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Abstract: In this paper, we consider estimating the intensity of a recurrent event
process observed under a standard censoring scheme. We first propose a collec-
tion of kernel estimators for which we provide MSE and MISE bounds. We then
describe and study an adaptive procedure of bandwidth selection, in the spirit of
Goldenshluger and Lepski (P011), and prove an oracle type bound for both the
MSE and the MISE of the final estimator. The method is illustrated by simulation
experiments.
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1. Introduction

Recurrent event data arise in such fields as medicine, insurance, economics,
and reliability. Medical examples include infections in HIV-infected subjects,
tumor recurrences in cancer patients and epileptic seizures of patients. Such
repeated events impact on the quality of life of the patients and increase their
risk of death. Therefore it is of interest to study the rate function of the recurrent
event process that represents the instantaneous probability of experiencing a
recurrent event at a given time. In this paper, we propose a new kernel estimator
of the rate function when the recurrent event process is subject to right censoring
and a terminal event is present. Then, we study the finite sample properties of
this nonparametric estimator and develop a method to choose the bandwidth
using data-driven techniques.

Regression methods have been widely used to estimate the cumulative mean
function or the rate function of the recurrent event process. For instance, Ander
sen_and Gill (T987) considered a Cox model in presence of right censoring and
they studied the intensity of the recurrent process under a Poisson assumption.
In the absence of terminal events, Pepe and Cai (1993) and Lin"ef-all (2000) per-
formed estimation of the regression parameters in a more general model, taking
into account time dependent covariates. (Ghosh_and Lin (2002, 2003) extended
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these results to the presence of terminal events and derived asymptotic proper-
ties of the regression parameter estimates. Finally, Bouaziz, Gefiray, and Lopez
(2010) studied the cumulative mean function through a single-index assumption
that can be seen as a generalization of the previous models. Asymptotic results
on the parameter estimates were derived and data-driven techniques were used.

However, all these approaches rely on models for the mean or the rate func-
tions that may not hold in practice. In a more flexible way, nonparametric
procedures were considered by several authors. In presence of censored data and
without the Poisson assumption, Nelsonl (T995) and Lawless and Nadean (I995)
introduced an estimator of the cumulative mean function and derived a robust
estimator of its variance. They also obtained confidence intervals which enabled
them to compare mean functions in a two-sample test. The theoretical prop-
erties of this estimator were derived in Ghosh“and Tan (2000). In their main
result, the cumulative mean function is shown to converge weakly to a zero mean
Gaussian process. More recently, Dauxois and Sencey] (2009) studied a model
of recurrent events with competing risks and a terminal event. They performed
two-sample tests on the rate function although their estimation procedure did
not need estimation of this function.

Few works using a smoothing approach were introduced in this framework.
Bartoszynski et all (T981) briefly presented a kernel estimator of the rate function
when the recurrent events were distributed according to a Poisson process and
the censored times constant. Then, Chiang, Wang, and Huang (2005) extended
their results to a more general setting where no Poisson assumption is made,
no terminal events are considered, and the censoring variables are random, but
observed. They studied two types of kernel estimator of the rate function and
gave asymptotic results for both estimators. Mainly, asymptotic normality was
proved and confidence intervals were derived using a bootstrap method, with
theoretical arguments provided to validate their procedures. Another kind of
smoothing estimator was introduced in Bouaziz, Geffray, and LopeZ (2010) to
estimate the cumulative mean function when covariables and terminal events are
present.

In this paper, we propose a new kernel estimator of the rate function in
a nonparametric context, with unobserved random censoring variables and ter-
minal events. For this estimator, we develop an adaptive procedure to select
the bandwidth, based on the recent work of Goldenshluger and Lepski (2011)
We establish oracle inequalities for the LLo-risk and the integrated LLs-risk of our
estimator with a data-driven choice of the bandwidth. This is the first non-
asymptotic result in this setting. In addition, the data-driven procedure is easily
implementable.

The paper is structured as follows. After presenting the recurrent event
model in the next section, we introduce our estimation procedure and infer a
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kernel-type estimator of the rate function in Section 3.1. In Sections 3.2 and
3.3 we give Mean Squared Error (MSE) and Mean Integrated Squared Error
(MISE) bounds on the estimator for a fixed bandwidth. An adaptive procedure
of bandwidth selection is presented in Section 4. In particular, we derive our
main result, an oracle bound for both the MSE and the MISE of our rate function
estimator. A simulation study is conducted in Section 5 to assess the practical
properties of the method. We also provide a comparison with a bootstrap method
adapted from Chiang, Wang, and Huang (2005). Concluding remarks are made
in Section 6. The main proofs are detailed in Section 7, and some technical
results are postponed to the Appendix, Section 8.

2. Notation and Assumptions
2.1. Notation

For a real ¢ > 1 and a function f : R — R such that |f|? is integrable or
bounded, we take

1/q
1l = ( / If(:v)lqd:v> an | = sup )

For simplicity, we set ||f|| = ||f|l2. The integrals and the supremum are re-
stricted to the support of f and, for 7 a positive real number, we set || f||oo,r =
sup,eo,q |/ ()]

We denote by z* = argmingecx f(x) the point z* such that f(z*) realizes the
minimum of the function f over the set X, if it exists. For k a positive inte-
ger, f*) represents the derivative of order k of the function f, and we set by
convention f = f. For h a positive real number, f}, represents the function
fn(-) = f(-/h)/h. For square-integrable functions f and g from R to R, we de-
note the convolution product of f and g by f * g. For quantities «(n) and ~(n),
the notations a(n) < y(n) and a(n) < v(n) mean that there exists a positive
constant ¢ such that a(n) < ¢y(n) and a(n) = ¢y(n), respectively.

2.2. Process assumptions

Let D be the terminal event (e.g., death) and N*(¢) be the number of recur-
rent events experienced up to time ¢. As no recurrent event can occur after the
terminal event, the process N*(-) has jumps of size +1 on [0, D].

