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Abstract: We establish Nagaev and Rosenthal-type inequalities for dependent ran-
dom variables. The imposed dependence conditions, which are expressed in terms
of functional dependence measures, are directly related to the physical mechanisms
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1. Introduction

Probability and moment inequalities play an important role in the study
of properties of sums of random variables. A number of inequalities have been
derived for independent random variables; see the recent collection by Lin~and
Bai (2010). The celebrated Nagaev and Rosenthal inequalities are two useful
ones. We first start with the Nagaev inequality. Let Xi,..., X, be mean 0
independent random variables and S, = > | X;. Further assume that for all
i, [| X, = (B|X;|P)'/? < oo, p > 2. By Corollary 1.7 in Nagaevl (979), for a
positive number x, one has

n 2
apT
P(S,>z) <Y P(X; > -+exp{— 2 }
( " ) ; ( ‘ Z/z) Z?:lE(Xz‘leiSyi)
Z?:l E(sz]'USXiSyi) Bely
+ — , (1.1)
Bryr~1

where y1,...,y, > 0, y = max;{y;,1 <i <n}, 8=p/(p+2) and ap =2 P(p+
2)72. With

pnp = Y E(Xil?)

=1
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and y; = xf for all 1 <i < n, one obtains from (IZ0) that

2 2

P(|S,| > 7) < (1+ ) Hnp —|—2exp< i ); (1.2)
Hn,2

see Corollary 1.8 in (I979). If the random variables Xj, i €, are inde-
pendent and identically distributed (i.i.d.), then () implies

”HXOHP < apz’ >
Spl > x 1+ +2exp| ————5 | - 1.3
P 2 ) < (14 0)"55 b )

Inequalities of this type have applications in insurance and risk management.
For example, for a small level a € (0,1), if x = x,, is such that the right hand
side of (I2) is «, then the a-quantile or value-at-risk of S, is bounded by z,
since P(S,, > z4) < . Inequality (I2) suggests two types of bounds for the tail
probability P(S,, > z): if 22 is around the variance p, 2 = var(S,,), then one can
use the Gaussian-type tail exp(—a,2?/un2). If = is larger, the algebraic decay
tail i, /2P is needed.

In dealing with temporal or time series data, the X; are often dependent.
Then the problem naturally arises on how to generalize the Nagaev inequality
to dependent random variables. The latter problem is quite challenging and
very few results have been obtained. Under some boundedness conditions on
conditional expectations, Basu (T985) derived a similar result. However, the
imposed conditions there appear too restrictive and they exclude many commonly
used time series models. (2001) considered uniformly mixing processes,
a very strong type of dependence condition. In Nagaev (2007) he considered
martingales. Bertail and Clémencon (2010) dealt Wlth functionals of positive
recurrent geometrically ergodic Markov chains; see also Rid (2000).

The Rosenthal inequality provides a bound for the moment E(|S,,|P). Rosend
thal (T970) proved that if X; are i.i.d., then there exists a constant B, such that

E(|S[?) < By max(pinp, 12/3)- (14)

The calculation of the constant B, has been extensively discussed in the lit-
erature; see Pinelis_and Ufev (I984), Johnson, Schechtman, and Zinn (I98H),
[bragimov and Sharakhmetovi (2002), among others. Hifczenkd (I'990) obtained
the best constant for a martingale version of the Rosenthal inequality. Under var-
ious types of strong mixing conditions, the Rosenthal type inequalities have been
obtained for dependent random variables; see Shad (T98R, T995, 2000), Peligrad
(985, 198Y9), [Utev and Peligrad (2003), and Rid (2000). [EE (2009) and Merd
[evede and Peligrad (2011) used projections and Conditional expetations. [Pinelid
(2006) applied domination technique to obtain moment inequalities for super-
martingales.
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In this paper we establish Nagaev and Rosenthal-type inequalities for depen-
dent random variables under easily verifiable dependence conditions. We assume
that (X,,) is a stationary causal process of the form

