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USING ZERO-INFLATED POISSON MIXTURES
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Abstract: Species assemblage comparison is important in many ecological studies.
In this paper, we develop a novel test for comparing species assemblages when
abundance data from multiple quadrats are available. The test is based on the
zero-inflated Poisson mixture model which we introduce to characterize the species
assemblage given abundance data from multiple quadrats. We present a simulation
study to evaluate the performance of our proposed test. The application of our test
is further demonstrated on an ecological dataset.
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1. Introduction

Comparison of species assemblages has important applications in ecology,
since it provides crucial information about the spatial and temporal variations of
ecosystems. There are two typical types of data collected in ecological studies:
abundance-based data that contains the information of counts of each observed
species in each sampling unit, and incidence-based data that only notes whether
a species is present or absent in each sampling unit. Depending on the sampling
procedure, the abundance-based data can be further divided into two categories.
In one, the whole sampling area is treated as a single sampling unit, and the count
information of each observed species is summarized for the whole area. The other
has the sampling area divided into numerous plots, a sample of plots is randomly
taken, and the count information of each observed species is recorded for each of
the sampled plots. Following the terminology commonly used in ecology, we call
those plots quadrats. We refer to the first type as abundance data from a single
quadrat, and refer to the second type as abundance data from multiple quadrats.

In the literature, mixture models are popular choices to model the ecological
data due to their capabilities to account for heterogeneity among species (see, for
example, Ord_and Whitmore (1986), Bunge and Fitzpatrick (1T993), Chao and
Bungd (2007), Bohning and Schon (2005), Mao and Colwell (2005), Mad (2008)).
More specifically, for incidence-based data, the binomial mixture model is usually
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used, and for abundance data from a single quadrat, the Poisson mixture model
is used. In Mao and T (2009), a testing procedure was proposed to compare
species assemblages under the binomial mixture model when the incidence-based
data are available. Recently [Li, Mao, and Wang (2012) developed a testing pro-
cedure under the Poisson mixture model when the abundance data from a single
quadrat are available. In this paper, we focus on the species assemblage com-
parison problem when the abundance data from multiple quadrats are available.
We also choose to work on the comparison problem under the mixture model
framework. For this purpose, we first introduce the zero-inflated Poisson mix-
ture model for abundance data from multiple quadrats. Based on this mixture
model, the comparison of species assemblages amounts to comparing the total
numbers of species and the mixing distributions in the zero-inflated Poisson mix-
ture model. However, neither of them can be well estimated nonparametrically in
practice. To circumvent these difficulties, we develop a procedure for comparing
some functions of the total numbers of species and the mixing distributions in-
stead of comparing them directly. Those functions can be readily estimated and
at the same time we show that the comparison of those functions is equivalent
to the comparison of the total numbers of species and the mixing distributions,
which is ultimately equivalent to the comparison of species assemblages under
our zero-inflated Poisson mixture model.

The rest of the paper is organized as follows. In Section 2, we describe our
zero-inflated Poisson mixture model for abundance data from multiple quadrats.
In Section 3, we introduce the hypothesis testing problem associated with the
species assemblage comparison problem under the zero-inflated Poisson mixture
model. In Section 4, we describe our testing procedure for comparing species
assemblages. In Section 5, we report some simulation studies to evaluate the
performance of our proposed test. In Section 6, we demonstrate the application
of our test to an ecological data set. All proofs are collected in the Appendix.

2. Zero-inflated Poisson Mixture Model

To introduce some necessary notation, we consider two species assemblages.
Each assemblage is divided into numerous quadrats. A sample of K; (i = 1,2)
quadrats is taken from assemblage i. A species is either present or absent in a
quadrat. If the species is present, the count of the species is recorded. Define

(i) ¢;: the unknown total number of species in assemblage i;

ii) Xj;r: the number of individuals from species j observed in quadrat k in
J
assemblage .

If the species j is absent in quadrat k in assemblage ¢, then X;;;, = 0. Typically,
to model the count data X;j;, the Poisson distribution can be used. However, in
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many ecological data sets, some species may be present only in a small number
of quadrats, which leads to a large frequency of zeros in the data. To account for
this, we use the zero-inflated Poisson model. More specifically, the distribution
of Xjj, is given by

1—7Tij, if l’ijk,zo, (2 1)
Tijk .

. exp( z]) )‘z] . .
ij1— —exp(—Aij) @ikl if Tijk > O,

Pr(Xije = @ijklmij, Aij) =

where 7;; is the probability of species j in assemblage ¢ present in a generic
quadrat and )\;; is the rate parameter of Poisson distribution for species j. It is
easy to see that this model includes the regular Poisson as a special case with
mij = 1 —exp(—Xi;). Define Z;;, = I{X;j, # 0}, where I{A} is the indicator
function. The zero-inflated Poisson can be written as

Pr(Xiji = Tijk, Zijk = Zijk|Tij, Aij)

Tijk \ Zijk
:w??"k(l—mj)lz’ijk{ exp(=Xij) Aj } .

R 1-— exp(—)\ij) ngk'

Usually m;; and \;; vary among species in one assemblage. To account for this
heterogeneity among species, we assume that the m;; are drawn from a latent
distribution G;, the \;; are drawn from a latent distribution H;, and the 7;; and
the )\;; are independent. We further assume that, conditional on 7;; and A;;, the
Xij;r from each species are independent across all the K; quadrats. Therefore,
the likelihood function for assemblage ¢ can be written as

L{ei, Gi, H) = / H T (1= ) kG ()

exp ik | “idk
dH;(\).
/H{l—exp )\)wljk!} ()

We refer to this as the zero-inflated Poisson mixture.