Let C be the censoring time, assumed to be independent of both N*(-) and
D. The i.i.d. observations are then

T; = D; NCj,
6 =1(D; < Cy),
Nl(t) = Ni*(t/\C’i),
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for ¢ = 1,...,n. The distribution functions of D, C, and T' = D A C are,
respectively, denoted by

F(t)=P[D<t], Gt)=P[C <t]and H{t) =P[T <t], t>0. (2.1)

The mean function of N* is E[N*(t)] = u(¢) for all ¢ > 0. We assume that
N* has an intensity in the sense that there exists a non-negative function A such
that, for all ¢ > 0,

BV (0] = ) = [ A(s)ds

Note that this definition is different from the conventional one. In our context
A(t) refers to the occurrence probability of recurrent events at time ¢ uncondi-
tioned by the history of the recurrent events process. In addition, A(¢) is defined
unconditionally to t < D or t < C, contrary to the usual model assumptions in
a recurrent events framework. This function was defined in Cook and TLawless
(2007) and referred to as the rate function, denoted by p. It was also introduced
in Dauxois and Sencey (2009) as the frequency function. While the definition of
the rate function in Chiang, Wang, and Huang (2005) is different from ours, no-
tice that multiplying their rate function by 1 — G(-—) gives the intensity function
here.
To make inference about A, we introduce some assumptions.

Assumption 1.

(i) C is independent of D and of the process (N(t)):>0;
(i) BLAN*(C) £ 0] =0,

(iii)P[D = C] = 0.

Assumption (i) is common in the context of recurrent events when censored
data are present (see e.g., Dauxois and Sencey (200Y), Ghosh and Tin (2000)).
Assumptions (ii) and (iii) preclude ties between death, censoring, and the appari-
tion of recurrent event. Notice that in practical situations, if such ties exist, one
can assign censored events values that are just larger than their actual values.

The next assumption circumvents problems arising in the tails of the distri-
butions of C' and N.

Assumption 2.
(i) for F, G, H defined by (E), there exist positive constants 7, cp, and cg such
that 7 < inf{t : H(t) = 1} and, for all ¢ € [0, 7],

1-G(t) >cg, 1—F(t)>cp;

(ii) there exists ¢, > 0, such that N(t) < ¢, almost surely for every ¢ € [0, 7];
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() [\ 7 1= SUprefo A(1) < oc.

The first assumption is common in the context of estimation with censored
observations (cf., Andersen_ef all (T993)) while the second can be found e.g., in
Dauxois and Senceyl (2009). The last one is an additional condition required only
for the pointwise setting.

2.3. Kernel and functional assumptions

Our goal is to perform non-parametric estimation of A using a kernel-type
estimator. Classical regularity conditions are required for the intensity function
and the kernel K.

Assumption 3. There exists 8 > 0, L > 0 such that A() exists for I = |3 and
IANO(t 4 2) = XD @) < L|z|°7Y, Vze [=h,hl,t e [h,T—h)

The following set of assumptions is fulfilled by many standard kernel func-
tions.

Assumption 4.

(i) K has a compact support [—1,1], f_ll K(u)du=1 and ||KH2:f_11 K2(u)du<
o0;

(i) [[Kloo = supye|—1,1) K (u)] < o003

(iii) K is a I = | B] order kernel, in the sense that

1 1
/ W K (u)du =0, for j =1,...,1, / uP K (u)du < oo;
-1 -1

(iv)nh >1and 0 < h < 1.

3. The MSE and MISE of )\,
3.1. Kernel estimator

One of the difficulties in estimating the intensity function is that the process
N*(t) is not directly observable. Our estimation procedure is based on an equality
that provides an expression of A relying on the process N, instead of N*(t).
Under Assumption 1, and since N* does not jump after D, we have

E[dN(t)] = E[dN*(t A C)] = E[dN*()E[I(t < C)|N*]] = A(t)(1 — G(t—))dt.

(3.1)

The distribution function G is estimated by G, the Lo, Mack, and Wang (I'989)
modified Kaplan-Meier estimator

H 1 1—(5(1-)
A 1— (1—,) if ¢ < Tp),

G(T(n)) if t > T(n),
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where T(;) denotes the ith order statistic in the sample 71, ..., T}, and the (5(i))’s
are the J;’s associated to these indexes. Notice then that, for all ¢t > 0

1-Gt)>(n+1)"L (3.2)

We propose a kernel estimator to estimate A

An(t) = nlhz:;/f( (t;‘9> 1 f]\éi)_) (3.3)

where K and h satisfy Assumption 4. As the kernel has support [—1, 1], the
integrand in (BZ3) vanishes outside [t — h,t + h]. Therefore, given a bandwidth
h, we only discuss estimation of A for ¢ such that ¢t = h € [0, 7].

Consider the pseudo-estimator

o =23 [# () ety

the kernel estimator of A\ if G were known. The study of the quadratic error of
A\ — A is divided into two parts — the error of A\, — \, and that of A\, — An. Bounds
on the Mean Squared Error (MSE) at a fixed point and the Mean Integrated
Squared Error (MISE) of A, — A are given in Theorem 1.

3.2. Study of the pseudo estimator A

We obtain results with rather classical tools, for the risk of the pseudo-
estimator. We state successively the pointwise error and the integrated error as
the sum of a bias term and a variance term.

Proposition 1. Under Assumptions 1 to /

(a) for allt € [h,T — h]

1 2 2128 Crl[Mlloo,r 2
_ < ZT 7o,
E | (n(t) = M0)°| < fn® + = 2= P,
where
L 1
o= [ K (u)du
i,
T7—h _ 7_A
(b) / E [(Ah(t) - A(t))ﬂ dt < T2h?P + CIET)HKH?, where
h n

[T As)ds
A0 = | Ty
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Proof. For the bias terms, we proceed as in [I'sybakov (2009) and observe that,
from (BT)

and, using a change of variables, this leads to

1 2
2
(ERL(5)] — A1) < ( /_ lK(u)()\(t—l—uh) —A(t))du) .

Now write A(t +uh) = A(t) + N (t)uh+ - -+ (uh) JINAD (t 4+ Euh) for 0 < € < 1,
and use Assumptions 3 and 4 to obtain the required squared bias bounds c%hw
in (a) and 7¢1h?? in (b).

Let us denote by V[X] the variance of X. For the variance terms, recalling that
Kp(-) = (1/h)K(-/h), we write

Vi) = 27 | [ TS an )]
— S 2-

Then apply Lemma 9 (see Section 8) and use Assumption 2 (ii):

V()] < CF [ / K’%(t—_s)QdN(s)

=) T=66)
cr [ K2 (t—s)
S e

From this point, Assumption 2(i) and (iii), and the equality [ K?(t — s)ds =
h~=Y|K||?, give the pointwise variance bound of (a), while a change of variables
gives the integrated variance term of (b).

