optimal weights Γ−1φ(ξ)/1TKΓ−1φ(ξ) = (ωk)
K
k=1, where

ω1 = c

(
lξ+1
1

l1 − l2
− lξ+1

2

l1 − l2

)
, ωK = c

{
lK−1

lK−1 − lK
(lξK − l

ξ
K−1)

}
,

ωk = c

(
lξ+1
k − lξ+1

k+1

lk − lk+1
−
lξ+1
k−1 − l

ξ+1
k

lk−1 − lk

)
for k = 2, . . . ,K − 1,

and c = 1TKΓ−1φ(ξ) is a positive constant. We consider the three different cases sepa-
rately.

(i) Case 1 (ξ > 0). Note that l1 > l2 > . . . > lK . Obviously ω1 > 0, ωK < 0. For

any k = 2, . . . ,K − 1, let f(x) =
lξ+1
k −xξ+1

lk−x , then ωk = c{f(lk+1)− f(lk)} < 0 by Lemma

3 (i).

(ii) Case 2 (ξ = 0). It is easy to show that ω1 = 1 and ω2 = . . . = ωK = 0.

(iii) Case 3 (−1/2 < ξ < 0). By Lemma 3 (ii) and the similar technique as used in
the proof for case 1, we can show that ωk > 0 for k = 1, . . . ,K.

The proof of Proposition 1 relies on the following lemma.

Lemma 4 (Lemma 2 of Zhao and Xiao, 2013). Let S be a K ×K symmetric positive-
definite matrix and v be any non-zero K×1 column vector. Define M = vTS−1vS−vvT .
Then (i) for any column vector z, zTMz ≥ 0; and (ii) zTMz = 0 holds if and only if
z = cS−1v for some real constant c.

Proof of Proposition 1. Since the matrix Γ is positive-definite and symmetric, and
φ(ξ) is non-zero, by Lemma 4 (i), we have

ωTφT (ξ)Γ−1φ(ξ)Γω − ωTφ(ξ)φT (ξ)ω ≥ 0, for any ω ∈ RK . (15)

Note that φT (ξ)Γφ(ξ) is a scalar, (15) can be expressed as

ωTΓω

ωTφ(ξ)φT (ξ)ω
= σ2

WCRQ(ω) ≥ {φT (ξ)Γφ(ξ)}−1, for any ω ∈ RK .

Lemma 4 (ii) then implies that the equality in (15) holds if and only if ω = cΓ−1φ(ξ)
for some constant c.
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Proof of Theorem 3. By the definitions, B(θ) is the first derivative of E{A(θ)}. With
the Taylor series expansion, we get

E{A(θ̃)} = E{A(θ0)}+ B(θ̄)(θ̃ − θ0), (16)

where θ̄ lies between θ0 and θ̃. Define

rn(δ) = A(θ + δ)−A(θ)

=

K∑
k=1

n∑
i=1

ω
(o)
k zi,k

[
I{yi − zTi,k(θ + δ) < 0} − I(yi − zTi,kθ < 0)

]
.

Applying Lemma 4.1 of He and Shao (1996), we have the uniform approximation

sup
δ:||δ||≤C

||rn(δ)− E{rn(δ)}|| = Op(
√
n log n||δ||1/2), for some constant C.

Since θ̃ is an an-consistent estimator of θ0,

||{A(θ̃)−A(θ0)} − [E{A(θ̃)} − E{A(θ0)}]|| = Op(
√
n log n||θ̃ − θo||1/2). (17)

Combining (16) and (17) gives

θ̂OS − θ0 = −B(θ̃)A(θ0)−Rn,

where Rn = B(θ̃)−1{B(θ̃)−B(θ̄)}(θ̃−θ0)+B(θ̃)−1Op(
√
n log n||θ̃−θo||1/2). Following

similar arguments as in the proof of Theorem 3 in Bradic, Fan and Wang (2011), we can
show that Rn is op(1/an). Consequently, to prove Theorem 3, we only need to consider

an{B(θ̃)A(θ0)}. Since θ̃ is a consistent estimator, by Slusky theorem, it is sufficient to
show the asymptotic normality of an{B(θ0)A(θ0)}. By the regularly varying property
in (12), Lemma 2 and the multivariate CLT, we can show that

an{B(θ0)A(θ0)} d→ N
(
0,T−1JT−1

)
,

where

T =

(
m−ξ − 1

−ξ

)
ω
(o)
1 lξ+1

1 0T

. . .
...

ω
(o)
K lξ+1

K 0T

0 . . . 0 ωToptφ(ξ)D

 , J =

(
J1 0
0 DωToptΓωopt,

)

and J1 is a K ×K matrix with the (k, k′)th element ωkωk′ min(lk, lk′). By some linear
algebra, we can show that the lower right p× p block of T−1JT−1 is

ωToptΓωopt

{φT (ξ)ωopt}2

(
m−ξ − 1

−ξ

)−2
D−1.

The proof is completed by plugging in ωopt = Γ−1φ(ξ)/{1TKΓ−1φ(ξ)}.
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