3. Hypothesis Testing Problem

In the zero-inflated Poisson mixture model, species assemblage i is charac-
terized by the number of species ¢; and the mixing distributions G; and H;. Then
comparing two species assemblages can be formulated as the hypothesis testing
problem

HO 1 C1=Cy, G1 :GQ, H1 :HQ versus Ha i1 75 Co Or G1 75 GQ, or H1 75 Hz.
(3.1)
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Since it is difficult to verify parametric distribution assumptions for the G; and H;
in practice, we take a nonparametric approach. To develop a testing procedure,
one might first estimate {c1, c2, G1, Ga, H1, Hy} nonparametrically. However, the
¢; and G; cannot be estimated well (e.g., Bunge and Fitzpatrick (1993), Huggins
(Z00m), Cink (2003), Mad (2006)). To circumvent such difficulties, we search for
another hypothesis that is equivalent to (BI), for which the parameters in the
hypothesis admit close-form estimators. Toward this end, take

ai(z) = e / dGi () / mﬁdm()\),

7i(h) = ¢ /(1 - (1- ﬂ)h)dGi(W),

fori =1,2, h=1,2,... and z = 1,2,.... It is not difficult to see that 7;(1) =
> o2 1 9i(z), and that 7;(h) is the species accumulation function, used widely in
the ecology literature, and the desired result follows.

Theorem 1. Given that the H; have bounded support, c1 = co, G1 = Go, and
Hy = Hy if and only if g1(x) = go(x) for x = 1,2,..., and 11(h) = 72(h) for
h=2.3,....

Accordingly, the testing problem at (B1) is equivalent to

Hy: gi(x) = ga(x) for x = 1,2,..., and 71(h) = 72(h) for h=2,3,...,

versus
H, : g1(z) # g2(z) for some z or 71(h) # 12(h) for some h. (3.2)

To go further, we need to find estimates for g;(z) and 7;(h). Let n;j be the
number of species in assemblage ¢ that appear in exactly k& quadrats. According
to Mao, Colwell, and Chang (2005), a nonparametric estimator of 7;(h) is

K; (Ki—h)
ﬁ(h):Z{l— (;]é) }nk h=12,... K,
k

k=1

To estimate g;(z), we take nka as the number of species that appear
in exactly k quadrats and appear = times in the v-th (v = 1,...,k) quadrat
among those k quadrats. Let Bijs, ¢, (Teys -y Tty T, Ttyirs- -5 Tt) = {Xijiy
= It17"')Xith_1 = $t1z—1’Xijtv = ﬂf,Xijt1)+1 = Ttyyq ---’Xijtk. = Ty, and all
other Xj;, = 0}. Then

=1 1<t1 <..<tp , <K; Itlil a:tU71:1 mtv+1:1
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[eS)
X Z I{Bij7t17_._7tk($tl,...,xtv_l,l‘,ﬂl‘tv+1,...,wtk)}.

@y, =1
Since
EI{Bijt,,..tn(Tt1s oy Tty 13T Tty ys- - Zty) ]
_ / 51— 1)Kk gy ()

/{ eXp(—)\) }k D R O R 78
X

L—exp(=A) ) xp!-mp 2oy, 12y,

dH;(N),
we have, for any v =1,...,k,

E(nfy) = / <[Zi>7rk(1—7r)Ki_dei(7r) / mﬁdm(x). (3.3)

Using the result in Mao, Colwell, and Chang (2005), ¢;(x) can be written as

i) = 7(1) [ TE2EN A

1 —exp(—A) !
K; Ki—1
N _(k) o K; (1 — VKR g (r
_;{1 s }/(k) (1 - 75 Gy ()
x m;dm()\). (3.4)

Therefore, based on (B33) and (B4), we have an unbiased estimate of g;(x),

K; (Ki—l)
gi(r) =" {1 - (]’él) }nzkmv

k=1 k
where n; . = 25:1 nfkw/k Using the simple fact that > 27, nY, = = n;y for
any v =1,...,k, we have n; , = Y o2 | n; k.. Therefore, 7;(h) can also be written
as
K; (Ki—h) oo
F(h) =) {1 - I’;} > Nika h=12,... K.
k=1 ( k ) r=1

Since 7;(h) only admits a close-form nonparametric estimator for h = 1,.. .,
K; and g;(z) is always zero for x > m, m is an arbitrarily large integer, henceforth
we consider testing the hypothesis, implied by that at (82),

Hy: gi(x) = ga(z) for x =1,...,m, and 71(h) = 72(h) for h=2,... K,

versus
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H, : g1(z) # go(z) for some z or 71(h) # 12(h) for some h, (3.5)

where K = min(K1, K3), and m is some large integer. The choice of m is
discussed further in the next section.

Remark 1. Since Hy at (82) implies Hy at (B3), the testing procedures pro-
posed for testing Hy at (B3H) can be also used for testing Hy at (B22). When used
for testing Hy at (B2), the testing procedures still control the type I error at the
nominal level but may admit a larger type II error.

