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Supplementary Material

The web appendix contains an additional table for simulation studies and technical proofs for

lemmas and theorems.

S1 Simulation results

The overlapping structures are categorized into four types: truly grouped estimators, truly
grouped non-zero estimators, truly grouped zero estimators, and truly ungrouped estimators,
with the index set of the categories as TG, NG, ZG, and UG, respectively. Thus, we have
TG ={j: /Bload,j = 5105,j}7 NG = {j: Bload,j = /Blos,j # 0}, 2G = {j : ﬁload,j = 5105,3' = 0}, and
UG = {j : Blua; # Bis;}. We measured the performance of the overlapping recovery using

overlapping ratios: TG ratio, NG ratio, ZG ratio, and UG ratio. These ratios are defined as

follows: B A
TG ratio — {J : Brad,; Eglzs,j} N TG|7
NG ratio = 1{j : Braa,s |;§is,j} n NG|7
7.0 ratio — {J : Braa,; |;C§ls,j} NZG| ,
UG ratio — {j : Braa,; Eééis,j} n UG|.

Since TG is partitioned into NG and ZG, the TG ratio is the weighted average of the NG ratio
and the ZG ratio with the weights [NG|/|TG| and |ZG|/|TG|. We report the averages of these

ratios over the repetitions in Table S1 below.

S2 Proofs

Proof of Lemma 1.

From A1, the minimizer of the composite risk function, 8° is bounded and unique. The
composite risk function is finite for each (a,87)T ¢ RX®+D gince it is a weighted lin-
ear combination of the finite separate risk functions from A2. The composite loss function,

L(z, (e, BT)), is also differentiable with respect to (a”,37)” at (T, 8°T)7 for P.-almost
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n=100 n=500
Category TG NG 7G UG TG NG 7G UG
N(0,3) Oracle 0.75 0 1 0.75 0 1
Ordinary 0 0 0 0.0008 0 0.0011
AdLasso 0.4883 0 0.6511 0.56 0 0.7467
SCAD 0.4758 0 0.6344 0.57 0 0.76
PCQ oracle 1 1 1 1 1 1
PCQ 1 1 1 1 1 1
ACME oracle 1 1 1 1 1 1
ACME 0.78 0.5567 0.8544 0.8692 0.69 0.9289
DE Oracle 0.75 0 1 0.75 0 1
Ordinary 0 0 0 0 0 0
AdLasso 0.5008 0 0.6678 0.5567 0 0.7422
SCAD 0.5117 0 0.6822 0.5392 0 0.7189
PCQ oracle 1 1 1 1 1 1
PCQ 1 1 1 1 1 1
ACME oracle 1 1 1 1 1 1
ACME 0.8333 0.6667  0.8889 0.8408 0.6833 0.8933
t(4) Oracle 0.75 0 1 0.75 0 1
Ordinary 0 0 0 0 0 0
AdLasso 0.4767 0 0.6356 0.5333 0 0.7111
SCAD 0.4725 0 0.63 0.5683 0 0.7578
PCQ oracle 1 1 1 1 1 1
PCQ 1 1 1 1 1 1
ACME oracle 1 1 1 1 1 1
ACME 0.8508  0.6867  0.9056 0.8575 0.7033  0.9089
LLS Oracle 0.6667 0 1 0 | 0.6667 0 1 0
Ordinary 0 0 0 0 0 0 0 0
AdLasso 0.3458 0 0.5187 0.0033 0.45 0 0.675 0
SCAD 0.3017 0 0.4525 0.0017 | 0.4125 0 0.6188 0
PCQ oracle 1 1 1 1 1 1 1 1
PCQ 1 1 1 1 1 1 1 1
ACME oracle 1 1 1 0 1 1 1 0
ACME 0.7458 0.53 0.8538 0.2217 | 0.8642 0.6925 0.95 0.005

Table S1: Simulation results with Grouping Ratios (TG ratio, NG ratio, ZG ratio, and
UG ratio). Note that N(0,3), DE, t(4) correspond to Simulation 4.1 and LLS corresponds
to Simulation 4.2. For Simulation 4.1, the UG column is left empty since the two
regression models are completely overlapped in that case. Thus there is no covariate
with different parameter values across the models.



