Statistica Sinica 25 (2015), 1163-1184
doi:http://dx.doi.org/10.5705/ss.2013.046

A LIKELIHOOD RATIO TEST FOR MONOTONE BASELINE
HAZARD FUNCTIONS IN THE COX MODEL

Gabriela F. Nane

Delft University of Technology

Abstract: We consider a likelihood ratio method for testing whether a monotone
baseline hazard function in the Cox model has a particular value at a fixed point.
We derive the asymptotic distribution of the likelihood ratio statistic, which is
identical for a nondecreasing and a nonincreasing baseline hazard. The asymptotic
distribution of the likelihood ratio test enables, via inversion, the construction of
pointwise confidence intervals. Simulations show that these confidence intervals
exhibit comparable coverage probabilities but shorter length, on average, than the
confidence intervals based on the asymptotic distribution of the nonparametric
maximum likelihood estimator of a monotone baseline hazard function.
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1. Introduction

In survival analysis, Coxl (I972) proportional hazards model is the typical
choice to account for the effect of covariates on the lifetime distribution. Its at-
tractiveness resides in its form that allows for efficient estimation of the regression
coefficient, while leaving the baseline distribution completely unspecified, see e.g.,
Efron (1977), Oakes (1977) and SInd (T982). The regression coefficient estimator
is the well-known maximum partial likelihood estimator 3,, Cox (I972, T975).
In his discussion of Cox’s paper, Breslow proposed a different approach that
yields the maximum partial likelihood estimator Bm as well as A,, the NPMLE
of the baseline cumulative hazard function Ag. An impressive amount of research
rapidly followed Cox’s seminal paper, which focused primarily on deriving the
(asymptotic) properties of B, as well as of the Breslow estimator A,,.

Even though the baseline hazard A\g is usually left completely unspecified,
there are circumstances in which one might be interested in restricting Ag quali-
tatively. This can be done by assuming the baseline hazard to be monotone, for
example, as suggested by Coxl (T972) himself. Various studies have indicated that
a monotonicity constraint can be imposed occasionally on the baseline hazard,
which complies in these situations with the medical expertise. For an illustration
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of a nonincreasing baseline hazard estimator in the study of patients with acute
coronary syndrome, see kan_Geloven ef all (2013).

Lopuhad and Nané€ (2013) proposed a nonparametric maximum likelihood
estimator and a Grenander type estimator of a monotone baseline hazard func-
tion. The Grenander type estimator is defined in terms of slopes of the greatest
convex minorant of the Breslow estimator A,. The two estimators have been
proven strongly consistent and have been shown to exhibit the same distribu-
tional law. Furthermore, at a fixed point xg, the scaled difference between the
maximum likelihood estimator 5\n and the true baseline hazard \g converges to
the distribution of the minimum of two-sided Brownian motion plus a parabola
times a constant depending on the underlying parameters. These results ad-
here to the general nonparametric shape constrained theory and, in particular,
prolong naturally the findings of Huang and Wellney (T995) in the case of the
random censorship model with no covariates.

Ensuing inference is pursued in this paper, by testing the hypothesis that
the underlying monotone baseline hazard has a particular value 6y, at a fixed
point zyg. We use a likelihood ratio test of Hy : Ag(xg) = Oy versus Hy : A\g(zg) #
fg. For the shape restricted problems, this approach was initially employed
for monotone distributions in the current status model by Banerjee and Wellner
(2007). The authors focused on deriving the limiting distribution of the likelihood
ratio test under the null hypothesis, and to obtaining a so-called fixed universal
distribution, defined in terms of slopes of the greatest convex minorant of the
two-sided Brownian motion plus a parabola. These findings were followed by a
stream of research, see, e.g., Banerjee and Wellner (2005), Banerjeé (2007), and
Banerjee (2008), showing that the likelihood ratio method can be extended in
other shape constrained settings.

In this paper, we carry on this research for the monotone baseline hazard
function Ag in the Cox model. In addition to directly extending the results of
Banerjed (2008) in the right censoring model with no covariates, we aim to pro-
vide a thorough description of the method and detailed proofs for the results.
The likelihood ratio method described here can be applied in other semiparamet-
ric models, including extensions of the monotone response models described by
Banerjeé (2007), such as the partially linear regression and the semiparametric
logistic regression model.

Furthermore, based on the likelihood ratio method, we derive confidence sets
for A\o(zo). More specifically, we have that inverting the family of tests can yield,
in turn, pointwise confidence intervals for the baseline hazard function. Another
approach to pointwise confidence intervals is based on the asymptotic distribu-
tion, at a fixed point zy, of the nonparametric maximum likelihood estimator
An, derived by [Lopuhaa and Nané (2013). Nonetheless, the method based on
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the asymptotic distribution entails estimating the nuisance parameter, and more
specifically, estimating the derivative of the baseline hazard function \j(zo). This
proves to be a bothersome issue, since, to the author’s best knowledge, there is
no available smooth monotone estimator of the baseline hazard function in the
Cox model. One option would be to kernel smooth the NPMLE 5\n, but this
would pose such extra difficulties, as an appropriate choice of a bandwidth. For
a discussion of these issues in the right censoring model, see Banerjeé (Z00R).