4. The Proposed Test

If 0 km = (gi(1),...,9i(m), 7(2),...,7(K))’, the hypothesis testing prob-
lem at (B3H) can be written as

Ho M km =MN2,km  vVersus  Hi i gm 7# N2,.K,m. (4.1)
Let

!
0 = (N300, i lms - > MKy, 1s - - > i Kiym)

Ali—(%1,---,Gz’,ka--waivKi)Withai’k_l_( k >/<k>’

KK; . K;—h K;
A2 = (@ing) o=y With a;pp =1 — < I / e )
Bli = Ali ®Im, and le‘ = AQZ‘ ® I;n,

where I, is an m-dimensional identity matrix, 1,, is a vector of m ones, and )

B2;
to see that 7;  ,, is the estimator of n; i ;n» developed in the previous section.
Let N (p, ) denote the multivariate normal distribution with mean vector g and
covariance matrix 2.

is the Kronecker product. Take T; = (Bli> and 'f7i7 Km = Tin;. It is not difficult

Theorem 2. As ¢; = 00, 1) jcm — Mi,km — N(0,W;) in distribution, where
W; = T;V;T;, and V; is the covariance matriz of n;.

Therefore, given the independence of the two species assemblages, 1 g, —
N9, 1cm i asymptotically N (01, xm — N2,K,m: XK,m), where X, = T1VITY +
TyVoTy', and a natural test statistic for the hypothesis testing problem at (ET)
is

o o 1 /a N
Rim = (M km — ﬂQ,K,m)/ZK,m(ﬂl,K,m — 12 K.m)-

It is easy to see that Rg,, — in 4Ky in distribution under Hy at (E) as
c; — OQ.
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In Rk m, Xk m is unknown, and must be estimated. Since Xk ,, = T1ViT] +
Ty VoT4, we study the structure of V; in order to develop an appropriate estimator

for it. For this, let
K; _
Tik = / ( B >7rk(1 — m) K=k Gy (n),

exp(—A) AT
i, — - HZ )
% / 1 —exp(—=A) ! dH(3)

exp(—\)  )ZATHY
i = H’L ;
oy / { 1 —exp(—A) } xly! 4Hi(A)

to get the following.

Proposition 1. (a) var(n; ) = {C,L"I“Z'7k8,i7x + (k= 1)ciri kSipe — kcir?ksix} /k.

(b) For x # vy, Cov (N ke, Niky) = {(k — 1)ciri kSizy — kciri%kSi,xSi,y} /k.
(c) Fork #1, Cov (N .z Nily) = —CiTikSiaTilSiy-

Based on (B33), 7 15> can be estimated by n; j »/¢;, where ¢; is some esti-

mator of ¢;. Similar to the derivations leading to (B3), we take n;}"” , as the
number of species that appear in exactly k quadrats and that appear z times in
the v1-th quadrat and y times in the vo-th quadrate among those k£ quadrats.

Then, for any vi,v0 = 1,2,...,k, and vy # vg,

K; . exp(—A) 2Tty
V1,02 — . ? k _ K;—k . .
sty = [ ()00t [{TZ000 | S
Therefore, r; x5+, can be estimated by n; k 2, /¢, Where n; 20y = > 1<y <<k,
s k - -
ikl (2)-

Plugging these estimates into V;, we obtain an estimator for ¥k ,,, denoted

by K,m, and note the following.
Proposition 2. by K,m 5 a positive semi-definite matriz.

Plugging 3 K,m into R, we can reject Hy in (1) at a nominal level o if

A A . SH-1 . 2
RK,m = (7717K7m - n2,K,m)/ZK7m(nl,K,m - n2,K7m) > X1—am+K—1> (42)

where X%—a,m+K—1 is the (1 — ) quantile of X3n+K—1' When implementing
this, we often encounter singular by K,m- To circumvent this, we note that the
correlations between the components of 9y f ,,, =73  ,,, are often very large, and

that the first few principal components of Xk ,, usually account for the most
variability. Thus we follow Mao and Ti (P009) and focus on these principal
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components to test (EE[I) Spemﬁcally, consider the elgenvalue decomposmon
ZKm = PAP’, where A = dlag{)\l,... )\m+K 1}, N> > )\m+K 1 are
the eigenvalues of )y K,m, and P is the orthogonal matrix corresponding to the
eigenvectors of ZK,m. Given a constant ¢ in (0, 1), say ¢t = 0.9999, take

m+K—1
b= {g 1<J<m+K—1Z)\>tZ)\}

=1 =1

Let A, = diag{;\l,j\g, .. .,5\9}, and P, be the matrix consisting of the first
columns of P. Our testing procedure is to reject Hy at () at the nominal level
a if

Ry = (M1 km — ’f’2,K,m) [\ 5(’71 Kom ﬁ2,K,m> > nga,ﬁ' (4.3)

4.1. Choice of m

Recall that the n;j . are zero for > m as are the g;(x), if we choose m
as some arbitrarily large integer. Thus, if we choose m = m; and ms, and the
Nk are zeros for x > m; (i = 1,2), then RK’ml = ]:ZK’mT Therefore RKm
does not depend on the choice of m as long as it is large enough. However, when
implementing (E=2) the threshold X%—a,m + k1 does depend on the choice of m,
and different choices of m may yield different conclusions. This is not an issue
if we implement (E23), as follows. In (B=3) the threshold x3_ «,p Only depends on
the degree of freedom ©. Given t, ¥ is determined by the nonzero eigenvalues of
by K,m» which can be shown not to depend on the choice of m as long as it is large
enough. It can be also shown that R; does not depend on those choices of m.
Therefore, the test at (E23) yields the same conclusion no matter the choice of m,
as long as it is large enough that the n; ;, , are zero for x > m. Accordingly, the
test at (A33) is recommended. We call it the eigenvalue adjusted (Eva) x? test,
similar to the term used in Mao and Td (2009).