S2. PROOFS

every z with derivative

v(aT,,BT)TL(z7 (aTvﬁT))
=(w1V(a, L1y, a1 + 2" B8)", - Wk Viag s Lr(yax + 2" Br)")T.

The variance of the score function at the true parameters is

J(aOTz IBOT) = E[V(QT,BT)TL(Z7 (a0T7 ﬂOT)) ' v(aT,ﬁT)TL(za (a0T7 BOT))T}
= E[wkv(ak’ﬁz‘")TLk(y, o + :BT,BZ) . le(alﬂlT>TLl(y, o + :IZTﬂ?)T]gl:l.

Note that the J(a®T, 3°7) is a K (p+1) x K (p+1) block matrix with K2 blocks of (p+1) x (p+1)
submatrices, denoted as [Jkl(ao,ﬂo)]f,lzl. All the on-diagonal block matrices are finite since
e (@7, B°T) = wide(al, BY) < oo from A3 a). The finiteness of the off-diagonal blocks is
elementwisly shown by Cauchy-Schwarz inequality.

The gradient vector and the Hessian matrix of the composite risk function are as follows:

V(aT”BT)TR(aT,,BT) = (w1v(a1751r)TR1(a1,,81)T, e QUKV(QK”B}"{)TRK(QK7,£3K)T)7

H(aT,,BT) = diag(wi1H1(a1,84), - ,wx Hx (ax, Bg))-

The Hessian matrix at the true parameters, H(a"", 8°7), is also positive definite from A3 b).
The composite risk function also has the same assumption on its twice differentiability and the
positive definiteness of Hessian matrix. Lastly, the composite loss function is a linear combi-
nation of the convex functions with respect to (aT, ,BT)T. Hence, the composite loss function

achieves the assumption, A4.

Proof of Lemma 3. By definition, both 0° and 6° are the unique minimizers of the empirical
distinct loss function and the distinct risk function respectively. We obtain the pointwise con-
vergence of the empirical distinct loss function to the distinct risk function by the weak law of
large numbers for any 6. The uniform convergence of the empirical distinct loss function to the
distinct risk function can be verified by Convexity Lemma from Pollard (199T1). The conditions

on Theorem 5.7 of Van der Vaart (2000) are satisfied, thus this completes the proof.

Proof of Theorem 1. The distinct loss function and risk function satisfy the conditions for
the asymptotic normality of an M-estimator. See Theorem 5.23 of Van der Vaart (2000} for
further details. The distinct loss function, £(z,8), is differentiable with respect to 8 at 6°
for P,-almost every z with derivative Vo£(z,8°) and E[VeL(2,0°) - VoL(2,0°)T] < co. The
distinct risk function is twice differentiable with respect to 8 at 8° with the positive definite

Hessian matrix H(6°).

We can extend the results for the original estimators as shown in Corollary M. From Corol-
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larty M, we also have y/n—consistency of the composite oracle estimator, BOA The asymptotic
property is preserved because the oracle estimator for each model is a subset of the distinct

oracle estimator.

Corollary 1. If the above assumptions are satisfied, then \/ﬁ(,@:k — ,8?4]6) = Op(1) for all
k=1, K.

Proof of Corollary M. Note that the \/n-consistency of distinct oracle estimator is equivalent

to the y/n-consistency of separate oracle estimator:

V(6" —6°) = 0,(1) & Vn(Bho — Bho) = Op(1) & V(B — Blg) = Op(1),k=1,--- K.
The “If’ part of the first equivalence is obtained from /n|6” — 6°| < v/n|B% — B%0|. The
K

“Only if” part is from /n|B%0 — 8% = \/ﬁz |BZ<}: - ﬂ?42| < VnK|0° — 6°|. The second