Gathering the bias and the variance bounds gives the MSE and the MISE
stated in (a) and (b), and thus the result of Proposition 1 follows.

3.3. Study of the estimator M

The difference between A, and ), is expressed here, and the proof is in
Section 7.

Lemma 1. Under Assumptions 1 to 4, for allt € [h, T — h] we have

& [(n(t) — 3n(0)?] <28,

k [/hT_h (An(t) — S\h(t))gdt} < C/M’

n
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where ¢ is a constant depending on ||K ||co, [[Mlco.rs and ¢, and ¢ is a constant
depending on A(T), ||K||, and c,.

Gathering the results of Proposition 1 (a)—(b) and Lemma 1 provides global
bounds for the estimator.

Theorem 1. Under Assumptions 1 to 4 we have:
(a) for allt € [h,T — h],

“ 2 cr || A oo,r log(n
() - A0)?] < 2w 1 2lomr gy L0800

(b)
/ThE [(S\h(t) B )‘(t)) } dt < 2Tc2h25 + 2 ( )HKHQ log(n)7
. n

where c1 1s the constant defined in Proposition 1, and ¢ and ¢’ are the constants
introduced in Lemma 1.

The inequalities stated in Theorem 1 are nonasymptotic; in both cases, they
provide a bound that contains a squared-bias term of order %%, a variance term
of order 1/(nh) and a residual term that is negligible. For an asymptotic con-
vergence rate, one has to optimize with respect to h to obtain the smallest pos-
sible order of the risk bounds. Classically, it appears that we should choose
h o« n~Y/ 28+ to obtain a rate proportional to n~2%/(28+1)  Nevertheless, to
reach such a rate, we would need to know 3, the regularity index of the unknown
function. To circumvent this impossibility we provide a data-driven way of se-
lecting the bandwidth that allows one to reach almost, or exactly, the optimal
rate without knowledge of 5.

4. Adaptive Estimation of A
4.1. Pointwise bandwidth selection

We wish to automatically select a relevant bandwidth for our estimator using
the Goldenshluger and Lepski (2001) method. Let ¢t = ¢y be the point of interest
and define, for any ¢ R X

A (1) = K * Ap(t),

where * denotes the convolution product. From the definition of /A\h’h/,
dN dN;(s)
)\/ /K/*Kts /K*K/ts
h ( Z R ¥ Ap ) Z ¥ p ) & (5— )
so that >\h7h’ (t) = Kp, j\h/(t) = )\h/7h(t). Then, for some kg > 0, take

crl[Allo,r || K [|* log(n)
0 nhea

Vo(h) = & (4.1)
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and consider, for H,, a discrete set of bandwidths specified in the following,

Ag(hsto) = sup { (s = A (o) = Vo() | (4.2)

We define our adaptive estimator as follows:

h(to) = argmin (Ao(,to) + Vo(h)) and Alto) = Ajep (f0). (4.3)

Theorem 2. Under Assumptions 1 to 4, if H,, is a finite discrete set of band-
widths such that Card(H,) <n,

Vh € Hy, nh > k1log(n), for some k1 >0, (4.4)
and .
Z — <log“(n), for somea >0, (4.5)
nhk
k: hy€Hn

then there exists a constant ko such that A defined by (E1), (B2), and (23
satisfies:

VheH, E [(X(to) . A(to))ﬂ < c(2h?P + Vy(h)) + c'l‘)g(l:)(”), (4.6)

where ¢ is an absolute constant and ¢’ a constant depending on c;, ||M|sor, and
cG-

Remark 1. Note that Vj(h) contains several types of terms: k¢ can be taken as
80 to get the theoretical result, but a smaller value works in practice (see Section
5); log(n)/(nh) gives the asymptotic order of the term and is known; || K| is
a known constant, as the kernel is user-chosen; c¢; and ||\, are unknown
quantities that can be estimated by

¢r = max N;(7), moo L= sup  Ap,(2). (4.7)
<n ’ zE€[hn,T—hy]

Here h,, is an arbitrary bandwidth (it can be taken as n~'/5 for instance). Note
that if we replace the unknown terms in Vp(h) by their estimates, we get an
estimate Vp(h).

The bound (EH) holds for all h € H,, and therefore automatically reaches
the rate (n/log(n))~28/8+D  provided that an optimal value for h of order
(n/log(n))~Y2A+1) belongs to H,. A logarithmic loss occurs here with respect
to the optimal non-adaptive rate. This is also what happens for classical den-
sity estimation, and we can thus conjecture that the procedure is nevertheless
adaptively optimal.
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Example of #,,. Considering the constraints (2=4) and (£=3) on H,,, we can take
k
H, = {n . k= |log%(n)], |log®(n)] +1,... ,n}

so that Card(#H,) < n and V& = [log?(n)],...,n, we have hj, € [n~',1] and
hy > log(n)/n which gives (B4). Moreover, kg = |n?%/(8+1) (log(n))V/28+1) ] is
guaranteed to be such that kg/n o (n/log(n))~ Y8+ belongs to H,. Besides,
>k 1/(nhg) = O(log(n)) and (E3) holds with a = 1.

4.2. Global bandwidth selection

In the global risk setting, we set, for some k > 0,

e A(n) K12

h) = 4.
v(n) = s DI (18)
and we consider for H,, the discrete set of bandwidths specified above. Let
Ay = sup {IAw = dwl? = V() } (4.9)
h'€Hn +
and
h = argmin (A(h) + V' (h)) and A" = A;. (4.10)
heHn

Theorem 3. Under Assumptions 1 to 4, if H, is a finite discrete set of band-
widths such that Card(H,) < n, (E3) holds and

b
Z exp(—h—) < 400, Yb>0, (4.11)
k‘:h}ceﬂn k

then there exists a constant k such that \* defined by (E=8), (E9) and (B10)
satisfies:

Vh € Hn, /T_l E [(A*(t) - )‘(t)ﬂ dt < c(r2h® +V(h)) + C/M’
1 n

(4.12)
where ¢ is a numerical constant and ¢ a constant depending on ¢, A(T), and

(el

Remark 2. Note that all the points in Remark 1 pertain to V' (h). The additional
term A(7) is also unknown and can be estimated by

A 1~ [T dNy(s)
Alr)=— E PN
) ni3 /0 (1- G(s—))?
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It is worth emphasizing here that, if H,, is large enough to contain band-
widths of order hgp o< n~ Y@+ then the adaptive estimator automatically
reaches the optimal rate n=28/(26+1) without requiring the knowledge of 3. Com-
pared to the pointwise setting, no logarithmic loss occurs here.