4.2. Impact of using different ¢;

In our testing procedure, we need an estimator for ¢;. Mad (2007) found that
there is no unbiased estimate for ¢;. However, quite a few lower bound estimators
are available in the literature. A popular choice is Chao’s lower bound estimator
(Chad (T98Y)),

(K _1) i1

C; Chao — T +
1,Chao 1,+ 2Kini,2

where n; = 25:11 n; i is the number of species observed in assemblage 7. One
can also use the trivial upper bound estimator ¢; = oo in the calculation of the
test statistic in (E23). Based on our simulations, the test tends to be conservative
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when the upper bound ¢ = oo is used, while it tends to be liberal if the lower
bound estimators are used. The impact of using different ¢; can be seen in our
simulation studies.

Alternatively, to avoid problems caused by the biased estimates of c¢;,
we can use the bootstrap method to approximate the null distribution of
R;. Here first generate the bootstrap resample of ni+, denoted n; ., from
Binomial (& chaosmi,+/Ci,Chao). With n; , species in assemblage i, for species j
(j =1,...,n; ), randomly choose ki ; out of the K; quadrats as the quadrats
in which species j appears. Here k*- is a random number drawn from a zero-
truncated binomial distribution Wlth size K; and probability 77 ;, where 77 ; is
drawn from Ql with QZ the nonparametric maximum likelihood estimator of
Q; with dQ;(7) = [(1 — (1 — m)K)dG;(m)]/[[ (1 — (1 — @)Ei)dG;(w)] (Mao, ColX
well._and Chang (2005)). Next, for species j (j = 1,...,n; ) in assemblage i,
in each one of the k* quadrats where species j appears, generate the count of

species 7, from a zero-truncated Poisson distribution with rate parameter

2]k7
)\* , where A} ;s drawn from Hz, the nonparametric maximum likelihood estima-

tor of H;. For the quadrats where species j does not appear, X ik is simply zero.

Based on those X[ (i=1,2,j=1,...,n;, k=1,...,K;), we can calculate
> Ak 5k -~ ~ N
R = (771,K,m — Mo km — (ﬂl,K,m — 12 Km))/ 5 (M) (P)
X ('fﬁ,K,m - f’;,K,m - (ﬁl,K,m "72 K, m)) (44)

where 07 g =5, 1 m» ]5;‘ and Ai are the counterparts of )y g ,,, =12 K > P, and
A,;, respectively, based on the X;‘]k Repeat the resampling procedure B‘ times
and let k1_o be the (1 — ) empirical quantile of R3!, ..., R3P, where RY is R}
in (B3) calculated from the j-th bootstrap resample. The Eva-bootstrap testing
procedure is to reject Hy in (B-D) at the level av if Ry > Ki_q.

Remark 2. The proposed testing procedures can be easily extended to the com-
parison of L (L > 2) species assemblages. Following earlier notation, we take,
for il =1,...,L, migm = (1(1),...,q(m),7(2),...,7(K))", where m is some
arbitrarily large number and K = min(Kj, ..., Kr). Then comparing L species
assemblages can be formulated as the hypothesis testing problem

Ho:mikm ="+ =nL K m versus Hy : 0 km 7# Nj.km for some i # j.

Letd =M ko =M kcm> M1 km — N5 km) - This problem is equivalent to

H() :d = 0(L—1)(m—1+K) Versus H1 :d 75 0(L—l)(m—1+K)7

where 0, is a vector of p zeros. Denote the estimate of 0y i by M) g s [ =

1,...,L. A natural estimate for d is d = (ﬁll,K,m - ﬁleij,'ﬁ/ZK,m — 'fIlL,K,mv coy
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N1 km — N icm) - One can easily prove that, asymptotically, dis N d,%r1),
where

So= P Wi+ a1 ) Qwr, (4.5)

1=1,2,...,L—1
W) is the covariance matrix of ); g ,,,, and P is the direct sum. Therefore, we can
Al A ~ ~
reject Hy at the significance level « if d Ezld > X%—a (L—1)(m+K—1) where X,
is the estimator of ¥ by plugging the estimators of the W, in (B=3). There are
then Eva-x? and Eva-bootstrap tests for the L species assemblage comparison

problem. As in the two species assemblage case, the Eva-x? test does not depend
on the choice of m, and the Eva-bootstrap test is not affected by the choice of ¢;.

5. Simulations

We first report on a simulation study to assess the type I error of the Eva-
x? test. The study consisted of 36 simulation settings, determined by the total
number of species ¢;(c; = ¢ = 500 or 2,000), the number of quadrats K; (K; =
Ky = 50 or 150), the mixing distribution G; for m;; (G1 = G2 = 4, logit.4" or
9¢), and the mixing distribution H; for \;; (Hy = Hy =¥, logA" or Py). Here
A is the beta distribution with shape parameters 1 and 20, logit.#" is obtained
by letting log{m/(1 —7)} be normal with mean —4 and variance 2, % is discrete
with support points 0.01, 0.05, 0.10, and 0.15 and corresponding weights 0.65,
0.20, 0.10, and 0.05, ¢ is the gamma distribution with shape parameter 1 and
scale parameter 2 right truncated at 20, log.4" is the lognormal distribution with
mean 0 and variance 1 right truncated at 20, and Zp is discrete with support
points 1, 2, 5, and 10 and corresponding weights 0.65, 0.20, 0.10, and 0.05.