The paper is organized as follows. Section 2 introduces the Cox model,
the notations, and the common assumptions. In Section 3, we introduce the
likelihood ratio method and characterize the maximum likelihood estimator 5\n
of a nondecreasing baseline hazard function and the estimator 5\9” such that
M (z0) = by, for a fixed x( in the interior of the support of the baseline distri-
bution. The asymptotic distribution of the likelihood ratio statistic is provided,
along with preparatory lemmas, in Section 4. Finally, Section 5 is devoted to
constructing pointwise confidence intervals and comparing them, via simulations,
with the confidence intervals based on the asymptotic distribution of the NPMLE
An.

The proofs of some results are deferred to a supplement, which is available
online. Moreover, the Supplement contains the characterization of the estimators
for the nonincreasing baseline hazard function ).

2. Definitions and Assumptions

Suppose that the observed data consist of the independent and identically
distributed triplets (73, A;, Z;), with ¢ = 1,...,n. The event time, denoted by X
and commonly referred to as the survival time is subject to random censoring.
Thus, T = min(X, C'), where T is the follow-up time and C' denotes the censoring
time. The indicator A = {X < C} marks whether the follow-up time is an
event or a censoring time. Finally, Z € RP denotes the covariate vector of
the observed follow-up time 7', which is assumed to be time invariant. The
event time X and censoring time C' are assumed to be conditionally independent,
given the covariate vector Z. Let F' be the distribution function of the non-
negative random variable X, G the distribution function of the non-negative
random variable C', and H the distribution function of 7. The distribution
function F(z|z) is assumed to be absolutely continuous, with density f(z|z).
Similarly, the distribution function G(c|z) is assumed to be absolutely continuous,
with density g(c|z). In addition, F(z|z) and G(c|z) share no parameters, thus
the censoring mechanism is assumed to be non-informative.

Let A(x|z) be the hazard function of an individual with covariate vector
z € RP. The Cox model specifies that

A (z|2) = Ao(z) 0%, (2.1)
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where A represents the baseline hazard function, that corresponds to z = 0,
and By € RP is the vector of the underlying regression coefficients. Finally, we
consider the assumptions that are typically employed when deriving large sample
properties of estimators within the Cox model; e.g., see [I'siafis ([9K1).
(Al) Let 7, 7¢ and 7y be the end points of the support of F,G and H respec-
tively. Then,
TH =T < T < 00.

(A2) There exists € > 0 such that

sup E [12’2625'2} < 00,
|8—Bol<e

where | - | denotes the Euclidean norm.

3. The Likelihood Ratio and the Characterization of the Estimators

By definition, A(z|z) = —log(l — F(z|z)) is the cumulative hazard func-
tion. Thus, from (E0), it follows that A(z|z) = Ag(z) exp(Byz), where Ag(x) =
Jo Ao(u)du is the baseline cumulative hazard function. Since, for a continuous
distribution, A(t) = f(¢)/(1 — F(t)), for t > 0, the full likelihood is given by

A; —A;
[T 1 2010 = G(T | 2l {g(Ti | Z0) [1 = F(T: | Z)]}
i=1

=INT 1 2% exp [FA(T3 | Z0)) < [[[L - G(T3 | Z0)]™ 9(T; | Z3)' 2.
i=1 i=1
As the censoring mechanism is assumed to be non-informative, and by (E1),
maximizing the full likelihood is the same as maximizing

n n
1 Ai /
[TAT | 2™ exp[-A(T | Z0)] = [ [Mo(T)e®| ™ exp [—e%%ay(T3))
i=1 i=1
which yields the following (pseudo) loglikelihood function, written as a function
of B € RP and M\,

n

Z |:Az log )\o(le) + Azﬁ,Zz — eB/ZiAo(T‘Z')] .

i=1
Let T{1) < T{g) < -+ <1{y) be the ordered follow-up times and, for i = 1,...,n,
let Ay and Z(;) be the censoring indicator and covariate vector corresponding
to T(;). Writing the above (pseudo) likelihood as a function of 3 and Ag gives

n

) T
Ls(Xo) =) [Au) log Xo(T(y)) + Ap8'Zgp) — e 70 /0 Ao(U)dU]. (3.1)

=1
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Following the approach of Lopuhaéa and Nané€ (2013), we do not proceed with the
joint maximization of (B) over 8 and monotone \g. Alternatively, for 5 € RP
fixed, we consider maximum likelihood estimation of a monotone baseline haz-
ard function g, and denote the estimator by /A\n(a:7 B). Subsequently, we replace
8 by Bn, the maximum partial likelihood estimator, due to its commendable
asymptotic properties (see, e.g., Efron (1977), Oaked (1977) and Shud (I982)).
The proposed NPMLE is thus A, (z) = A (2; 3n) and is referred to as the uncon-
strained estimator of a monotone \g. Furthermore, for 5 € RP fixed, we maximize
the loglikelihood function Lg(Xg) in (BXI) over the class of all monotone baseline
hazard functions, under the null hypothesis Hy : A\g(z9) = 6o, for zo € (0,7x)
and 0y € (0,00), fixed. We obtain A2 (z; 8) and hence propose X (z) = A9 (x; 3,,)
as the constrained NPMLE.

Replacing 8 by B, in the loglikelihood function (B) yields the likelihood
ratio statistic for testing Hy : Ao(zo) = 6o,

2log&,(00) = 215, (An) — 2L (X)). (32)

Thus, for computing the likelihood ratio statistic, we need to characterize the un-
constrained NPMLE ), and the constrained NPMLE A\ of a monotone baseline
hazard function \g.