Here are examples of H,, that satisfy Assumption 4 (iv), (3), and (E1T).

Example 1. Take
1
Hn—{hk—k:k—1,2,...,L\/ﬁJ}.

Then Card(H,) < v/n <nand Vk = 1,...,|\/n], we have hy, € [n~1,1]. More-

over

1 1 Ll
Z (Thk): - Zk:O(l),
k:hp€Htn k=1
which ensures condition (E=3). Lastly,
b Lv/n] "
> en(—p) = Y et o)
k:hi, €My k=1

and (B-10) is ensured.

Since hgpr o< n~ 2B+ the condition n~Y/2 < n~Y 284D < 1 is required,
that is 5 > 1/2. This means that there is a minimal regularity condition to
impose on the function of interest for (B12) to hold.

Example 2. Take

Hn:{hk:;k,kzl,z..., U‘éi(g;”

Then Card(H,) < log(n)/log(2) <nandVk =1,2,..., |log(n)/log(2)], we have
-

hi € [n~1,1]. Moreover
1 | Llos(n)/log(2)] .
Bl ok — 01

k:hy€Hn k=1

which ensures (BH). Lastly
b [log(n)/ log(2)] .
> e )= 12— (1)
k: hi€tn k k=1

and (EI) is verified. Here, no minimum regularity condition of the function to
estimate is needed.
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Figure 1. Scenario 1 with f = 1 and n = 500, e = 1.01, pc = 0% (top),
n =1,000, 7e = 1.05, pc = 0% (middle), n = 5,000, 7e = 0.96, pc = 0%
(bottom)

5. Simulations

We illustrate the behavior of the estimator \, constructed with the pointwise
bandwidth selection of Section 4.1, and conduct a Monte Carlo study to compare
our adaptive procedure for the selection of the bandwidth to a boostrap-based
selection.

5.1. Description of the simulation scheme

Recurrent events data were simulated as follows. For individualsi =1,...,n,
the terminal event D; was simulated according to the distribution F', the censor-
ing time C; according to G. Conditionally on D;, the number n(i) of recurrent
events experienced by individual ¢ on time interval [0, D;] were simulated ac-
cording to a Poisson distribution P( fODi ¢(u)du). Finally the recurrent times for
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Figure 2. Scenario 2 with 8 = 0.05 and n = 500, e = 0.87, pc = 0% (top),
n =1,000, 7e = 0.95, pc = 0% (middle), n = 5,000, 7e = 0.93, pc = 0%
(bottom)

individual ¢ were simulated as n(i) i.i.d. random variables with common proba-
bility density function ¢/ fOD ¢(u)du. The intensity of the process N* was then

At) = ()1 = F(2)).
We consider two scenarios for the simulated data

1. p(t) =t and 1 — F(t) = exp(—pt).
2. o(t) = (3/2)(1 — |t — 1])? on [0,2] and 1 — F(t) = exp(—ft) on [0, 2].
The estimators of Section 4.1 were constructed with Epanechnikov kernels

Kpa(t) = 2(1 — )i [t < 1.

We used a data-driven criterion for the selection of the bandwidth, by replacing
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Vo(h) in Definition (EZT) by

. e M loor || K12 log(n
() — g eI 2 o)

Y

nhég
with

¢ = max ( sup Ni(t)) + 2
i=1,....,n tE[OvaaX]

Mloor = sup  |Xos(t)| and

te[omiax]
¢ =1—G(Emax—) and
ko = 1072,

where Ey .« was the greatest observed recurrent event. We set the universal value
of ko at 1072 after an extensive simulation study comparing the MSE for several
candidate values in the range 107> — 102, and in different scenarios.

The finite set of bandwidths (H,,) considered in the algorithm was

~(log*n 1 B log(n)
Hn_{in +2"“’k_0’1"“’bog(2) }

5.2. Illustration of the behavior of the adaptive estimator

For Figures 1—3, the intensity functions were estimated on a 20-point grid,
regularly spaced on [0, Eyax]. The number of observations n, the mean number
of recurrent re and the level of censoring pc are reported in the captions. On
the left of the figures, the true intensity functions are drawn with solid lines,
the estimators with dashed lines, and the set of all the estimators proposed to
the selection algorithm with dotted lines. The right plots show the value of the
selected windows for all points on the grid.

In Figures 1 and 2, we see the behavior of our estimators as the sample size
grows. In scenario 1, where the intensity A is smooth, and in scenario 2 where A
has a singularity, the estimator behaves as expected, improving with the sample
size.

In Figure 3, we see the behavior of our estimator as the censoring level
grows. In this case, the censoring time has an exponential distribution, with
1 — G(t) = exp(—~t), where the parameter 7 takes the values v = 1/30 (top),
v = 1/3 (middle) and v = 1 (bottom). The resulting levels of censoring and
mean numbers of recurrent events are indicated in the caption. Note that, as the
level of the censoring grows, the numbers of observed recurrent events vanishes
(from 7e = 0.89, when pc = 3%, to 7e = 0.25, when pc = 51%) as does the time
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intervals, on which they are observed (from [0,5.7] when pc = 3%, to [0,2.3],
when pc = 51%).

We see in Figures 1, 2 and 3 that the algorithm makes very different band-
width choices, depending on the point of time. Therefore, the pointwise strat-

egy is very useful. In particular, we see in Figures 1 and 2 that the minimal
bandwidth choice occurs at time 1, which in both cases is the location of the
maximum; moreover, the selected bandwidth is smaller when the function is less
smooth (look at the value of h for the peaks of the functions). Lastly, Figure
3 shows that the pointwise strategy is relevant: indeed, it is obviously a good

strategy to change the bandwidth over time since none of the proposed curves
would globally give a better estimate.
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5.3. Monte Carlo study

Here, we compare our adaptive strategy for the selection of the bandwidth
to a bootstrap-based strategy, in the spirit of Chiang, Wang, and Huang (2004).
Note that no theoretical results are available for the latter in our setting; indeed
Chiang, Wang, and Huang (P2005) present only asymptotic results for a fixed
bandwidth.