To investigate the effect of different estimators for ¢; on type I error, we
took & = ¢;,chao and ¢; = oo in the calculation of Ry at (233). To benchmark the
performance, we also include the type I errors of the test when ¢; = ¢; was used in
the test. In all tests, we used ¢t = 0.9999 in the eigenvalue decomposition to choose
U, and the nominal size of the test a was set at 0.05. Tables 1 and 2 summarize
the simulated type I errors of the Eva-y? test based on 500 replications. From
Tables 1 and 2, we can see that the estimator of ¢; has a significant impact on
the type I errors. With high-quality estimators for the ¢;, the type I errors would
approach the nominal level. If the ¢; are underestimated, the Eva-x? test is
liberal; if ¢ = oo is used, the Eva-y? test is conservative. Tables 1 and 2 also
include the type I errors of the Eva-bootstrap test. For computation simplicity,
we only considered the Eva-bootstrap test with ¢; = oo used in the calculation of
R;. The number of bootstrap resamples, B, was 500. As we can see from Tables 1
and 2, the Eva-bootstrap test corrects the conservativeness of the corresponding
Eva-x? test and approximately achieves its nominal type I error. Based on the
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Table 1. The type I error of the proposed tests given different ¢; being used.
One case is represented by (¢;, K;, G, H;) such that ¢; = ¢a = 500 or 2,000,
K, =Ky =50, Gy =Gy = A, logitV or Dg, and Hy = Hy =¥, log/V or

Dy.
Eva-y? Eva-bootstrap

(CiaKi7Gi7Hi) Ci=¢ C; =CChao C;i= 00 ¢; = 00
(500,50,%8,9) 0.052 0.090 0.018 0.044
(500,50,%8,log. ") 0.056 0.100 0.022 0.054
(500,50,98, 2 ) 0.046 0.072 0.022 0.046
(500,50,logit.4",%) 0.052 0.088 0.032 0.048
(500,50,logit.4"log.A4") 0.050 0.086 0.028 0.048
(500,50,logit. 4", 2y ) 0.066 0.098 0.044 0.070
(500,50,%¢,9) 0.040 0.050 0.014 0.040
(500,50,%¢ ,log.A") 0.066 0.076 0.044 0.062
(500,50,%¢, 21 ) 0.058 0.072 0.028 0.050
(2000,50,8,9) 0.056 0.090 0.020 0.054
(2000,50,%,log.4") 0.056 0.092 0.012 0.044
(2000,50,8, 2y ) 0.048 0.086 0.026 0.050
(2000,50,logit.4",9) 0.058 0.076 0.046 0.042
(2000,50,logit.4"log.#")  0.036 0.062 0.036 0.058
(2000,50,logit A", ) 0.046 0.068 0.026 0.048
(2000,50,2¢,9) 0.07 0.082 0.032 0.072
(2000,50,%¢,log.A") 0.042 0.050 0.016 0.046
(2000,50,%¢,%25 ) 0.050 0.068 0.026 0.046

simulation results, we suggest using the Eva-x? test with both ¢ = Ci,Chao and
¢; = oo. If they yield the same conclusion, take it; otherwise, resort to the
Eva-bootstrap test.

As suggested by the referees, we also conducted simulations with a smaller
ci(c1 = co = 100). The simulation results were similar to the ones reported
above, indicating our procedure can work well with relatively small populations.
To investigate the effect of other estimators of ¢; on type I errors, we also used ¢; =
Chao’s abundance coverage estimator and Chao’s incidence coverage estimator
(Chaoand Ted (T992), Chao, Ma, and Yang (1993), [Lee and Chad (T994)) in the
calculation of Rf, at (B23). As in the ¢ = ¢ cnao case, the test based on these
estimators also tended to be liberal, rejecting more often than desired.

We also carried out a simulation study to assess the power of the Eva-
bootstrap test for detecting differences of two species assemblages, with K; =
50 (i = 1,2). Then each of the species assemblages can be represented by
(¢;yGi, H;) (i = 1,2). The exact simulation settings are listed in Table 3,
where Yq, 9, Yu, and %5 are discrete distributions with support points
(0.02,0.1,0.2,0.3), (0.025,0.1,0.2,0.3), (1,2,5,10), and (4,2, 5, 10), respectively,
and common weights of (0.65,0.2,0.1,0.05). In Settings 1-3, the two species
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Table 2. The type I error of the proposed tests given different ¢; being used.
One case is represented by (¢;, K;, G, H;) such that ¢; = ¢a = 500 or 2,000,
K, = Ky =150, G; = Gy = A, logit/V or Y, and Hy = Hy = ¥, log NV