Xi=g( ,€i-1,€i), (1.5)

where €, € Z, are i.i.d. random variables. We adopt the functional dependence
measure introduced by Wai (2005). Let &, 5;-, 1,7 € Z, be i.i.d. random variables;
let 7, = (-++ ,en—1,6n) and X|, = g(F_1,€0,€1,...,€n). Define the dependence
measure

Onp = 1 Xn — Xpllp

and the tail sum -
@m7p = Z 07:71"
i=m

Assume throughout the paper that the short-range dependence condition O, <
oo holds. Let S, = Y ,_, Xi and S;; = maxi<i<,|Si|. Our Rosenthal and
Nagaev-type inequalities are expressed in terms of 6, , and ©,,,, and are pre-
sented in Sections 2 and 3, respectively. Those inequalities are applied to nonlin-
ear time series and kernel density estimates of linear processes. Section 4 provides
an extension to non-stationary processes.

2. A Rosenthal-type Inequality

Throughout the paper we let ¢, denote a constant that only depends on
p, and whose values may change from place to place. Theorem 1 provides a
Rosenthal-type inequality for the maximum partial sum S;. Peligrad, Utev, and
Wai (2007) proved that, for p > 2,

1S3l < o [IXalp + 3 57 E(S; 7))
j=1

This inequality can be viewed as a generalization of the Burkholdex (T973, [98R)
inequality to stationary processes. The Rosenthal inequality has a different flavor
in that it relates higher moments of S,, to its variance. Rid (2009) showed a
Rosenthal-type inequality for stationary processes: for 2 < p < 3, one has

1Sully < epn?on + e /(| Xollp + AN + D), (2.1)
where N = min{i : 2¢ > n} and

N-1

1 _
o = [Xolla + 5 2 2 B(S 7o)



1260 WEIDONG LIU, HAN XIAO AND WEI BIAO WU

N-1

Ay =Y 272/ |E(SL|Fo) — E(S2)lp/2.
=0
N-—1

Dy =Y 27 P|[E(Sy|Fo)lly-
=0

Merlevede and Peligrad (2011) obtained the following: for all p > 2,

- F n 2| F)|19 .\ 1/(26)
* [E(Sk|Fo)l IE(SEIFo)lly 2
1S5llp < cpnl/p[yXoHp+ ) o > HT/pp/ (2.2)
k=1 k=1

where § = min(1, (p — 2)71). For 2 < p < 3, (E2) is a maximal version of Rio’s
inequality (Z0). If the X; are independent, then E(SZ|Fo) = E(S?) = k|| Xo||3
and (E2) reduces to (). A key step in applying (E2) is to deal with the
quantity

" E(SEIFo)I? " E(SEIFo) —ESDI0 . < [E(S2)]°

p/2 p/2
Z J1+26/p < Z J1+26/p + Z k1+26/p °

k=1 k=1 k=1

In doing so, one needs to control ||E(Sk|Fo)ll, and [[E(SE|Fo) — E(S7)|l,/2- The
computation of the latter can be quite involved. Merlevede and Peligrad (201T)
provided an inequality in terms of individual summands that involve terms such
as E(X;X,|Fo) and E(X,|Fo). The latter quantities can be controlled by using
various mixing coefficients in Bradley (2007), Rid (2000), and Dedecker_ef all
(2007).

Our Theorem 1 provides an upper bound for ||.S;||, using the functional

dependence measure 6, ;, which is easily computable in many applications; see MWii
(2011). We do not need to deal with the quantity |[E(SZ|Fo) — E(SE)|,/2. Our
inequality is powerful enough so that the behavior of ||.S}||, for p near boundary
can also be depicted; see Example 1.

In order to provide explicit constants in our Rosenthal-type inequality, we
need the following version of the Rosenthal inequality for independent variables
taken from Johnson, Schechtman, and Zinn ([985)

IS5, < 285 2 ). o
— p~ logp \"™? P

We also need a version of the Burkholder inequality due to Rid (P009): if
X1,...,X,, are martingale differences and p > 2, then