We conducted a Monte Carlo study (with M = 100 replications) and calcu-
lated the squared error for m=1,..., M

. 1 K—|Kp)] R )
SEGN") = — N () — AtR)
") = T ok k:%:KpJ (Aten) (B) = Altr))

where 5‘%5;@) is the estimator A calculated on the mth dataset in the Monte
Carlo experiment, at point ¢; (on a K point grid) and for the selected pointwise
bandwidth 7(tx). Here 0 < p < 1 represents the proportion of the smallest and
largest observations withdrawn in the computation of SE to avoid boundary
effects.

We compare two bandwidth selection procedures: the adaptive procedure
described in the previous subsection, denoted by SE(AZ‘dapt)7 and its squared

error, with S\Um(tk) = /A\Z@(t )y il(tk) as in (E33); a bootstrap-based procedure, denoted
k
by SE(X%,,..), and its squared error, with )‘nm(tk) = )‘Zlm,*(tk)’

W™ () = argmin MSE (A7 (1)),
h€Hn
with )
MSE (3 (t)) = Var' (3 (1)) + (Bias (A (%)) )

The term 17a\7’*(;\zn(tk)) is the estimated variance calculated on B samples boot-
strapped from the mth dataset in the Monte Carlo experiment, and

e = 3 e (7)1 (') 2

where N/ and G™ are calculated on the mth Monte Carlo experiment and
Kpa = (15/8) x (1 — (7/2)u*)Kg2(u), see Chiang, Wang, and Huang (2005)
and Schucany (T995) for the estimation of the bias, and Hansenl (2005) for the
definition of Kg 4.

In Tables 1 to 3, we display the mean and the median of SF (A’}fdapt) and
SE(N# ) obtained from M = 100 Monte Carlo experiments. The number of
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Table 1. Scenario 1 with 0% of censoring and 5 = 1.

3 n = 200 n = 500 n = 1,000
x10 . . -
mean median mean median mean median
Adaptive 1.72 1.44 0.71 0.50 0.31 0.21
Bootstrap  1.76 1.57 0.73 0.55 0.37 0.28

Table 2. Scenario 1 with ~ 33% of censoring and 3 = 1.

3 n = 200 n = 500 n = 1,000
x10 - - -
mean median mean median mean median
Adaptive  4.25 3.24 2.05 1.56 1.26 1.10
Bootstrap  4.30 3.24 1.95 1.56 0.95 0.73

Table 3. Scenario 2 with 0% of censoring and 8 = 0.05.

9 n = 200 n = 500 n = 1,000
x10 - - -
mean median mean median mean median
Adaptive 2.25 2.28 1.55 1.56 0.03 0.03
Bootstrap  1.69 1.60 0.99 0.95 0.02 0.03

bootstrap samples was B = 100 and 7 = 0.1. The variances and interquartile
ranges are roughly the same for both methods. Note that the grid of bandwidths
proposed in the bootstrap algorithm was borrowed from our theoretical proposal.

We can see from Tables 1—3 that the perfomances of the two bandwidth
selection methods are roughly similar: our proposal is slightly better in Table 1
while the bootstrap method performs slightly better in Table 3. This is partly due
to the choice of the set of bandwidths H,, which sets the bootstrap under control.
We also emphasize that the number of kernel estimators that are computed are
|H,|? for our method versus B|H,| for the bootstrap method, where B = 100
and |H,| ~ 10 for n = 1,000; our method is approximately ten times faster.

6. Concluding Remarks

In this work, we provide a kernel estimator for the intensity function of a
recurrent event process, and prove oracle type inequalities for the risk of an adap-
tive estimator with data-driven selected bandwidth. We have studied pointwise
risk for pointwise-chosen bandwidth and integrated global risk with a globally
selected bandwidth. Our bandwidth selection proposal differs from standard
cross-validation methods. It is based on recent ideas developed by Goldenshs
[uger and Lepski (P011); the results are new, and proofs are of interest. We also
assessed the practical feasibility and performance of our proposal through a short
simulation study.
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7. Proofs
7.1. Proof of Lemma 1

The proof relies on some additional lemmas. First, write

M(®) = nlt) = p Z/ (2 f—(sc;()s—))K (t g 8) anle),

and consider

Qq = {w vt e [0,7],G(t) — é<t) = _CE}’

- {w V€ [0,7],|G(t) — G(t)] < cm/n—llogn} ,
Qe = QG N Q. (7.1)

We study the difference process A — A, on Q., and its complement. The proof
of the next lemma is postponed to Section 8.

Lemma 2. For all p € N, there exists a choice of the constant ¢y = co(p) such
that

i [ng(p)} < eon”?, (7.2)
where co is a constant depending on p, cp and cg, and co(p) depends on cp.
Let €, = Q) be such that (2) holds.

Lemma 3. Under Assumptions 1 to 4, for all p € N,t € [h, T — h], we have

~ ~

E[(w(t) = M) 195)] < (n+ 12027265 (| K )2,

o= ([ o)

Choosing p>10 yields E [(Xh(t) —S\h(t))2I(Qg)} <c/n for a positive constant c.

where

Lemma 4. Under Assumptions 1 to 4, for all p € N, we have
T—h 5
[ B[00 = 3u) 1) dt < 0+ 12002 1|
h

Choosing p > 8 yields th*h E [(S\h(t)—:\h(t))QI(Qg)} dt<c/n for a positive con-
stant c.
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Proof of Lemmas 3 and 4. From 1 — G(t) > (n+ 1)~! (see (832)) and
|G — Gl|oo < 1, we have for all ¢ € [h, T — h],

< < n 2 Z —s ’
B () - Ja0)10p)] < g {(Z %dM(s)) I(ﬂi)]

S(n+1)2E[( K’L(t(j))
K2 (- 5) 1(9%)
| ey )|

where the last inequality is obtained from Lemma 9. For the proof of Lemma 3,

dN (s )) I(2)

(7.3)

use consecutively the Cauchy-Schwarz inequality and Lemma 9 to obtain:

Kj (t— ) I(5)
E[/ (1—G()P dN(S)]

< (Iln 2veres | [ ey

T s)ds 1/2
< sy (L 2Gs)

and conclude the proof using the fact that h~! < n. To prove Lemma 4 write

T—h 2 _3 ' :
/ / K t N(s)dt < h_l”KHQ/o (1—61]6\;((8)—))2

Then, using the Cauchy-Schwarz inequality, we get from (I=3) that

[ e (w0 -2 r@p] ar < D e e [ G

n 2 ' - 2
<O ee| ([ JGVE)_»)] o
n 2p,—p/2 ’ 503 v

§<+12Lci/2\/aHKll2 </0 u—A(sz—)ﬁ) ’

and, again, we conclude the proof using the fact that A= < n.
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Lemma 5. Under Assumptions 1 to 4, we have for all t € [h,7 — h] and any
peN,

R - 9 C4logn Cr||K||2
E [(Ah(t) — An(t)) J(Qp)} < HAIIOOT{(!\KII1)2IIA||oo,T+ conh }

where ¢4 = 4ces® and co = co(p). Fort € [h, T — h], we have

[ (An0) — M) 1)) < B,

n

where ¢ is a positive constant.

Lemma 6. Under Assumptions 1 to 4, for any p € N,

[ R [w0 - nyrien] an< g {2 [T xecars N0

with A(T) as in Proposition 1, and

n

T—h
/h E [(S\h(t) — &(t))%(gp)} dt < Clog(n)7

where ¢ is a positive constant.

Proof of Lemmas 5 and 6. First, use 1-G(t) =1-G{t)+G(t)—G(t) > ca/2
on Q¢ and ||G(t) — G(t)]|ec < coy/n~1logn on O, to write

2
E [(S\h(t) - S\h(t))QI(Qp)} < 460 logn ( Z/ ’Kh — i(5)>

3/ e tan]) = (f o)
i=1

< (1K 11l loo,r)?,

LA el K2 Ao
}j/ Ni(s)| < IRl
an

from Proposition 1. Comblnmg these bounds gives Lemma 5.
The proof of Lemma 6 is much the same. From a change of variables and
the Cauchy-Schwarz inequality we have

[ ]

and
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:/}:_h </Kh (t—s)|)\(s)ds>2dt
< < / 11 K2(u)du> /h o / 11 N (t — uh)dudt

< 9K /0 N2(1)dt

where the last inequality is obtained with another change of variables. From
arguments as in the proof of Proposition 1, we have

[ Z/ = 2o >] ar< g

and the result follows.

The results of Lemmas 3 to 6 imply Lemma 1.

7.2. Proof of Theorem 2
For all h € H,,

~ ~

(Alt0) = Mt0))” < 3(A0) (10) = Ay i (10))” + 3(N ey (F0) — An(0)”
+3(An(to) — Alto))?
< 3(Ao(h,to) + Vo(il(to))) +3(Ao(h(to), to) + Vo(h))
+3(An(to) — Alto))?
< 640(h,to) + 6Vh(R) + 3(An(to) — Ato))”.
Since Vo(h), given in (E20), and (An(to) — A(fo))?, bounded in Theorem 1la, have

the right order (with an additional log(n) for Vp), we only study Ag(h,to). With
A = K % An, An(to) = E[Au(to)] and A (to) = E[Apn (to)], Ao(h, to) as

Ao(h,to) = Sup {(S\h/ (t()) — /A\h7h/ (to))2 — Vb(h/)}+

=
Vo(h'
<5 sup {( w(to) — Aw(to))” — 01(0 )}
hleHn +
Vo(h
+5 sup { )‘hh’ to )\h,h’(t()))2_ 01(0 )}
h' €My N
2 < - 2
+5 sup (Aw(to) = Aw(to))” +5 sup (Apw(to) — M (to))
h'€Hy =
+5 sup ()‘h’ to )‘h h’(tO))2

heHn
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=5(To,1 +To2 +To3+ Toa+ Tos)-
Since

’)\h/(tg) — )\th/(to)| = ‘Kh’ * )\(to) — Kh’ * Kh * )\(to)| = |Kh’ * ()\ — Kh * )\)(to)|

< [Klly sup [(A = K+ A)(2)],
t€[0,7]

Tos < KT IX = Kn o+ Ml - < (1K]1)*eth*,

as A — K}, x A corresponds to the bias term in Proposition 1.
We decompose Tp3 into terms corresponding to I(€2,) and I(€27), €, as in
(). From Lemma 3, we have

E | sup (Ap — S\h')Q(to)I(Qf))] < Y E [(S\hk — M) (t0) 1 (€2)

/
h €Hn k,hi€Hn

<Y (Kt
k.hi€Hn

< e (|| K |oo)*n® P2,

using the fact that Card(#,) < n. This term is of order 1/n as soon as p > 12.
On the other hand,

E| sup (Ap — :\h')Q(tO)I(Qp)}

h'eHn
2
4c2 1 K (to —
S%Og(”)E sup /' w( 0 5' ZdN
CG n heHn, 1— —
8¢2 log(n) Ky (to—5)| 2
CO og(n i lo—S
< E| s 1Bwto=s)| ANy (s )(1—G(s—))d
< (1556 (3 =)

8¢c3 log(n) 2
+— sup | Kp(tg — s)|A(s)ds
CG N neH,

8¢l
8c010g ) sy Z B (to >rdNi(S)]+cOH2H - 1o8())
C

k,hi€Hn =1 1-G(s-) G
8¢t log( ) CTH)\Hoo,TllKH2 8¢0(2[|Al|so,r)* log(n)
<2 Z . + 5 113, (7.4)
G T e, c "

where the bound on the variance term comes from the proof of Proposition 1.
Therefore E[Tj 3] < log'™*(n)/n from (E33), and this bounds Tj 3.
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The term Ty 4 can be handled in a similar way using the relation Xh,h/(to) —
)‘h,h’(t()) = Kh’ * ()\h — )\h)(t())- Indeed,

E [h/sg{)n(jxh,h' — ;\h,h’)z(tO)I(Qg)] =F L/s;;{)n (Kh/ * (;\h — S\h))Z (tO)I(Qg)]

< (IKI0)?E [0 = Ml 1(25)]
< e (| K|y K]loc) *n* /2

from Lemma 3, and

E [ sup (Xh,h/ — 5\h,h’)2<tO)I(Qp)]

heHn
Z /|th*f<h o s) dNi(s)]

8 1
st 5
(sup || Kp * Kpll1)>
e,

k,hi€Hn
8c2 log(n)
' CTPHAHW

Using
1f = gllg < I fllxllglly for ¢ =1, (7.5)

it is easy to see that

li: | Kp, * Kp(to — S)|dN‘(S) <

1—-G(s—) I*

IN

AR K 1P

crl|Alloo,r (1K [[1) | K12
neghi

IN

)

and
(1 Ew * Knll1)* < (1Kw 1] Knll)?* = [ KT

We conclude that E[Tp 4] < log't(n)/n.
To study Tp,1 and Tp 2, we recall the following.