or YDy.
Eva-y? Eva-bootstrap

(CiaKhGhHi) ;i =¢ & =CChao C; =00 ¢; = 00
(500,150,%8,9) 0.036 0.094 0.024 0.050
(500,150,%8,log. ") 0.050 0.110 0.034 0.058
(500,150,8, 2y ) 0.064 0.086 0.014 0.048
(500,150,logit.4",¥4) 0.042 0.068 0.026 0.044
(500,150,logit.#",log.4") 0.068 0.100 0.038 0.064
(500,150,logit A", Zx) 0.038 0.080 0.006 0.048
(500,150,%¢,9) 0.048 0.052 0.020 0.040
(500,150,%¢ ,log.A") 0.050 0.052 0.032 0.048
(500,150,%¢,%2x) 0.056 0.062 0.034 0.052
(2000,150,98,%) 0.038 0.088 0.012 0.038
(2000,150,2,log.A4") 0.058 0.100 0.046 0.068
(2000,150,98,2x) 0.040 0.112 0.016 0.038
(2000,150,logit. 4", ¥4) 0.042 0.062 0.030 0.058
(2000,150,logit.4"log.#")  0.044 0.080 0.034 0.050
(2000,150,logit A", Dy ) 0.070 0.100 0.032 0.058
(2000,150,%¢,9) 0.058 0.056 0.034 0.052
(2000,150,%¢ ,log.A") 0.048 0.052 0.016 0.040
(2000,150,%¢, 25 ) 0.042 0.048 0.022 0.040

assemblages differ in only one out of the three species assemblage characteris-
tics ¢, G and H; in Settings 4—9, the two assemblages differ in two out of the
three characteristics; in Settings 10—13, the two assemblages differ in all three
characteristics.

The simulated power of the Eva-bootstrap test, from 500 simulations for each
setting, is reported in column “abundance-Eva” of Table 3. In this simulation
study, ignoring the count information of the observed species in each of the
sampled quadrats leads to incidence-based data. Given such data, the Eva-
bootstrap test in Mao and T (2009) can be used to detect species assemblage
differences. We also applied the Eva-bootstrap test to the data. The simulated
powers are reported in column “incidence-Eva” of Table 3. In both cases, the
nominal level of the test was set to 0.05. To distinguish the two Eva-bootstrap
tests, we refer to the one proposed here as the abundance Eva-bootstrap test,
and the Mao and 1. (2009) test as the incidence Eva-bootstrap test.

As we can see from Table 3, our abundance Eva-bootstrap test has good
power detecting a variety of species assemblage differences. Furthermore, in
Settings 1, 2, 4, 5 where the H; are the same for both species assemblages, our
abundance Eva-bootstrap test performs similarly to the incidence Eva-bootstrap
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Table 3. The simulated power of the bootstrap adjusted x? tests for
abundance-based data and incidence-based data.

Setting (c1,G1, Hy) (c2, G2, Hy) abundance-Eva incidence-Eva
1 (500, %c, 7u) (450, P, Tn) 0.144 0.138
2 (500, Z¢, Zn) (500, 2%, Du) 0.256 0.260
3 (500, %, Z1) (500, P, 77%) 0.480 0.054
1 (500, ¢, Tn) (450, D%, Tn) 0.202 0.204
5 (500,75, Zu) (450, 76, D) 0.716 0.706
6 (500,76, %) (450, 75, Zj;) 0.546 0.138
7 (500, %6, 75) (450, D¢, D) 0.524 0.132
8 (500, %, Zn) (500,25, 77) 0.456 0.234
9 (500, P, 7%) (500, D%, Tx) 0.546 0.284

107 (500, 7, Zw) (450, 7, ) 0.406 0.200
1 (500, %6, 5;) (450, 75, F) 0.496 0.182
12 (500, 7%, Zy) (450, D, 75) 0.824 0.696
13 (500,25, 77%) (450, D, D) 0.764 0.702

test, indicating that our abundance Eva-bootstrap test which is more general
does not lose efficiency for testing simpler hypotheses. In Setting 3, where the
¢; and G; are the same in both species assemblages and the assemblages differ
only in H, the incidence Eva-bootstrap test has no power. This is expected
since the incidence Eva-bootstrap test can only test Hy : ¢ = c3,G1 = Gbo.
In the remaining settings where the assemblages differ in both H and (¢, G),
the abundance Eva-bootstrap test significantly outperforms the incidence Eva-
bootstrap test. Thus, overall, our abundance Eva-bootstrap test outperforms
the incidence Eva-bootstrap test. This is not surprising since our abundance
Eva-bootstrap test uses all the information in the data, while the incidence Eva-
bootstrap test does not. Ignoring the abundance information in the data and
resorting to the simpler incidence Eva-bootstrap test can lead to significant loss
of power for detecting differences of species assemblages.

6. An Application

The Bosques Project, located in La Selva Biological Station and surrounding
areas in the Atlantic lowlands of northeastern Costa Rica, was established in
1997 to study the vegetation dynamics in tropical second-growth rain forests
(Chazdon, Redondo Brenes, and Vilchez Alvaradd (2005)). One of the goals for
this project is to provide information about spatial and temporal differences in
population of seedlings in tropical second-growth rain forests. Such information
can be obtained by comparing the seedling assemblages across different sites and
over different years. To demonstrate how our proposed test can be applied to help
carry out those comparisons, we choose the seedling assemblage data collected
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from the study sites Lindero Sur (LSUR) and Tirimbina (TIR). In both sites,
all seedlings were sampled in 144 1m X bm quadrats in 12 strips through the
50m x 200m plot. The species identity was determined for all seedlings (> 20
cm in height, but < 1 c¢m in diameter at breast height). In LSUR, 132 species
with 2,287 individuals were observed, and in TIR, 153 species with 3,443 were
observed. Chao’s lower bound estimators ¢; chqo for these two sites are 169 and
196, respectively.