3.1. Nondecreasing baseline hazard

We first consider maximum likelihood estimation of a nondecreasing baseline
hazard function Ag. Both the unconstrained estimator A, and the constrained
estimator \) are characterized in terms of the processes

Wo(8,2) = / <eﬁ’z /O > s}ds) AP, (u, 6, 2), (3.3)
Vi (z) = / S{u < 2}dPy(u, 0, 2), (3.4)

with 8 € RP and « > 0, and where P, is the empirical measure of the (7;, A;, Z;),
with ¢ = 1,...,n. The characterization of the unconstrained estimator j\n(a:, B)
has already been provided in Lemma 1 in Lopuhaa and Nan€ (2013), which we
restate below. We also provide a closed form of the estimator on blocks of indices
on which the estimator is constant.

Lemma 1. Let T(1) < ... <1y, be the ordered follow-up times and consider a
fized B € RP.
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(i) Let W, and V;, be as in (83) and (84d). Then the NPMLE A, (z; ) of a

nondecreasing baseline hazard function Ay is of the form

0 X <T(1),
Xn(x;ﬂ): i Tiy <z <Tigry, fori=1,...,n—1,
0o x> Ty,

where \; is the left derivative of the greatest convexr minorant (GCM) at the
point P; of the cumulative sum diagram (CSD) consisting of the points

Pj = <Wn(57T(j+1)) — W (B8, T(1)), vn(T(jH))), (3.5)

forj=1,...,n—1 and Py = (0,0).

(ii) For k > 1, let By,..., By be blocks of indices such that A, (x; 8) is constant
on each block and B1U...U By, = {1,...,n—1}. Denote by vn;j(B) the value
of An(z; B) on block Bj. Then,

> ieB; Au)
Zz’ij [T(iJrl) - T(i)] Dt 7w

The proof can be found in the Supplement. As mentioned beforehand, the
proposed unconstrained estimator is thus 5\“(33) = Xn(x; Bn) Equivalently, on
each block of indices B, for j = 1,..., k, we propose the estimate v,; = vy, (Bn)
Under the null hypothesis Hy : \g(zg) = 6y, the characterization of the con-
strained maximum likelihood estimator 5\2 is provided by the next lemma. The
proof of the lemma can be found in the Supplement.

Lemma 2. Let ¢ € (0,75) be such that Timy < 20 < Timgr) for a given 1 <
m <n—1. Consider a fired 8 € RP.

(i) Fori=1,...,m, let 5\{3 be the left derivative of the GCM at the point PL of
the CSD consisting of the points PjL =P, for j =1,...,m, with P; defined
in (83) and Pf = (0,0). Fori=m+1,...,n—1, let ;\f be the left derivative
of the GCM at the point PiR of the CSD consisting of the points PjR =P
for j =m,...,n—1, with P; defined in (83). Then, for 6y € (0,00), the
NPMLE 5\2(:0; B) of a nondecreasing baseline hazard function \g, under the
null hypothesis Hy : A\g = 6y, is of the form

0 T < T(1)>
AiO T(Z)§m<T(’L+1)7 forie{l,...,n—l}\{m},
N (2:8) =A%, Tyny < 2 < o, (3.7)

00 o <z < T(m+1)7
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where ;\? = min(XiL,Ho) fori =1,...,m, and 5\? = maX(XZR,@o) for i =
m+1,...,n—1.

(ii) For k > 1, let BY,..., BY be blocks of indices such that X%(:p;ﬁ) is constant
on each block and BY U...UBY ={1,...,n — 1}. Then, there is one block,
say BY, on which )\0( ﬂ) s equal to By, and one block, say Bg, that contains
m. On all other blocks B?, denote by ’U?Lj(ﬁ) the value of X%(m;ﬁ) on block
B?. Then,

0 EieB;? A(z‘)
’Unj(ﬁ) = - 57, (38)
ZZ‘EB;J [Tliv1y — Ty ] Doieiir €70
Jorj=1,....p—1,p+1,.... k. On the block B that contains m,
0 (B) ZiGBO A(i)
v, = _ .
’ 2ieBg\(m) [Tiit1) — T Yiins €70 + (20 = Timy)) Xiemyr €0 20
(3.9)

Similar to the unconstrained estimator, we propose A0(z) = AO(x;,) as
the constrained estimator and vn] = vm (,Bn) where ,Bn is the maximum partial
likelihood estimator.

Remark 1. As already pointed out by Lopuhaa and Nan€ (2013), if we take
all covariates equal to zero, the characterization of the unconstrained estimator
differs slightly from the characterization of the nondecreasing hazard estimator
in the ordinary random censorship model provided by Huang and Wellner (1995).
Correspondingly, the characterizations in Lemma 1 and 2, with all Z; = 0 differ
from the characterizations provided by Banerjed (2008) in the right censored
model. Although the estimators in Banerje¢d (2008) do not maximize the (pseudo)
loglikelihood function in (B1) (in the absence of covariates and under the null
hypothesis) over nondecreasing \g, the asymptotic distribution of the likelihood
ratio test based on these estimators coincide with our proposed distribution in
the case of no covariates.