Lemma 7 (Bernstein inequality). Let &1,...,&, be independent and identically
distributed random variables and Sy, (§) = Y iy &. Then, forn >0,

P (15.(6) ~ EIS,(€)] > mn) < 2ma (exp (—Z’;) e (-2). @9

where w and b are such that |1| < b almost surely and V(&) < w.
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We apply this result to & = [ Kp(to — s)dN;(s)/(1 — G(s—)). First, we need
to establish the values of the bounds b and w. We have

1] < (el K lo) /(cgh) := b and V(1) < er Moo [ K%/ (cch) = w.

Thus, (@) can be written in the following way: for some x > 0,

P [\S\h(to) — An(to)] > V"l(oh) +a
n(Vo(h)/10 + ) ny/Vo(h)/10 + z
< 2max (exp(— 0 1o ),exp(— 0 I >>
n(Vo(h)/10 + ) ny/Vo(h)/5 ny/xz/2
N SR )
With kg > 80,
) _ (10 /40) log(n) > 21og(n).

On the other hand,

ny/Vo(h) _ [IK]lv/carol[Mloc,r
_ ? hl = hl .
8bv/5 8 Koo v/5er nhlog(n) 2/ nilos(n)

Taking k1 > 4ky 2 in (E4) gives

nyVo(h) > 2log(n)
8bv/5
Therefore, we have
~ h
P [P\h(to) — An(to)| = Vol(o ) + 2| < 2n % max (67“3"}”’7 efﬁ‘mhﬁ) ;
where . .
K3 = ¢ 5 and k4= S
e [|Af|oo, I K] der | Ko V2
This yields
~ Vo(h
E [{\)\h(to) — An(to)]* — 01(0)} ]
+
oo [ Vo(h
< / P [])\h(to) ~alto)] > 01(0 L
0
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“+o0o “+oo
< 2n 2 max </ e”3nhxdz,/ e“‘mhﬁdz)
0 0

< 2n 2 max L,L <;<;57”f2
- kanh’ k3(nh)2 ) ~

for some positive constant k5. Finally,

E[Ty.] =E L/s;;{)n {(f\h, — ) (to) - Vﬂl((f]l') }J

< % s[{tn w52

k,hp€Hn
< k5 Card(H,)n"2,

and, since Card(H,,) < n, we conclude that E[Tp1] <n L.
Now Tpo can be treated in a similar way. Write

E[Toz] =E [ sup {(S\h,h’ — ) (to) — VOW)MH

h/EHn 10
~ Vo(h
< Z E [{ (Ahvhk - )‘hyhk)g(to) - Ol(ok)} ]
k,hi €Hon, +

and proceed as in the proof of T 1 except that all h vanish because || Kp*Kp||oo <
B oo |-
Gathering the bounds of the five terms gives Theorem 2.
7.3. Proof of Theorem 3
As for the proof of Theorem 2 we have, for all h € H,,

I = A% < 3l = X 417+ 311X, 5 = Al + 311 = Al
< 3(A(h) + V(h)) + 3(A(h) + V(h)) + 3[|An — A||?
< 6A(h) + 6V (h) + 3| A, — A|I*.
Here V(h) and || A, — A2 (see Theorem 1(b)), have the right order and we only

need to study A(h). Recall that Ay = Kp o Apy An(t) = ED(8)], A () =
E[)\hﬁ/(t)], and write

heHn

A(R) = My — |2 = V(R
() = sup {13 =Ml = V() |
- V(K - V(R
S 5 sup {H/\h’_)\h’HQ_( )} +5 sup {H)\h,h’_)\h,h’HQ_ ( )}
10 [, wen, 10 .
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+5 sup H/A\h/—S\hIHQ—I-E) sup ”S\h,h’_j\h,h’H2+5 sup H)\h’_)\h,h’HZ
h'eHn heHn heHn

=5(Ty + To + T3 + Ty + T5).
From
X = AP = 1K+ (A = K # AP < (1B [[1)?]|X = Kn o+ A%
where we used ([Z3) with ¢ = 2, we obtain
T5 < (| K|h)? 7ein®,

since ||A — K}, x A|| corresponds to the bias term in Proposition 1.
Now, with 3 )
Anht — A = Kprox (A — Ap),

we have

s log(n)
E (73] < |KIRE [IAn = Mal?] < (1K ]0)?222,

where the last inequality is obtained from Lemma 1.
For T3, from Lemma 4,

N Y 2 c 3 Y 2 c
B | sup [ O - Aporepa] < X [, - hronsa

< ) Ae||K PP PR < des||K PP,
j,thHn

and this is of order 1/n as long as p > 10. Then, similar to (),

E [ sup /h G S\h/)Q(t)I(Qp)dt]

heHn
8 21 A K 2 ]_6 21 T

< Scblogln) g~ eADIKY | 166 log(n) / N2 ()dt,
G pmen, ‘¢ "

and we conclude from (&3) that E[T3] < log®™!(n)/n.

As in Theorem 2, T and 75 can be treated using a concentration inequality.
First, we need to express each of them as a centered empirical process. For T7,
write

{ sup |rxh/—xh/u2—v<’”")}+]< [ e

10
h'€Hn k,hi€Hn

E

and recall that

||5‘hk - Ahk||2 = sup <5‘hk - )‘hlw f>2 (77)
F€La([hg,m—he]),ll fll=1
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Now we introduce the centered empirical process

Vn,hy, (f) = <5\hk - )‘hkv f>

n

-1 Z/h:hk f() </ K, (u—3) <1f]\é((z)_) - A(s)ds)) du.

i=1

As f — v, p,(f) is continuous, the supremum in (Zd) can be taken over a
countable dense subset of {f € La([1,7 — 1]),||f|| = 1}, which we denote by
B:(1). Therefore,

E[Ty] < Z JEH sup Vﬁ,hk(f)—vggk)} ]
N

khp€Hn feB-(1)

and the expectation here can be bounded using a concentration inequality.