To determine whether there is a difference between these two seedling assem-
blages, we can apply our test. We choose m = 118 and the number of principal
components o = 4 according to t = 0.9999. The p-values of the Eva-x? test are
0.0015 and 0.035 given ¢; = ¢; chao and ¢; = 00, used in R, in (23), respectively.
Both p-values are smaller than 0.05. Based on our simulation studies, using
¢; = oo often leads to a conservative procedure. The null hypothesis is rejected
even when using ¢; = oo. This implies that there is enough evidence to reject
the null hypothesis that there is no difference between these two seedling assem-
blages. Our Eva-bootstrap test yields a p-value 0.004, which further confirms
that there is a significant difference between them.

With abundance data from multiple quadrats, we can always treat them as
incidence data by ignoring the count information of the observed species in each
sampling quadrat and then apply the incidence Eva-bootstrap test proposed in
Mao and T (2009) to test whether the two species assemblages are the same.
Applying the incidence Eva-bootstrap test to the same assemblages, the p-value
is 0.018. The fact that the p-value of our abundance Eva-bootstrap test is smaller
than the p-value of the incidence Eva-bootstrap test further confirms that our
abundance Eva-bootstrap test is, in general, more powerful than the incidence
Eva-bootstrap test.

For each of these seedling assemblages, one can also pool all the count in-
formation for each observed species across all the sampling quadrats and treat
the data as abundance data from a single quadrat. Then the test proposed in
Li, Mao, and Wang (2012) can be applied. The p-value from that test is 0.308,
thus finds no significant difference. The opposing results can be explained as fol-
lows. Pooling the count information and applying the test in [Li, Mao, and Wang
(P2012) can only test whether or not the overall abundances of the species are the
same, but it cannot tell whether or not the distributions of the abundances of
each species across the sampling quadrats are the same. The disparity between
the distributions of the abundances of each species across the sampling quadrates
can be of interest to ecologists.
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7. Concluding Remarks

In this paper, we propose a testing procedure for comparing species assem-
blages when abundance data from multiple quadrats are available. The testing
procedure is based on the zero-inflated Poisson mixture model we introduce to
characterize the abundance data from multiple quadrats. Since we use the non-
parametric approach for estimating G and H, to verify our zero-inflated Poisson
mixture model assumption, we need only check whether the zero-truncated Pois-
son distribution is a reasonable distribution for the non-zero abundances of each
observed species. Some existing goodness-of-fit procedures, for example Chi-
squared goodness-of-fit test, can be used for this purpose.

The abundance data we deal with in this paper are taken from a single snap-
shot of the species assemblages. Due to the nature of such data, our method does
not take into account the dynamics of species assemblages, i.e., how birth, death,
immigration and other factors affect the species abundance. Recently, stochastic
models have been proposed to study such dynamics when such information as
abundance data from sequential sampling or species traits is available (for ex-
ample, Alonso, Ostling, and Etiennd (2008), Habofl (2010)). It is of interest to
incorporate those models into our comparison procedures in our future research.
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Appendix

Proof of Theorem 1. It is straightforward that, if ¢y = co, G1 = G2, and
H, = Ho, then gi(x) = ga(z) for z = 1,2,... and 71(h) = 12(h) for h =2,3,....
When gi(z) = g2(z) for x = 1,2,..., 71(1) = 7(1) since (1) = > o0 gi(x).
Together with 71(h) = m(h) for h = 2,...,00, we have ¢; = ¢ and G = Gy,
following Theorem 2 of Mao and i (2009). Therefore, g1(x) = g2(z) implies that

exp(—A) A" [ exp(—A) A B
/1—exp(—)\)m'dHl(>\)_/1—eXp(—>\):n'dH2(>\)’ 56—1,2,...,

thus

exp(—A) AT _ [ _exp(=A) AT
/ T—exp(=)) (@ + gy N = / T—exp(—n) (o 1 g i2A) (AL)
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forz=1,2,...and y = 1,2,.... Multiplying both sides of (A=) with (z+y)!/z!,
we will have

exp(—A)AEHY) /! B exp(—A)AEHY) /!
/ 1 —exp(—A) dHL(A) = / 1 —exp(—\) dH(A).

forx=1,2,...and y = 1,2,.... Because

\@t+y) /41 A@E+y) /1

exp(— /a: exp(— /! ,

Z/ 1 —exp(—=A) /Z 1 —exp(—2A) dH(3)
::/A%Hx»,

for any positive integer vy,

/ ANVAH(N) = / AYdH,(N).

Given that both H;(\) and H2(A) have bounded support, the moment generation
functions of H; and Hs are identical, H; = Hos.

Proof of Theorem 2. We put Ifjkx I{In assemblage ¢, species j ap-
pears exactly in k quadrats and appears x times in the v-th quadrat among

those k quadrats}. It is easy to see that Ny = Z;;l 1Y e SINCE N f g =
k i
Dot Mg/ s Mike = D50 Sk 1Y, ¢ o/ k. Therefore, n; = 3%, I, j, where

1 v 1 v K; v K; v
;= (> g Lijam ~ L ki Z Ii,j,Ki,m>’
l7j - 9° 9oy ... .
1 >4 > K, >3 K,
v=1 v=1 v=1 v=1

Based on our assumptions, the I, ; are i.i.d., and so {n; — E(n;)} converges to
N(0,V;) in distribution as ¢; goes to co. Since %); f,, = Tin;, the result follows
by using the delta method.