3%

<=1 YR (2.4)
=1
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Theorem 1. Assume EX; =0 and E(|X1|P) < oo, p > 2. Then

e s 29]2+3< SO Y g+ 22 1l
j=n+1

29
Ey g, o+ e HXIHP] (2.5)
7=1

l/p [87}?(
logp

Note that, since p > 2, we have 0,2 < 60;,. Then the term Z?:1 02 +
Z?O:n-u 0;p in (Z3) can be equivalently replaced by ©1 2+ 0,41 ,. Hence we can
rewrite (23) as

oo
IS5l < can*/*(©12 + | Xill2) + e 7| 3 min(i,m) /270, + | Xall,

j=1
If the X; are independent, then 6,2 = 0 and 6;, = 0 for all j > 1, and (223)
reduces to the traditional Rosenthal inequality (I@). The presence of O; 2 and
Z;’il min(j, n)"/ 2_1/p9j,p is due to dependence. It is generally convenient to
apply Theorem 1 since the functional dependence measure 6;, is directly related
to the data-generating mechanism of the underlying processes, and in many cases
it can be easily computed; see Wi (2011) for examples of linear and nonlinear
processes.

Proof of Theorem 1. For i > 0 and 57 > 0 let

S@j = ZXk’j’ where Xk,j = E(Xk‘&g,j, e ,Ek).
k=1

Note that X, ;, k € Z, is j-dependent. Namely X} ; and X}/ ; are independent
if |k —K'| > j. We write X, as

Xy = Xp = Xpn + Y (X j — Xpjo1) + Xio- (2.6)
j=1

Then

1S3l < || max 15— Sl

p+jZ: H max |S; ; — ~7j_1]Hp+H max ]Si,o!Hp. (2.7)

1<i<n 1<i<n
For the second term in (277),

| e 152 = Sigal],

< [1Sn; = Sng-1llp + Hogglgg 1‘ Z (Xkj = X1 ‘H (2.8)
- k=n—1
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Note that {X} ; — X ;1,1 < k < n} are also j-dependent. Moreover, X,,_j ; —
Xn—kj—1, 0 < k < n —1, are martingale differences with respect to o(ep—j—j,
En—k—jt+1,---). Thus, {| > p_, :(Xk;j— Xk, -1)], 0 <i<n—1}is a nonnegative
submartingale with respect to o(en—i—j,en—i—j+1,-..). By the Doob inequality,
we have

max \Z (Xkj — Xijo1) <p/<p—1>-Hsn,j—sn,j_lnp. (2.9)

0<i<n—1
77’1 'L
Write Y; ; = ,(;j)lé:l(z 1) (Xpj — Xk j—1), where a A b := min(a,b) for two real

numbers a and b. With [ = |[n/j]| + 1, we have

|Sn g — Snj- 1’—’23/1]

Observe that Y7 ;,Y3 j, ... are independent and Y5 j, Yy 5, ... are also independent.
By (23),

(2.10)

14.5p
[Sn,j = Snj-1llp < oz p [H - Yi; P > vy, ‘2
1/p 1/p
H( X \m,jrz) +( Z wial) ] e
7 is odd 7 is even

By (24) we have, for 1 < <1,

1Yl < (p— DY2[(i5) An — (i — D)2 X105 — X1l
< (p—)Y2[(i5) An — (i — 1)5]20; ; (2.12)

HY:JHQ [(ij)An—(i—1)j ]1/29

Thus (210) implies that for 1 < j <n
29p /92—
805 = Sngoally < 0 (Vilio + (0= 1) 2022 V00, ) (2.13)

By (E3)-(Z13) and noting that p/(p — 1) < 2 when p > 2, we obtain

1<i<n

n

S| e 18 = Sigl]
— P
7j=1

87 - S
< 2P (\/EZGJ-,QJr(p—l)l/?nl/p 352 1/P0j,p). (2.14)
j=1

~ logp =
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For the first term in (272), using the Burkholder inequality (24) and a similar
argument as (Z8) and (2Z9), we have

H max |S; — S|

1<i<n

)< 3p— 1)1 N 05, (2.15)
Jj=n+1

For the third term in (271), noting that X} o,k € Z, are independent, again by
(233) and the Doob inequality, we have

29
| max [siol| < =5 (n21X0]le + 071X )
1<i<n p~ logp

This, together with (227), (E13), and (214), implies Theorem 1.