K
equivalence is straightforward as v/n|B850 — ol = (Z \/ﬁm:% - ,8?42 |2)%

Proof of Lemma 4. Our aim is to show that, for a sufficiently large constant C,
P{infjuj—c, viQn((@°T,8°T) + n"2uT) > Q(a°T,8°T)} — 1,

where u = (ud,uf, -, uk)T € RE®PHD 40 € RX and wi € RP. That is, there is a minimizer
inside the ball [(a”, 87)T — (a°T, 8°T)T| < n-z C, with probability tending to 1. It is the same
argument as in the proof of Theorem 1 in Fan and Li (200T]. Our objective function is (3). Let

us define

Do(u) = Qu((a®T, 8°T) + %uﬁ — Qu(a"T, BT

= Itz (@, 8) + 75) = L (o7, 871

+”ZZ (Pasn (1815 + fukﬂ) Para (18851)

k=1j=1
1 0 0
+n Y Z Pron (1B + —=unrj — By — —=uk;|) — Dran (1805 — Bisl))
k<k’ j=1 f \/ﬁ

EZ[L(zi,ﬂOJr V’%) (2:,8 +nZZ Pron (1885 + fum)—pm(mm) (S2.1)

k=1j€Ay

303D 18+ s = B — Zzwal) = pra, (80— 1)

k<k’ j€OL,,

=N+ +Ts

The inequality holds because ,B,gj =0ifj € A} and ,Bg/j = ,B,(C)j if j € Opgr. By Lemma 2, the Ty
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converges to 2u” H(a’", B°7)u + W7 u in probability and further uniformly converges on any
compact subset of RY. We consider the Th and T3 parts with three types of penalty functions:
folded concave, one-step folded concave and weighted Li penalty functions. We first examine

the folded concave penalty functions. For a large n, if || > aX1, and A\, — 0,

T *”Z > (a8 + fuw) Pain (Bis)) =0 (S2.2)

k=1jc Ay

since pi\ln (t) = 0. The same argument is applied to the T3 for a large n:

Ts=n) > (pra.(Biy— B+ %(W —ukj)) = Pron (Bl — BRy)) = 0. (S2.3)

14 [«
k<k JEOM,

For the weighted L, penalty, the terms 75 and 73 go to zero in probability. We now

consider one-step folded concave penalty functions under the assumption of A\1,, — 0.

SV Y sy Bt T (52.4)
Alw = Op .
k=1j€Ay 1/f
|BR; + mui| — 18R]
Note that —- 1/\/> LN sgn(Bp;)ur; and \/ﬁp’)\ln(\ﬁ,(;;”) 50 as |,B,(£)| R |Bh;| # 0
and py, (t) =0 for ¢ > aAin. For T,
|Bir; = BRs + i (wnry — )| = |Bir; — BR,

Ta—fz Z Phan, ( |5(0) 51&3)‘)

!
k<k JEOkk,

T (82.5)

\»30' 5 (u/ U ,)|7|50/_750_|
k kj T II/\/E kj K'j kj - sgn(ﬁglj _ ng)(umj B

ug;) and fp,\%(m(o) 51&3”) 2 0. Thus, T3 is also o,(1). For the other weighted L; penalty

functions, we obtain

Similar to T3, we obtain

O.
fAan Z \51@] Uk]| |ﬂk]‘

i / T : (S2.6)
k=1j€Ag

under the assumption that \f)\ln — 0.
Each term converges to a certain value in a probabilistic sense. p (|6<0)|) 5 p'(18%;1) by
the continuity of the derivative of the penalty function and the last term goes to sgn(ﬁgj)ukj‘

As y/nAin — 0, we have Th = 0,(1). In a similar way, we can write T5 as

0 180, — g0
— Vi Y Z © _ g9 ~ P+ (u';/ fu'”)' e =Pl o7y

k<k’j€O},




Sunyoung Shin, Jason Fine, and Yufeng Liu

P (I8Y) — B B p'(18%; — BY]) and the next term goes to sgn(Bp, — Bi;)(ur; — ;).
We have T3 = o0p(1) as /nA2n — 0. The terms T» and T3 converge to zero in probability
under every penalty function. For the |u| equal to a sufficiently large C, Q. ((a’T,3°T) +
ﬁuT) — Q. (a’,B°T) is dominated by the quadratic term, %UTH(QOT,ﬁOT)’u. Thus, the

\/n-consistency is achieved.

Lemma B and Theorem 2.