Using the notations in Banerjeé (200R), let slogcm( f, I') be the left-hand slope
of the greatest convex minorant of the restriction of the real-valued function f
to the interval I. Denote by slogem(f) = slogem(f, R). Moreover, let

slogem®(f) = min (slogem( f, (—o0,0]), 0) L(—oo,0)tmax (slogem(f, (0,00)),0) 1 (g o0)-
For positive constants a and b, define

Xop(t) = aW(t) + bt?, (3.10)
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where W is a standard two-sided Brownian motion originating from zero. Let

ga,b(t) = SlOgcm(Xa,b)(t)a (311)

the left-hand slope of the GCM G, of the process X3, at point ¢. The con-
strained analogous is defined as follows: for ¢ < 0, construct the GCM of X, ;,
denoted by GE,, and take its left-hand slopes at point ¢, denoted by Dr,(X,)(t).
When the sloﬁes exceed zero, replace them by zero. In the same manner, for
t > 0, denote the GCM of X, by GaRb and its slopes at point ¢t by Dr(X)(%).
Replace the slopes by zero when they7 decrease below zero. This slope process is
denoted by 927177 and

min (D, (Xqp)(t),0) ¢ <0,
Gap(t) =140 t=0, (3.12)
max (Dr(Xqp)(t),0) t>0.

Note that for ¢ < 0, there exists, almost surely s < 0 such that Dy (Xgp)(s) is
strictly positive for any point greater than or equal to s and the left derivative
at s is non-positive. Equivalently, for ¢ > 0 there exists almost surely s > 0
such that Dr(Xgp)(s) is strictly negative for any point smaller than or equal to
s and the left derivative at s is non-negative. In addition, observe that gg7b(t) =
slogem®(X,, )(), as defined and characterized by Banerjee and Wellner (ZU01).

The characterization of the unconstrained and constrained estimators for
nonincreasing baseline hazard functions is similar to the nondecreasing case and
can be found in the Supplement.

4. The Limit Distribution

Let Bjoe(R) be the space of all locally bounded real functions on R, equipped
with the topology of uniform convergence on compact sets. Take C,,;n(R) to be
the subset of Bj,.(R) consisting of continuous functions f for which f(t) — oo
when [t| — oo, and f has a unique minimum. Let £ be the space of locally
square integrable real-valued functions on R, equipped with the topology of Lo
convergence on compact sets.

For a generic follow-up time T, consider H"*(z) = P(T' < xz, A = 1), the sub-
distribution function of the uncensored observations. Moreover, let

(8, z) = / {u >z} e’ *dP(u, s, 2), (4.1)

for B € RP and z € R, where P is the underlying probability measure corre-
sponding to the distribution of (T, A, Z). For a fixed point z¢ € (0,7x), define
the processes
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Xp(z) =n'/3 (5\,1(3:0 +n Y3gz) — 00) ,
: (12)
Vo) = 0% (A (o +n~2) = 6y )

Our result gives the joint asymptotic distribution of these processes. Its proof is
deferred to the online Supplement.

Lemma 3. Assume (Al) and (A2) and let x9 € (0,77). Suppose that \g is
nondecreasing on [0,00) and continuously differentiable in a neighborhood of xy,
with Ao(zo) # 0 and Xj(xo) > 0, and assume that the functions x — ®(So, x)
and H"(x) defined at (BD) are continuously differentiable in a neighborhood of
xo. If the density of the follow-up times is continuous and bounded away from
zero in a neighborhood of xg, and

A 1
a= Ao(@o) and b= 5)\6@0), (4.3)

(B0, xo)

then (Xn,Yy) converge jointly to (gap,g°,), in £ x L, where the processes gap
and gg’b have been defined in (B) and (B12).

By making use of results in [Lopuhaa and Nané (2013), a completely similar
result holds in the nonincreasing setting, which is stated in the Supplement.

Lemma 4. Let zg € (0, 7y) fized and let D,, be the set on which the unconstrained
NPMLE \,, defined in Lemma 1, differs from constrained NPMLE )\, defined
in Lemma 2. Then, for any € > 0, there exists k. > 0 such that

lim inf P (Dn C [xo — n_1/3k‘5, xo + n_l/?’kzs]) >1—e.

n—oo

Proof. The proof of this fact follows by the reasoning in the proof of Lemma 2.6
in Banerje€ (2006), preprint for Banerjee (2007).

Lemma 5. Consider the processes X,, and Y, defined in (B22). Then, for every
e >0 and k > 0, there exists an M > 0 such that

limsupP( sup | Xy (x)| > M> <eg,

n—00 z€[—k,k]
1imsupP< sup |Yn(z)| > M> <e.
n—00 z€[—k,k]|

Proof. The monotonicity of the processes X,, and Y,, yields that

sup | Xy, (z)] = max {|Xp(=k)[, | Xn(K)[},
z€[—k,k]
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sup |V (2)| = max {[Yn(=K)[, [Yn(K)]} .
z€[—k,k]|

Assume | X, (k)| to be the maximum in the above display. Since for fixed &,
Xn (k) 4 9ap(k), with @ and b defined in (B3), it results that the processes X,
and Y,, in (E22) are, with high probability, uniformly bounded.

The limiting distribution of the likelihood ratio statistic of a nondecreasing
baseline hazard function A is now supplied.