Example 1. Consider the nonlinear time series that is expressed in the form of
iterated random functions (see for example Diaconis and Freedman (I'999)):

Xz‘ = F(Xz',l,{:‘i) = Fei (Xifl); (216)

where F' is a bivariate measurable function and ¢;, ¢ € Z, are i.i.d. innovations.
Assume that there exist xg and p > 2 such that

kip i= [|wo — Fro(w0)llp < 00 (2.17)

and the Lipschitz constant

| Fzo () — Fry (JUI)HP

'

L, := sup
x#x! |£U — X

<1. (2.18)

By Theorem 2 in Wiuand Shad (2004), conditions (214) and (ZI8) imply that
(Z18) has a stationary ergodic solution with || Xol|, < |zo| + kp/(1 — Lp) =: K.
Also the functional dependence measure 6; , < Lb|| Xo — X{|l, < 2K, L}. We now
apply Theorem 1 to the process (X;). Assume E(X;) =0and let A=1/2—1/p.
Then

> 1 i A0 540 — i N (I\A
i <3 ey () '
p Jj=n+1 7j=1

o o0
< min <Z Li, nA ZjALg) (2.19)
i=1 i=1

Elementary manipulations show that there exists a constant C'4 such that, if
L, > 1 —1/n, the right hand side of (Z19) is less than C4/(1 — L), while if
L, <1—1/n, it is less than Cx/(n?(1 — L,)'*4). Combining these two cases,
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we obtain an upper bound for (219) as Cy min(1/(1— L), 1/(n A1 - )HA)).
Hence by Theorem 1, we obtain

n
[Snllp < Cpnl/2 Z 02 + Cpn1/2K2 + Cpnl/pr
j=1
1 1
1/2 :
+n /" KpCy min (1 T nA Lp)1+A>

2K20pn1/2 cpn1/2Kp ) A _A
1 1-L . 2.20
— 1 _ L2 + 1 _ Lp mln( , N ( P) ) ( )

If there exists a positive constant A\g such that L, < 1— \g, then the second term
in (2220) has magnitude O(n'/?), which together with the first term mimic the
classical Rosenthal inequality (I4). If this well-separateness condition is violated,
then we can have a quite interesting behavior. Let L, =1 —r,, with r,, — 0. If

rn > 1/n, then the second term in (2220) has order O(n Lppl/p= 5/2) Ifr, <1/n,
then the order becomes O(n'/?r-2). As a specific example, consider the ARCH
model with F., () = &;(a®+b%2?)"/2, where the ¢; are i.i.d. standard normal and
a,b > 0 are parameters. Then L, = ||begl|,. Choose pg such that L,, = 1. Note
that E(]Xo|P°) = oo since, for some C' > 0, P(Xg > z) ~ Cz7P° as x — oo (see
GOl (191). Since L = Ly, +Op — ol): 1 p— o = O(rs). L~ 1= Olry).
Overall, as 7, | 0, the second term in (2220) has bound n'/?r;; mm(l, (nrn) ™).

3. A Nagaev-type Inequality

Nagaev-type inequalities under dependence have been much less studied than
Rosenthal-type inequalities for dependent random variables. If we just apply the
Markov inequality and (2Z3), we only obtain that

" 15511 n/>
> < —X = _—
B(S; > @) < 0 0( = )

In comparison, the bound O(n/xP) in (I=3) is much sharper. We also observe that,
according to Borovkoy (T972), the Nagaev inequality (IZ2) also holds for Sy, the

maximum of absolute partial sums, when X1,..., X,, are mean zero independent
variables:
P(S* > )<(1+ ) Ere i 9e < o ) (3.1)
>zx) < Xp . .
" P(p+ 2)?pin,2

We will need the Gaussian-like tail function

(o)
y)=> eI y>0, >0
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Note that sup,, Cv’q(y)ey2 = Gq¢(1)e. Hence if y > 1, Gy4(y) < Gq(l)ee*yz. In
this section C, (', ... denote constants that do not depend on = and n.
Theorem 2. (i) Assume that
o0
= Z,uj < 00, where puj = (jp/zflﬂip)l/(“l). (3.2)
j=1