Proof of Proposition 1. (a) Since n; . = Zle ny . ks

var(nija) = {var(niz) + (k = 1) Cov (nj .z, n7 ) k™"

Based on the definitions of n;; and n“m, {nio, and nzk:z:’k =1,....K;,x =
1,2,...} follows a multinomial distribution with size ¢; and probabilities

rio and 7Sz Therefore var(nzlkx) = T kSiz(1 — Tiksig). We also have

1 1
Cov (n} Ko T k,y) —¢iTi k2 8ix8iy, and Cov (n] Fear Midy) = —CilikTi1Si2Siy-
2 — Ci v : ;
To find Cov (n} Ny o i g o)> TeCll that gy =370 IV, . Since the species
are independent of each other,

COV( zkm? zkm E COV z]kx?Iz,]kx)
j=1
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—ZE L) ZE Lk B k0)

Clearly, E(I}, . ) = E(I%, ) = riksia and

E(Iz%j,k,asliz,j,k,ac) = E[ Z Z Z I{Bl]ﬂfh Stk (wv Ly Ttzy ooy xtk)}]

1<t1<..<tp <K; It3—1
= Ti,kSix,x

2 _ 2
Thus, Cov (n} K ”m:p) = CiTikSiwe — Ci(TikSia)” and

var(ngq) = {Cimksz‘,x(l —TikSiz) +(k—1) {Cﬂ“i kSizz — Ci(?“i,j8¢,x)2}] k!
= {cimksi,x + (k= 1)ciri kSiw e — ke;r? T ks } kL.

(b) Again based on the definition of n; i 4,

Cov (niJfJC’ ni,k,y) = {COV (n217k,x7 nll,k,y) + (k ) Cov ( i ko T k,y)}k 1

Similar to the proof in (a), we can obtain Cov (nllkx, nllky) = —iT 128 28y and
1 2y _ 2
Cov (nlkx,nlky) = CiTi kSigy — CiTik SiwSiy. Therefore,

CoV (Mi ks Miky) = {—CiTikSiaTikSiy + (k — 1)(CiTigSizy — CiTipSiasiy) L K

= { — ]. Cﬂ“z kSq T,y kciTikSi,xsi,y} kil‘
(c) Since Cov (1 2, Mi1y) = Cov (nzlkx, N py) = —CiTikSialilSiy-

Proof of Proposition 2. Taken; ; = Zk:ll n; %, the number of species observed
in assemblage 7. W.l.o.g, we assume that species j, j = 1,...,n; 4, is observed
in the sample. Following the notation in the proof of Theorem 2, we denote the
sample covariance matrix of I; 1,...,I; n, . by S;, and its element in the j-th row
and k-th column by S; jx. We denote the plug-in estimate of V; by Vi, and its
element on the j-th row and k-th column by Vuk In the following, we first show
that ‘71 =N 4 S; —|—nm,-’(1/ni7+ — 1/61)
First of all, for any diagonal element of S;, S; ;4 m(k—1),04+m(k—1) We have,

Si,x—i—m(k—l),x—i—m(k—l)
i, + k ni+ k v

(T )
Ni+ T35 Vo= T =1 =1 k
N4, + k Ni+ k
“an (z“’m) ( > )t
7‘7

7
,+ j=1 v=1 j=1v=1



1232 JUN LI AND JIFEI BAN

g, + 2
o) zf S Il -
n kQ ,],kz i,5,k,x"1,5,k,x n2
vt 1<vy <vo<k i+
2
1 ng .
=— 7 {k-nige +k(k—Dnigaat| — —5—
ni+ |k ng
2
_1 {"zkm L (k= 1)ni,k,m,m} _ Mika
koL i M+ U

Since V; p4m(k—1),04+m(k—1) 1S the estimate of var(n; ), based on our estimating
procedure, we have

~ 1 ni,k,z
V;L,x—i-m(k—l),x—i-m(k—l) - %{ni,k,x + (k - 1)ni,k,x,x - T}
(3
Therefore, ‘A/i,z+m(k71),m+m(k71) = N+ - Si,erm(kfl),erm(kfl) + nikﬂ;(l/ni,-l- -
1/¢).
Similarly, for any off-diagonal elements in S;, when 0 < x,y < m and 1 <
k S Kia

g _ 1k =Dnikay  knikaniky
i,x+m(k—1),y+m(k—1) — % n; + - n2 :
3 Z,+

For ‘z,x+m(k—1),y+m(k_1), the estimate of Cov (n; iz, ik y), We have
(&
Therefore,

A

1 1
‘/z',x—l-m(k—l),y—l—m(k—l) = N4+ - Sz',x—l—m(k—l),y—l—m(k—l) + Nk aNi ky (n - g)
i+ i

When 0 < z,y <mand 1 <k #1<K,,

NG ki 1y
— 5

n;

Si,a:+m(k—1),y+m(l—1) = -

For V; 4 im(k—1),y+m(i—1)> Which is the estimate of Cov (n;z,ni1y), We have

Vji,:c—l—m(k—l),y—&-m(l—l) = _ni,k,xni,l,y/éi- Therefore, V;‘,x—l—m(k—l),y-l—m(l—l) = Nj+ -
Si,x—i—m(k—l),y—i—m(l—l) + ni,k,zni,l,y(l/ni,+ - 1/éz>

Thus we have shown that V; = n; 4 - S; +ngng’(1/n; 4 — 1/¢&). From this
it is not difficult to see that Vj is positive semi-definite, since S; is the sample
covariance matrix, mnz is positive semi-definite, n; + > 0, and ¢; > n; 4. Since
)y Km = T1V1T1 + TngT 5, the result follows.
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