Theorem 1. Suppose (A1) and (A2) hold and let xo € (0,75). Assume that \g
is nondecreasing on [0,00) and continuously differentiable in a neighborhood of
xg, with Xo(xo) # 0 and \j(xo) > 0, and that H"(x) and x — ®(Bo,x), defined
at (B0) are continuously differentiable in a neighborhood of xy. Let 21og&,(6p)
be the likelihood ratio statistic for testing Hy : Ao(xo) = 6o, as at (B2). Then,

2log &, (60) 5 D,

where D = [ [(g1,1(w))* — (971 (u))?] du, with g1,1 and ¢ | defined in (BID) and

Proof. The likelihood ratio statistic 2log &, (60) = 2L (An) — 2L, (A%) can be
expressed as

n—1 n—1
21og &n(00) QZA()log)\( —QZA log A)(T(s)
i=1 =1

- 22 )~ T [S‘R(T(i)) - 5\(QL(T(i))} 3 efw

=1 l=i+1
i#m
— 2 [Tm1) — o] [;\ 90] Z PnZw
I=m+1
-2 [.%'0— (m)] P\ ( (m )) —/A\?L<T(m)>} Z efé’llZ(l).
I=m+1

For more details, please refer to the Supplement (eq. (S1.1) and (S2.1)). Let

n—1 n—1
=2 Z A(z) log )\n(T(z)) -2 Z A(z) log )\g (T(z))v (4.4)
=1 =1

and denote by D,,, the set of indices ¢ on which Xn(T(i)) differs from X%(T(i)).
Hence, expanding both terms of S,, around \g(xg) = 0y, we get

n—QZA() —2ZA

1€Dy, €Dy,

A0 ( T(Z) fo
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P‘n(T(i)> - 90] i P%(T(i)) - 90] i

IR oz + 2. A oz + B,
i€Dp 0 i€Dp 0
with 5 X
1 An(T(y) — 6o 1 XO(T() — 6o
angz%)[ - 3} —3ZA@>[ - 3}
= Rn,l - Rn,27

where X;(T(i)) is a point between j\n(T(i)) and 6y and A% (T(5)) is a point between
X?L(T(i)) and 0p. We want to show that R, 1 and R, 2, hence R,, converge to zero,
in probability. As for the R, 1 term, it can be inferred that

‘nl/:)’ (S\n(u) - 00) ‘3

1 _
Raal < 3 /5{u € Dy}

where D,, is the time interval on which j\n differs from 5\% Choosee > 0andy > 0
and, for xy € (0, 7y) fixed and k. > 0, denote by I,, = [xo—n*1/3k5, :Uo—i—n*l/?’ke].
We can write R, 1 = Ry 1{Dpn C I,} + Ry1{Dy ¢ I,}. Since, by Lemma 4,

IED(|th,1{Dn ¢ I,}| >~) <P(Dn ¢ 1) <&,

we further focus on bounding |R,, 1{D,, C I,}|. By Lemmas 4 and 5, there exists
ke > 0 such that sup,e(_. ] ‘j\n($0 +n3z) — 00‘ is O, (n~1/3). Furthermore,
since

sup ‘5\;(330 +n~Y3z) — 90‘ < sup | An(zo4+n"32) — 6y,

T€[—ke ,ke] x€[—ke,ke)

_ . 3
it results that, for u € D,, ‘nl/g’ <)\n(u) —9())‘ is uniformly bounded and

. 3
’X;(u)’ is uniformly bounded away from zero. It then follows that there ex-
ists M > 0 such that

R <M / 5o — kon=/3 < u < 20+ kon=Y3}d (P, — P) (u, 6, 2)
+ M/(S{xo —ken ™3 <u < 2o+ ken”V3YdP(u, 6, 2) + op(1).
Chebyshev’s inequality provides that the first term on the right-hand side is

Op(n=2/3). As the function H"® defined above (£T) is assumed to be continuously
differentiable in a neighborhood of xg, the second term on the right-hand side is
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Op(n~1/3). We can conclude that R, ;1 = 0,(1). Similarly, by using Lemmas 4
and 5, it can be shown that R, 2 = 0,(1). Thus 2logé&, (o) = An — By, + 0p(1),
where

ZA AT = 35T

ZGDn

—2 Z [Ty — T [5\ (Ti4)) } Z A0
1€Dp\{m} I=i+1

~2 [Tim41) — o] [5‘ (Timy) 90} Z PnZw

I=m+1
~2 20 = L) [MnTlon) = ATy Z el (4.5)
l=m+1
and )
Bn 92 > Az){[ (1) — 90} [XS(T@) —90] } (4.6)

zeD

Hence, A,, can be written as A,, = A,1 — A2, where

2 A noo
Ap = % GZD [)\n(T(i)) - 00} {A(i) — 00 [Tiy1) — T lz;l efn?w }

Ay = 93 > [P0~ 0] {0 — b [Ty — Ty] D P00}

O ieD,\{m} )
2 e noo
o [AQ(T(W) - 90] {A(m) — 0o [20 — T(om)] l:%:ﬂ ez }

For the term A,;, partition the set of indices D,, into s consecutive blocks of
indices By,..., Bs, such that Xn is constant on each block. Denote by ©¥,; the
unconstrained estimator Xn(T(i)), for each i € Bj, with j =1,...,s. By (B8), it
follows that