Then for all x > 0,

P(S% > ) < cps (P 4 || X1 |12)
IL’
cp,u cpw?
+4 ) exp J + 2exp (— L4 > . (33)
Z ( 292 > n|| X1 |3

ii) Assume that ©,,, = O(m™%), a > 1/2 — 1/p. Then there exist positive
(ii) »
constants C, Co such that for all z > 0,

Cl@g n Chx
P(S¥>z)< —2— 44 — ). 4
(532 0) < =2 4Gy () (3.4

(ili) If Omp = O(m™®), a < 1/2 — 1/p, then a variant of (84) holds:

. Cy @)gp np(1/2—a) Chx
(3.5)
If the X; are independent, then 69 = 6;, = 0 for all j > 1, and hence (B=3)

reduces to the traditional Nagaev inequality (B).

We remark that those inequalities are non-asymptotic and they hold for any
n and z. The exponential term in (B23) decays to zero very quickly as j — oo. If
x = /nv' /Py with y > 0, then ,LLJZIL‘Z/(TLZ/QHJZQ) > j172/Py2 and

— CP“J%Q — 1-2/p. 2
> exp ( — ) <Y exp(—cps' TPy

is an upper bound for the second term in (823). Consider the two cases y > 1

and y < 1 separately, we conclude that there exists constants ¢, and CJ/D such that
the second term in (B3) is bounded by ¢, exp|—cpa?/ (nv?+2/P)].

We now compare conditions on dependence in (i) and (ii). Consider the
special case 6;, = §j7P. Then (B2) requires f > 3/2, and (ii) only requires
B > 3/2 — 1/p. On the other hand, (B2) implies ©,,, = o(m!/P~1/2) since
yamely, < (Z?Zn_ll 9;4;1)‘1, where ¢ = 1+1/p, and m®/2-1)/(+p) $72m—1 Hl/q

J=m Jm,P—
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Z?:n_ll pj = o(1). In case (iii) the dependence is stronger; as compensation, we
need a larger numerator n?(*/2-®) than n, and the term n(2P—1-2e2)/(2+2p) in (g3)
is also larger than \/n.

Proof of Theorem 2. (i) We use the decomposition (Z8). Let A\j, j=1,...,n
be a positive sequence such that 2?21 Aj < 1. Fori € Z and ¢ € N, write
li]¢ := |i/€]0. Define

i

M;j = (Xp;— Xpj1) and My ; = Juax [M]. (3.6)

k=1 -
Then Spp — Sno = Yopey (X — Xko) = Z?:l M, ;. For each 1 < j < n, as
in (ZT0), let V5 = S0V 15Xy = Xijo1), 1 <0 <1, where I = [n/j] + 1.
Define W, =377_, (14 (=1)" ")/2-Y; ; and Wo,=3,(1~- (=1)%)/2-Y; ;. Then

IP)(M* >3\ x) <P <rln<a,7i< ’MLiJj7j| > 2)\j$> +P (rl;1<a73b( |MUJJ‘J — Mi7j| > )\jx>

<P (mglx Wil = ij) +P <mglx W5l = Aﬂ)

n
— .. > . . .
—i-j]ID(r?%x |M; ;| > )\]m) (3.7)
Since Y5 j,Y4 j, ..., are independent, from (B) and (Z12) we obtain
¢ (n/7)E(|Y2,|) (Ajz)?
]P)(Hslglx Wi = Njz) < Cp()\—$)] + 2exp ( —¢p 30]2,2 )
n P 19 (\jx)?
<c¢p,————25 J . .
=% P )\j "+ 2exp ( n9j2-2 ) (3.8)

A similar inequality holds for W ;. For the last term in (B7), noting that, by
(233) and the Doob inequality,

E(max |M, ;P) < 2P~ 1]E<|M“| + max ‘Z Xij — Xk j— 1)‘ ) < cp]p/%?p

1<i<y 1<i<y 2,p’?
we have
. n 708, (\j)?
IP’(M,W- > 3\jx) < cpx—pT + 4exp ( — 92 ) (3.9)

Since [[X10ll < [ X1]l2 and [[X1lly < [1X1]lp, by (8T), we have

nl| X115 cp”
> < - ’
P<1T%|Sz,ol—x>—cp w2\ TLixE
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Choose A\j = p;/v. By (Z8) and (213), we obtain (833) in view of
oP/® 1) o Z oD < Z ( )Wz D/ ) (o)

n+1,p Lp
= n+1 I=n+1

P(S} > 5z) <ZIP’ s> 3\7)

+P <r£1ax |S; — Sin| > x) +P (glax |Si0] > x> .