Theorem 4 (Talagrand Inequality). Let &1,...,&, be independent random val-

ues, and let vy, ¢(f) = (1/n) > " {f(&) —E[f(&)]}. Then, for a countable class
of functions F uniformly bounded and € > 0, we have

E

4 (W 2 nH? O8M?  _2de(e)e nH
2 2 2 —de” B~
—2(1+2 H} < - — W - w2 Mo
{?22”"7’5“) e +] d (n Tt e >

with ¢(e) =vV1+e2—-1,d=1/6 and

1 n
sup || flloe < M, E[suplvne(f)]| < H, sup— > VIf(&)] < W.
feFr fer fer i

To apply this result, we need to compute appropriate values of the bounds
H, M, W, and the constant €. Clearly,

V(hi)

K

o] an iais
feB-(1)

<E [Pl = [ )] =
k

and thus we require H? = V(h;)/k. Then we set €2 = 1/2 and x = 40 in order
to have 2(1 + 2e2)H? = V(hy,)/10.

Now to find the bound M, use the Cauchy-Schwarz inequality and the fact
that || f|| = 1 on B-(1) to write

T—hx dN (s)
/hk f(u)/th (u—s) mdu
T—hg

_ '/ (/h f()Kp, <u—5>d“) %‘
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T—he Y2UANGs) oK1
i [ (R na) R < S

To determine W, introduce the notation K;, (s) = Kp, (—s) and write
([ oo 2]
(25

(K, * )?(s)
<ecr (/ 1_G(8_))\(s)ds>

cr | Mlloo,r - 2 cr | Alloo,r - 2 2
. | hy ¥ flIF< o (Il thI) £l

<E

<E

CrlMoor (1K) W,

where we used Lemma 9 and ([ZH) for ¢ = 2. Therefore, W is a constant and we
can apply the Talagrand Inequality:

2 V(hk) 31 ) 1
E [{fes;}?l) thk(f) - m}J < Z <exp(—hk) + nhkexp(—ﬁsx/ﬁ)> )

for some positive constants ¥1, 72 and ¥3. Then, from (873), (E11), and the fact
that Card(#,) < n, we have

1
n

E[T1] < % Z <exp(—192) + 1€Xp(—ﬁ3\/ﬁ)> N

h nh
k,hi€Hn k k

Now, as with 77,

El)< ) E H||5\h,hk — A |I” = VYSk)}J :

k,hi €Hn

and the Talagrand inequality needs to be applied to the centered process <5\h,hk -
M, ), where f € Bo(1). Since Ay, = Kp % A, and App, = Kp * Ay, the
same bounds H, M, and W can be used, up to a constant. Indeed, using the
inequalities

1Kh * Knllz < K (11K [l2(he) ™2 and || Ky + K [l < (1K)
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it can be shown that Theorem 4 can be applied with

2 _ V() (1K) _ clIKL K]
H* = , M= )
K caVhi
Finally, we obtain again that E[T3] < 1/n.
Gathering the bounds of the five terms gives the result of Theorem 3.

_ Crl[Mloor

and W = 7(]\K||1)4.
ca

8. Technical Lemmas

For Lemma 2, we consider a result which is a direct consequence of Theorem
1 in Bitouzé, Laurent and Massarf (199Y).

Lemma 8. For all k € N*, there exists a positive constant ¢ depending on k
such that R " o

E|IG-cI%,] <%
Proof. We use a nonasymptotic exponential bound for the Kaplan-Meier es-
timator that can be formulated as follows (see Bitouzé, Laurent and Massart
(I999)): there exists a positive constant n such that for any positive constant e,

P [\/ﬁﬂ(l —F) (G = oo > s} < 2.5 2% 4 (8.1)
and so

~ +oo r
E [||G el g’gﬁ} < 2k/ WP (G = Cllosr > u} du
0 L

+o0o - .
<2t [P [ (- ) G- Gl > 4] du

+oo r .
< 21{:/ wF P | nl|(1 = F) (G — G)|loor > cF\/ﬁu} du
0 L

[e'e) 2
< 5/{6"2/8/0 u2k—1 exp {—2C%n (u — 4}71@7) } du

5 n2/8k 400 2k—1
< ekzk/ <Z + 77) €7Z2d2: nk .= Cknfk.
ket Jomevay U 2V2

Proof of Lemma 2. Since P[Q¢] < P[Qg] + P[(2)¢], we bound each term
separately. For any k£ > 0, we have

A 4k A
POG) < P|IG ~ Gl > c6/2] < B (|G = Cllor)™] .
G

Thus, Lemma 8 implies that
P[Q¢] < dpn", where dj, > 0. (8.2)
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Next, we use (B) and write
P [HG‘ — Glloor > co/n~t log(n)}
<P[|(1= F)(C = G)llser > cocry/nlog(n)]
< 2.5 exp(—2¢i.cd log(n) +ncregy/log(n)) <2.5 exp((—2cpco+n)cock log(n)).
Thus, for ¢o > (7 + /12 + 8k)(4cr)~! we have
P[] =P [HG — Glooyr > com} < 2.5n7k,

This and (82) imply that P[Q¢] < (d, + 2.5)n~*.

We conclude this section with a useful inequality concerning integrals with
respect to the counting process NNV.

Lemma 9 (Cauchy-Schwarz). For every bounded function h on [0, 7], we have

N(7) /:2 h%(s)dN (s) > (/TTQ h(s)dN(s)>2 ,

1 1

where 0 < 171 < 19 < 7.

J7 o= [
0< Nir) /:2 h?(s)dN(s) — 2 (/: h(s)ciVN((Ts))>2
i

1
™= dN(s)\* [™dN
[ ) (5
Then, notice that f:f dN(s) < N(7) to obtain the desired result.

Proof. We have

o
IN

. N(r) . N(T)
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