Z Z — %) {A(i) — 00 [Ty — T Z eﬁ;Z@)}

J lieB; =
B 9z D (o = 60) { Yo Aw =) [Tury —Tw] D eﬁézm}
0 J=1 1€B; i€B; I=it1

S

= 2 g =00 Y Ty~ T] 3 0

J=1 1€B; l=i+1
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n Z |:5\ z) —00] % [ (i+1) — Z eﬁ Z(l)

i€Dy, l=1+1
Define
@M@x)z/kuthﬂ%ﬂMuﬁJ% (4.7)

and note that

5 1
QTL(/B’NJ U)du = — [ Z+1 T(Z eanZ(l)
/[T(i) Ti+1)) n Z

l=i+1

for eachi=1,...,n — 1. The term A,; can then be written as
2 _ “ 2 .
Ay = Hn/ {u IS Dn} {/\n(u) — 90} (B, u)du
0

where D, is the interval on which ), and 5\2 differ. Similarly, for the term
A9, partition D, into ¢ consecutive blocks of indices B?, .. ,Bg , such that the
constrained estimator 5\% is constant on each block. There is one block, say BY,
on which the constrained estimator is 6y, and one block, say BO that contains
m. On all other blocks B0 denote by vo the constrained estimator A n(Ty), for
each i € B?. Then

Ana :92 > Z (g = o) {A() =0 [Tii+1) — Z efnZa) }

’ '];',gl ZEB? l=i+1
J7Tp
2
+ N Z (@Qm - 90) {A(i) — b [ (i+1) Z eﬂnzm}
0 ieB9\{m} ]
+ 93 ({’gp — bo) {A(m) — 6o [z0 — Z oon Z(l)}
° l m+1
2) q
“ Z (@gﬂ' — ) Z A — o Z [Tiiv1) — Z P
0 j=1 i€ BY i€ BY l=i+1
JFTP
2 noo
+ 97 { Z A - 00[ Z [T(i+1) — T(i)} Z ePnZa
’ i€By ieBY\{m} el

+ [0 — Tim)) Zeﬁ’ H

l=m+1
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7=1 zEBO l i+1
J#TP
2 . 2 z
2, ) { S [ Tl 32 o
z‘EBO\{m} I=i+1
(20 — T Z e Z<l>}
l=m+1
_ 2 A0(Ti) — o] > T, Bzw
—%n Z [n( (i) — 0} E (i+1) z) Z e
i€ D\ {m} I=i+1
2 Tco 21 bz
+0}”[/\(())—90} ~ 20— T l%le””)

As N0(z) = j\g(T(m)) on the interval [T(,,, o) and M (z) = 6y on the interval
[20, T(m+1)), one has

/ Horeen [30 () — ) “ B, (B, u)du

Tim)
- / ) [39u) — b0 @B, )t + / e [30) — 0] @ (B )

Tim) o

:% [Xg(T(m)) — 90} o — T(m l z;_l eﬂnz(l)

This leads to
2 «
Apo = 90 /{u €D, } { — 00} D, (B, u)du

so that A, in (EH) can be written as

A, = ;On/ fueD,) { [Raw) — 0]~ [30w) - 90]2} By (B, u)du.

In a similar manner, B, in (Z8) can be expressed as

/{u e D, }{ —90} - [S\g(u) —QO}Z}an(u),
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by (B4), and by noting that for every i =1,...,n — 1,

n

[ V) = Vo) = ValTi) =

(Tt Tti+1))

Concluding,

2log &, (6p) = 02071/ {ue Dyn} { P\n(u) — 90}2_ [;\g(u)—eor} @, (B, u)du
_91271/ {ue D,} { [Xn(u)—HO]Q— P%(u)—&or} dV,, (u)+op(1).

Let V(z) = [é{u < x}dP(u,d,z), and see that, in fact, V(z) = H"(z), where
H"¢ has been defined above (21). Thus,

21og &, (00) = 92 /{u € Dy} {[ u) — 90}2 B [xg(u) - 90}2} (o, u)du
_012n/ {ue D, { [Ar) - 90]2 - [A0w) - 90}2} av ()

+R” + Op(l)v

where R, = Ry,1 — Ry2, with

R /{u e Dy} { )~ 0]
- (30w - &) } (@0(Bn.w) = @(B0,w) ) du
Rps = 92n/{ueD }{ 90} [X?l(u)_gor}d(vn(u) V().

The aim is to show that R,1 and R,», and thus R, is op(1). The term R, can
be written as

920711/3/{UGD}{[ (
[0 (3000~ 00) ] }( (Busu) = @(Bo,u) ) du

Lemma 4 in Lopuhaéd and Nan€ (P0T3) provides that

DB, ) = (B0, 2)| >0,

zeR
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with probability one. From Lemma 5 and since [{u € D, }du < 2k.n"'/3, by
Lemma 4 and by using similar arguments as for the term R, 1, we can conclude
that Ry is 0,(1). Analogously,

_ 1/3/{UED } 1/3( )_00>]2
- [n1/3 (A%(u) - 00)] }5d(Pn — P)(u, 8, 2).
Once more, by Lemmas 4 and 5, there exists M > 0 such that

2
Roal < G0t [ 5{ue Du}d(P, - P)(ud.2)
0

with arbitrarily large probability. Chebyshev’s inequality along with the same
reasoning as for the term R, ; provides that R,2 = 0,(1). Hence,

210g.,(60) =, [ {ue Du} { [Aa) — 0] - [X2<u>—eof} (8o, u)d ()
_ 91(2)11/ fueD,) { [Rauy-100] [Xg(u)—eor} AV (u) +o,(1).

Consider the change of variable z = n'/3(u — ) and let D,, = n!/3 (Dn, — o).
This yields that

2log &n (o) = /{:cED }[X2(2) - Y2 (x)] @(Bo, w0 +n~V3z)da
-z /{a: € D} [X2(2) — Y2(2)] V' (20 + 0~ Y32)dz + op(1)
. 2(60.0) / {2 € Do} [X2(2) - Y2(2)] da
——V (z0 /{:cED }X2(z) — Y2 (z)] da + op(1).