(ii) Let 0 =79 < 71 < ... < 7 = n be a sequence of integers. As in (BH), write

L i

Sim = Sio =Y M, where My =Y (Xpz — Xpr_,)-
=1 k=1

Then there exists a constant ¢, > 0 such that

|77 - 3 H
Ay ’Ll 2
L 0;., =: cp,0;, and < 92—912
i ‘ E ip pYlp E :
i=14+71_1 1=1+7_1
Let M;;l = maX;<p ]le| Again let 5\1,...5\,; be a positive sequence with

lel A < 1. With the argument in (87), (838), and (8d), we similarly obtain

o . 5 2
ot 233 < T e (e A2
n@w

Let ju = (/% 19p O )Y+ = S fiu, and Ay = jiy/r,. Using (B1M), we
L
P(S} > 5z) < Z 1>3Nz)
+P<max |S; — Sm|>x>—i—P<max \Szg\>x>

1<i<n 1<i<

5\ 2
—Vﬁ“ +4Zexp (Auz) )

" nf?,
n’?e), nl| Xoll5 cp?
+1,p Ollp 14
2ex — . (3.10
T Ty T2 <nuXo\2> (3.10)

We now show that the above relation implies (84). Let A = (1/2 —1/p)p/(1 + p)
and B = ap/(1+ p). Since 0;, < O, ,41,p, we have

L

o 2—14

vy = Z(Tlp/ gﬁp)l/(pﬂ)
=1
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L
=0(1) Y (/PP yp/0)

A

|
_

LH; A < B, choose p € (A/B,1), L =1+ L(loglogn)b/glogp_l)j, and 7, =
n?" "], 1 <1< L. Since A < pB and 7/75, ~ n#"" (A=PB) " elementary

calculation shows that ZlL_l A /rP = 0(1). Let z = \f@op“1+ /py, then

)

(S\Z:c)2 I VL/p@opl/ Ml+2/p@2,py _ =2/ 2
ni2, 2, B v
and the second term on the right hand side of (BIW) is bounded by > 2,
4exp(—cyl'~2/Py?), which implies (B4).
If A> B, let r = (A/B)YA=B) 7 = |n/rl7l], and L = 1 + [(logn —
1)/(log7)]. Then 7, = O(nA~B). Since A — B = (1/2—1/p — a)p/(1 + p), we
have, by (8710),

O(np(1/2—o¢))@p (Xl.f)Q cox2
P(|S,]| > bzx) = 0P 4 4 exp ( —cp— +2ex P
(’ ’ ) P ; p( P n9172 ) p( HX(]H2)

Let z = /nOg prry, then

(5\136)2 _ ;705 ,y* (le/@() )2;3/(p+1)7l(p72)/(p+1)y2 S DD 2
”912,2 912,2 (01,2/©0,p)?

=T )
and (B3) follows.

Remark 1. We consider the boundary case of Theorem 2 with a = 1/2 — 1/p.
Recall the proof of the Theorem 2 for the definitions of A, B, and ;. Now we
have A = B. Let 7, = 2! for 1 <1 < L, where L = [(logn)/(log2)|, we have
v, = O(logn). Then the argument there implies the following upper bound:
there exist positive constants C1 and Cs such that for all z > 0,

16§, n(logn)Ptt Cox

P +4Gp-2)/(p+1) Oopv/nlognl
Example 2. (Kernel Density Estimation) Consider estimating the marginal den-
sity of the linear process Y; = 72 ajei—;, where (a;)32, are real coefficients and
the ¢; are 1.1.d. innovations with density f satisfying f. := sup,[f(u)+|fL(u)]] <
oo. Based on the data Yi,...,Y,, we estimate the marginal density f of Y; by

Fulw) = —— S (0,
i=1

nby, by,

P(|Sp > 2) <
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where b,, is the bandwidth sequence with b, — 0 and nb, — oo, and K is a
bounded kernel function with support [—1, 1]. We want an upper bound for the
tail probability P(|f,(u) — Ef,(u)| > z). The latter problem has been studied
for i.i.d. random variables; see Lonani ([998), Gad (2003), and Joufard (2008),
among others. However, the case of dependent random variables has been largely
untouched.