Lemma 5. Suppose that A1, — 0, A2, — 0, \/ﬁ/\ln — 00, and /N2, — oo for folded concave,
one-step folded concave penalty functions. For weighted L1 penalty functions, suppose /nAin —
0, \/ﬁ)\gn — 0, n%)\ln — 00, and n%)\zn — 00. Assume that there exists at least one
j € Oy for some k < k'. Consider a given random vector (a7, 8°T)T and ¢, whose lengths
are K -(p+1). Denote BP7 = (8P1T, ..., BPET) where 7% = [/ngszr Suppose that Blg =
0Vj € Aj, for every k and B,?j = ﬂ,?/j Vj € O for allk < k'. Denote c™ = (cf,cf, -+, k),
where co = [cox]iey, €k = [eksli—y and cxj = 0 for j € Ay and j ¢ Ok VK" # k. Define
(aD/T,,BDIT) = (a7, 8PT) + " and denote ﬁD/T = (,BDQT, cee ,BD%T), where ,BD’/c =
[BjD"}] 1. Assume that | (a7, BPTYT — (°T, B°T)T| = O, (n~Y?). With probability tending to

one, for any constant C1,

Qu(@”".) = min  Qu(a”T.B"T).
le|<n=1/2Cy

Note that given a constant C1, 3, . >
depends on all Oyyrs, Ars, K, and p.

JEO lekrj — crj| < n~Y2C,, where the constant, Ca,

Proof. It follows the same line as the proof of Lemma 1 of Wu and Liu (2009). We let

,70 _ (aoT’ﬂOT)T D DT“BDT)T D’TyﬂD’T)T.

A = (a and 7" = (a

Qu(v"T) = Qu(7”'T) = [Qu(¥") = Qu(7")] = [Qu(¥”") = Qu(7°)]
—Z (2i,7"") = L(zi, 7)) = D [Lziy™ ") = Lz, 7"")]

=1
-H’LZ Z (p)\nl(‘ﬁij 2 ‘Bk] - nz Z Prna |/8k]
k=1 €A k=1j€AL
D D D’ D’ D' D'
A1) D> (a8 = Bigl) = paw (1B = By D) =n > > pana (180 — B )
K<k jEOF,, k<k! jEO

=U, + Uz + Uz + Uy + Us + Us,

where Of,, = {1,2,--- , p}\Ogrr. Note that |37 —3°| = O,(n~*/?) and |,8D/—BO| = 0,(n™1?).
It implies that 8° % B° and ,BD, 2 B°. First, from Lemma 2, U; and Us are bounded in
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probability.

n

Ui+ Uz = 3 [z 7" = Lz ™) = 3Lz T) = Liziy™)]

i=1
=Vn(y? = ")THE )V =4+ WVn(r” = 4%) + 0p(1)
—Vn(y” = A)THE VR =47 - WV —4") + 0,(1)
=0p(1) + WT\/EC+OP(1) Op(1)
Next, Us, Us, Us, Us are considered with folded concave, one-step folded concave, and weighted
Ly penalty functions. We have the conditions such that 0 < ¢ < n_1/201 and 0 < Z Z |Ck/j7

k<k! jEO 1/

cr;] < n7Y2Cy. For folded concave penalty functions, each term of Us is o,(1), thus Us = o, (1)

by continuous mapping theorem and cx; — 0. The Us is also o0,(1) from the same argument.

We now show that both Uy and Us dominate in magnitude.

Us=-n>_ > pa,(lexs)) = —nph,, (04) D D fews|(1+ o(1))

k=1jE AL k=1j€EAS

< —arvid VIS S fewl(1+o(1)

k=1j€Aj}

K
As y/nAin — 00 and 0 < \/ﬁz Z lexs| < C1, we have Uy % —oo. We obtain the same result
k=1jEAE
for the Us as follows:

Us=—n > paanllews —cul) = =, (00)(D- D lewy —erg)(1+0(1)

k<k' JEO, 11 <k’ jEO 11
<—arvidon VR Y Y few; — eryl(1+o(1)).

k<k! JEO 1

With one-step folded concave and weighted L1 penalty functions, the Us, U4, Us and Us are

written as follows:

K
Us=nY_ > h, (1B DUBE| — 1B + cxs) (S2.8)
k=1j€Ay
K
Us=-n>_ 3" ph, (1B Dexs] (S2.9)
k=1j€AS
Us=n> 3 D, (UBY) = BDUBE; — By | — 1By — B +cwj —exgl)  (S2.10)
k<k’ jeO¢

kk/

0 0
=—n Y Y P (B =B - lews — el (S2.11)

k<k’ jEO; 1
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Both Us and Us converge to zero in probability in the same sense of (§824) and (823). Both U,
K

and Us are bounded by —al\/ﬁ)\ln\/ﬁz Z lek;| and —a1v/nAinv/n Z Z lew ;s — cisl-
k=1j€Ay k<k! jEO 1/
Both go to the negative infinity in probability as v/nAi, — co. Now, we plug-in the weighted

L, penalty function to (8Z3)-(EZI).

Ugfmmz S D UBDDUBE] 188 + exs])

k=1jc Ay

Us = fmmz > PUBE Dlexs| =

1+ = (0) |51(€O)|)
2y > (VB D) T — g Valen|

A0 s

k=1jC AL k=1 €A \Bk] |=¢
Us =ndan D > P (IBY) = B NUBE; — By | = 182 — B + cwrs — exg)

k<k’ €O,
0 0

Us = —nAap Z Z p,(‘ﬁ;(c/; - ﬁ,(w)D “lewr; — cryl

k<k! jEO 1/

1013(0) (0)
_ P By — B’ 1)
= Z Z \FW k] 2N (m—(o)]\/mck’j — iyl
k<k’ jEO 1/ |ﬂ ‘

As /nAin — 0o and y/nA2, — oo, both Us and Us go to zero in probability as (8Z8)
and (E22). As 7 E Ay — 00 and nE A — 00, both Us and Us go to the negative infinity
in probability. This term is higher order than any other terms, thus dominates the remain-
ing terms. In other words, Q.(v"7) — Qx ("/DIT) < 0 for a large n. Thus, the minimizer of
Qn('yD/T) satisfies By; = 0 Vj € Af for every k and Byr; = Bij Vj € Oy for every k < k' with
probability tending to 1. Note that there exists at least one non-empty set of Oy for some

k < k'. This extra condition is needed because the thrid term is zero without the condition. O

~ T ce . . . .

From Lemma 5, the (&7,3 )7 does not minimize the objective function, Q. (a”,37) if

at least one of the true zero parameters is estimated as non-zero or at least one overlapping
structure is estimated with different values with probability tending to one. Theorem 2 is the

straightforward result from Lemma B.

Proof of Theorem 3. Our proof follows the proof of the Theorem in Wang. L1, and Jiang
(2007). Denote 0 40(Go) the minimizer of Q,(0) = Qn(B40(0)), where B ,0(0) is written as
(0017"' 700K718£1(9)7"' 76£K(0)7)T

(0 40) = Zzkak Yi, Ook +m ,3,40 +nz Z Dary (Ba,;(0))

k=1 1i=1 k=1j€Ay

Z Z Pray B.A" )_B-Akj(e))

’
k<k JEOkk,
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Let ¥, (u) = Q. (0° + %), then v/72(0 40(Go) — 0°) is the minimizer of ¥, (u) — ¥, (0). For
n

Q
any u € RET24=1 Y4 denote

:ic(z,-,eo + %) - Zc(zi,eo)

K ~
030 3 o (s 0) + P22 o (8, 6)
k=1j€Ay

Y S (B () = A (0) + B a8 (0) < it 06)
k<k! JEOF

=V (u) + Vaa(u) + Vas(u),

where @iy, (u) = [lix;]jea, is the element of u corresponding to @Y%, . Similar to Lemma 2, we

have

Vai(u) 2 %UTH(OO)u + Wi,

where Wo ~ N (0, 7(8°). Both Vy2(u) and V,,3(u) are op(1) under any penalty function form
as (§82)-(821) in the proof of Lemma 4. Finally, we obtain

1
Va(u) = iuTH(OO)u + Wi
Lemma 2.2 and Remark 1 of Davis, Knight, and Liu (1992) imply that if an objective function

converges in distribution to a strictly convex function, its minimum converges in distribution

to the unique minimum of the strictly convex function. Hence, we complete the proof.
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