As inferred in Lopuhaa and Nan€ (2013),

dV(z)/dx

Molw) = ®(fo,x)

which gives that
2log £ (60) = ;Owo,m / {x € Dy} [X2(x) - Y2(2)] d + 0p(1).

Thus
2105.6,(60) = = [ € Do} [X3(a) - Y3 ()] do -+ 0y(1),



LIKELIHOOD RATIO TESTS IN THE COX MODEL 1179

where a has been defined in (B23). From Lemma 4, for every ¢ > 0, we can find
an interval [—ke, k] such that P(D,, C [—ke, kc]) > 1 — e, for n sufficiently large.
In order to prove the theorem, we apply Lemma 4.2 in Prakasa Rad (1969), by
taking

Qn =% /{a: € Dy} [X2(2) — Y2 (2)] d,

Que =5 [ {o € [hes b} [X200) - Y2(0) i,

Q- =25 [ (o € [Fheakd} [(gsle))? ~ (dBy(@)”] d,
Q=5 [ {0 € Das} [(g0(0))” ~ (s8(@)"]

where D, , denotes the set on which g, and gg , differ. Condition (i) in Lemma 4.2
of [Prakasa"Rad follows by Lemma 4. In z;ddition, Lemmas 4 and 3 yield
condition (ii), since for every ¢ > 0, we can find k. > 0 such that P(D,; C
[—ke, ke]) > 1 —e. The third condition follows, for every fixed ¢, by Lemma 3
and the Continuous Mapping Theorem. Thus (X,,,Y;,) converges to (gq.s, 92,1;) as
a process in £ x £ and (f,g) = [{z € [—¢,]}(f*(z) — ¢°(z))dz is a continuous
function defined on £ x £ with values in R. Conclusively,

2 [ @Y @] {reBalde S [ [(gasl@)~ (62(@)°] (€ Do} o

a?
L [ o112~ (dh1(@))*] o Do) o

by the Continuous Mapping Theorem and by Brownian scaling, as derived in
Banerjee and Wellney (2001). This completes the proof.

The asymptotic distribution of the likelihood ratio statistic in the nonincreas-
ing baseline hazard setting can be derived completely analogous and is stated in
the supplement.

Remark 2. The same limiting distribution I is obtained for the loglikleihood
ratio statistic in the absence of covariates in Banerje€ (2008), as well as in other
censoring frameworks, as derived by Banerjee and Wellner (2001). In fact, it
has been shown in Banerje€ (2007) that the same holds true for a wide class of
monotone response models. This distribution differs from the usual x7 distri-
bution obtained in the regular parametric setting. It is noteworthy that D does
not depend on any of the parameters of the underlying model, and this property
turns out to be particularly useful in constructing confidence intervals for the
parameters of interest.



1180 GABRIELA F. NANE

5. Pointwise Confidence Intervals via Simulations

Once having derived the asymptotic distribution of the likelihood ratio statis-
tic, the practical application at hand is to construct, for fixed zo € (0,7x),
pointwise confidence intervals.

To compute the likelihood ratio statistic for a nondecreasing Ao, suppose
that Ag(zo) = 6, for fixed § € (0,00) and let m such that T,,) < zo < Tpq1)-
Then,

l=i+1
—2 Z { (108 X3 (Tio) = M(Tiy) [Ty — Z 6"Z(”}
l=i+1
*Q{A(m) log Ap (Timy) = A% (Tm)) [0 — Z Pz
l=m+1
—0 [T(m—i-l) —xo] Z eB%Z(U}
l=m+1

—2 Z {A(z log A)(T(s)) = A0(Tio) [Tin) — Z eﬁnzm}

i=m+1 l=i+1

Write )
2log&,(0) =2 Agyllog Aa(T(s)) — log AS (T )]
=1

n—1 .
_QZ [T(i+1) _T(i)] |:/\ ( (z) :| Z e/B Zay

i=1 I=it+1

i#Em
—2 [T(m+1) —9?0] [5\ (Timy) — } Z PnZw

l=m+1
—2 [20 = T(in)] [XR(T(m)) - 5\g(T(m))] Y o,
l=m+1

The characterization of the estimators A, and 5\2 in Lemmas 1 and 2 is then
sufficient to compute the statistic.

Let 21og &, (0) denote the likelihood ratio statistic defined in (B32), for testing
Hy : Mo(z0) = 0 versus Hy : M\o(zg) # 0. A 1 — « confidence interval is obtained
by inverting 2log &, () for different values of 6:

na = {9 210g§n( )<q(D71_a)}7
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where ¢(ID, 1 — a) is the (1 — )" quantile of the distribution . Quantiles of D,
based on discrete approximations of Brownian motion, are provided in Banerjee
and Wellner (2005), and we use ¢(ID, 0.95) = 2.286922. The parameter 6 is chosen
to take values on a fine grid between 0 and 6. It can be shown immediately that,
for large enough n, the coverage probability of C,%ya is approximately 1 — a.
Furthermore, given the covariate vectors zp, z € RP, we can write

)\(.Z"Z) = )\O(x)eﬁéz = )\O(x)eﬁézﬂeﬁé(z—zg)'

If we consider now the covariate vector Z = Z — z, then, according to the Cox
model, the hazard function of an individual with covariate vector Z € RP can be
written as

Mx|2) = do(x)e?,

where g is the baseline function that corresponds to Z = 0. The baseline hazard
function A is, in fact,

Xo(x) = A(z|2 = 0) = A(z|2z — 20 = 0) = A(z|z = 20) = Ao(x)e0%0,

the hazard function of an individual with covariate vector zyp. Hence testing
whether \o has a particular value 6y at a fixed point zg is equivalent to testing
that \(zo|zp) = 6p. Therefore, the likelihood ratio method presented in this paper
can also be used for constructing confidence intervals for the hazard function,
given a covariate vector zg and a fixed point xg.