Assume apg = 1. Let Wz;l = Z;}il Aj€i—j5 = Y}J — &;, f"z;l = ( .. ,62‘72,61;1),
and

folw) = ;E[K(“ )| Fi] = i;x

where
1
X, = / K(v)fe(u—W;—1 — vby,)dv.
-1

We compute the functional dependence measure of X;. Let W/_; = W;_1 —
aieo + a;eqy, where €, e;,1 € Z, are i.i.d. Then |X; — X!| < |ai||eo — €(|x, where
k= fu f_ll | K (v)|dv. Assume E(|eg]?) < 0o, ¢ > 0. Since |X;| < k and |X]| < &,
we obtain

E(|1X; — X{|P) < E[min(2x, |as|leo — £5|x)"]
(26)PE[min(1, |a||eg — eh|)™mPD)]
(2K

(s CD)E g — | @),

Hence the the functional dependence measure of X;, 6;, = O(|a;|™™(14/P)), As-
sume that

<
<
<

Z(ipﬂ—l|ai|min(q,p))1/(p+1) < 0.
i=1
By Theorem 2(i), there exists constants C,Ca, C3 > 0 such that, for all y > 0,
P fa(u) = EfS(w)] > y] = P(IX1 + -~ + X, = nEX1| > ny)
C C 2
< S04 Gyexp (- M)_
(ny)P n
Since D; := K((u —Y;)/b,) — E[K((u —Y;)/by)|Fiz1], i = 1,...,n, are martin-
gale differences bounded by K2 = 2sup,, |K(u)| and E(D?|F;_1) < b, K3, where
K3 = f, fil K?(v)dv, by Freedman (I975)’s martingale exponential inequality,
we obtain

(3.11)

~ (nbny)2
Pan(u) - f;;(u” > y} < 2€Xp [_ 2nb yKQ + 2nb K3i|
nbny2
-9 St LL- A 12
P [ 2K + ZKJ (3.12)
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For sufficiently large n, b, < Ks. So by (BI) and (BT2), we have the upper
bound

Pl fn(u) = Efn(u)] = 2y] < 3exp

- nb,y? ] Cin
2yKs +2K3 (ny)P’

Hence, if y > (logn)/+/nby,, the tail probability P[|f,(u) — Ef,(u)| > 2y| has an
upper bound with order n/(ny)? = nl=Py=P.

4. Extension to Non-stationary Processes

The inequalities for the stationary case can be generalized to causal non-
stationary processes without essential difficulties. Consider the non-stationary
process

Xi=gi(-- ,€i-1,8), (4.1)

where €;,1 € Z, are i.i.d. and the g; are measurable functions. If g; does not
depend on ¢, then (E0) reduces to the stationary process (I3). For any random
vector (X1,...,X,), one can always find g1, . .., g, and independent random vari-
ables ¢; uniformly distributed over [0, 1] such that (X;)? ; and (gi(e1,...,€:))i
have the same distribution (see for example Rosenblatfl (1952) and Wi and Miel
niczuk (2011)). We define a uniform functional dependence measure. Again let
Ei,€;-,’i,j € Z, be iid. and assume for all ¢ that E(|X;?) < oo, p > 2, and
E(X;) =0. For m > 0 let

Omp = SUD | Xi = gi(- -+ s €imm—1, € Eimmt1, - -+ €)llps
K3

and define the tail sum ©O7, , = Z;’;m 0%, A careful check of the proofs of
Theorems 1 and 2 suggest that they remain valid if we instead use the uniform

functional dependence measure 6y, ,,. The details are omitted.
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