Pointwise confidence intervals for Ag {mo) can also be constructed based on the

asymptotic distribution of the NPMLE )\,,. According to Theorem 2 in Lopuhad
and Nane (2013), for fixed xo,

. Aro(z0) N, 1/3
nt/3 ()\n(xo) - /\o(a:o)) 4 (()(Io)o(l’o)) argmin{W(t) 4 t*} = C(x0)Z,
®(Bo, o) zER
where W is standard two-sided Brownian motion starting from zero, and the
constant C'(zo) depends on zp and on the underlying parameters. An estimator

A~

Chr(x0) of C(xp) will then yield an 1 — « confidence interval for Ag(xo):

~ ~ o, ¢ A (&%
C2 0 = [alao) =02 Cu(@o)a(Z, 1= 5), Anlwo) + 07 Cra)a(Z,1-5)]

2

where ¢(Z,1 — «/2) is the (1 — a/2)"" quantile of the distribution Z. These
quantiles have been computed in Groenehoom and Wellnex (2001), and we use
q(Z,0.975) = 0.998181.

For simulation purposes, we propose

Dalzo) Xy (z0) )
A . n\L0)Ap(Z0
Cn(x(])_< ‘I)n(gn,ﬂio) > 5
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where @, (5, x) has been defined in (EZ7), and $, is the maximum partial likeli-
hood estimator. Lemma 4 in Lopuhaa and Nand (2013) ensures that ®,,(8y, ) is
a strong uniform consistent estimator of ®(fp,). As an estimate for Aj(xo), we
chose the numer}cal derivz}tive of 5\n on the interval that contains xg, the slope
of the segment [y (T (1)), An(T(m+1))]-

For the performance analysis, we constructed and compared, from simulated
data, the confidence intervals C}L’a and Cfm, for @ = 0.05 and various n. As the
baseline hazard function was assumed to be nondecreasing, we chose a Weibull
baseline distribution function for the event times, with shape parameter 2 and
scale parameter 1. For simplicity, we took the covariate as single-valued and
uniformly (0, 1) distribute, with Sy = 0.5. Given the covariate, the censoring
times were assumed to be uniformly (0,1) distributed. We chose ¢y = y/log 2,
the median of the baseline distribution of the event times. For each chosen sample
size, we generated 1,000 replicates and computed the empirical coverage and the
average length of the corresponding confidence intervals.

Since we were simulating from a Weibull distribution with shape parameter
2 and scale parameter 1, and hence the true baseline hazard function A\g and its
derivative were known, as well as the true underlying regression coefficient, we

could also consider a confidence interval C2 , given by

_ . 3 a. « _ a
0721704 = )\n(xO) -n 1/3CO($0)Q(Z7 1_5)7 )\n(l‘o) +n 1/300(:E0)Q(Z7 1_5)} )

where Cp is a deterministic function given by
4Ao(:co>A6(mo)>”3
®(Bo, wo)

Table 1 shows the performance, for various sample sizes, of the confidence interval
Ch.0.05 based on the likelihood ratio method (LR), the confidence interval C2 ( o,

Co(zo) = <

n

based on the asymptotic distribution (AD) of the scaled differences between the
NPMLE ), and the true baseline hazard at a fixed point, as well as the confidence
interval C2 o5 based on the Weibull distribution (TD).

For each sample size, the likelihood ratio method gave, on average, shorter
pointwise confidence intervals in comparison with the confidence intervals based
on the asymptotic distribution of the NPMLE estimator An. Moreover, the confi-
dence intervals based on the likelihood ratio exhibit comparable coverage proba-
bilities with the confidence intervals 07370.05, based on the asymptotic distribution.
As expected, the highest coverage rate was attained by the confidence intervals
6'270_05, for all sample sizes. Furthermore, they gave confidence intervals with
the shortest length, on average. For the largest sample sizes, of 5,000 observa-
tions, the likelihood ratio method yielded comparable confidence intervals with
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Table 1. Simulation results for constructing 95% pointwise confidence in-
tervals using the likelihood ratio method C} ;45 (LR) or the asymptotic

distribution C2 o5 (AD) and C2 ; o5 (TD), in terms of average length (AL)
and empirical coverage (CP).

LR AD TD

n AL Cp AL CPp AL CPp
50 4.275 0.917 5.203 0.932 1.506 0.964
100  3.837 0.923 4.838 0.941 1.317 0.953
200 3.009 0.931 4.605 0.947 1.247 0.947
500 2.734 0.947 3.372 0.948 0.961 0.964
1000 1.454 0.942 2.259 0.940 0.713 0.957
5000 0.879 0.945 1.768 0.952 0.546 0.953

03,0.05 in terms of interval length, on average, as well as for empirical coverage.
The simulations are readily extendable to more than one covariate, and similar
findings are obtained.
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