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Abstract: In this paper, we consider the problem of variable selection for high-
dimensional generalized varying-coefficient models and propose a polynomial-spline
based procedure that simultaneously eliminates irrelevant predictors and estimates
the nonzero coefficients. In a “large p, small n” setting, we demonstrate the conver-
gence rates of the estimator under suitable regularity assumptions. In particular,
we show the adaptive group lasso estimator can correctly select important vari-
ables with probability approaching one and the convergence rates for the nonzero
coefficients are the same as the oracle estimator (the estimator when the impor-
tant variables are known before carrying out statistical analysis). To automatically
choose the regularization parameters, we use the extended Bayesian information cri-
terion (eBIC) that effectively controls the number of false positives. Monte Carlo
simulations are conducted to examine the finite sample performance of the proposed
procedures.

Key words and phrases: Diverging parameters, group lasso, polynomial splines,
quasi-likelihood.

1. Introduction

Regression analysis where investigators are interested in the relationships be-
tween a set of predictors and the responses is of utmost importance in statistics,
with linear regression the oldest, the simplest, and the most popular approach.
Generalized linear models (GLM) provide an extension of linear models in dealing
with different types of responses, including for example binary data and count
data (McCullagh and Nelder (T989)). Let Y be a response variable and sup-
pose the (conditional) mean of the response, u, depends on the p-dimensional
predictors X = (X1,...,X,) through

g(EY|X]) = g(n) = X5, (1.1)

where ¢ is a known link function and 8 = (B4, ...,3,)T is a vector of unknown
regression coefficients. The variance of Y is typically a function of the mean,
that is,

Var(Y[X) = V(p) = V(g (XT5)).
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However, such parametric models are not flexible enough to capture the true un-
derlying relationships between covariates and responses. Of particular interests
to us is the generalized varying-coefficient models (GVCM) (Hasfie_and Tibshid
rani (T993); Cal, Fan, and L (2000)) in which the coefficients 8 in GLMs are
replaced with smooth nonparametric functions that depends on an index variable

T, resulting in
g(EY|X.T]) = g(n) = X" a(T), (1.2)

where a(T) = (a1 (T), ..., ap(T))T. The index variable T is usually some variable
related to time or age in many applications, and whose interactions with other
predictors is believed to be of importance.

High-dimensionality is an important characteristic of many modern data
sets. However, even with many predictors available to be included in an initial
modeling, many of them may not be significant and their inclusion only decreases
the accuracy of prediction.

Recent challenging topics in statistics include the development of automatic
variable selection procedures intended to automatically find the relevant param-
eters among all candidate parameters and simultaneously estimate them. As
argued in o (200R), traditional variable selection methods, such as
stepwise regression and best subset selection, are computationally infeasible when
the number of predictors is large, and this is part of the reason why the penal-
ization based method has gained popularity in recent years. Substantial progress
has been made on the problem of variable selection for linear models and gener-
alized linear models (Tibshirani (T996); Fan and Li (2001); | d Peng (2004);
(2006); Zou and Li (2008); Ynan and Lin (2007); Huang, Horowitz, and Ma
VJIII}- ; Choi. Li, and Zhu (2010); Li, Peng, and Zhu (2011)). In particular, the
adaptlve group lasso was proposed in Wang and Leng (2008) and is the penalty
we use here. More recently, variable selection methods using penalty functions
in nonparametric or semiparametric settings have been developed. For exam-
ple, X o (2009) developed variable selection based on penalization for
partially hnear models and Ravikumar_ef"all (2008); Meier, Van de Geer, and
BihImann (2009); Huang, Horowitz, and Wei (2010) independently investigated
the additive models. For generalized varying-coefficient partial linear models,
Li and Liang (P008) used penalization to select the significant predictors in the
parametric components while the nonparametric components were selected by
hypothesis testing. Note that this work is for the fixed p case. Lam and Fanl
(2008) studied varying-coefficient partially linear models with a diverging num-

ber of parametric components but they did not investigate the variable selection
problem. For the ordinary varying-coefficients models with quadratic loss func-
tion, Wang, Li, and Huang (2008) and Wang and Xia (2009) each proposed a
group penalization method in the fixed p case, and Wei, Huang, and Lj (2011)
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recently extended this work to the case of diverging p. These previous works
motivated us to develop a penalization based approach for variable selection in
GVCMs. Thus our work is a natural extension of Wei, Huang, and Li (2011)
to more general types of responses using quasi-likelihood as opposed to varying-
coefficient models with least squares loss. Besides, the theoretical proofs seem
more difficult with quasi-likelihood. Finally, we provide the consistency proof of
eBIC while no corresponding results are stated in their work.

This paper is organized as follows. In Section 2, we propose a penalization
procedure for coefficient estimation and variable selection. Unlike [Li and Liang
(200R) and Lam and Fan (2008), which are based on local polynomial regression,
we use polynomial splines to approximate the nonparametric coefficients. This
is computationally easier since it directly reduces the nonparametric model to
a parametric GLM as far as computations are concerned. The regularization
parameter is automatically chosen using the extended Bayesian information cri-
terion (eBIC) (Chen and Chen (2008)). In Section 3, Monte Carlo simulation
studies are carried out for the Poisson regression and logistic regression models
to demonstrate the performance of the proposed method. In addition, a data set
is used as an illustration of varying-coefficient logistic regression models. The
Appendix contains all technical proofs.

2. Spline Estimator and Sampling Properties

The data we observe for the ith subject or unit are (X;,7;,Y;),i =1,...,n,
where the X; = (X;1,. .. ,Xip)T are the predictors and the T; are index variables.
The true model is assumed to be that of (I2) with p potentially much bigger
than n. (As shown at the end of Section 2.2, if the number of nonzero coefficients
is bounded, we can take p = o(exp{n%/(2¢+1}) However, we assume a sparse
model with only s significant predictors, denoted by X (1) = (X1,...,Xs), and
the other p—s predictors do not appear in the true model. We denote the nonzero
coefficients by ag = (ag,. .., aos)’. Note that for simplicity the index variable
T is assumed to be univariate with a distribution supported on the interval [0, 1].
The extension to multi-dimensional 7" is possible but rarely used in practice due
to the so-called “curse of dimensionality”.

2.1. Estimation and variable selection based on adaptive group lasso
penalty

The (negative) quasi-likelihood function is defined by

Vy—s

Q,y) = V)

I

ds,
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and the negative quasi-likelihood of the observed n i.i.d. data is
n
> Qe (X[ a(Ty), Yi).
i=1

The attractiveness and popularity of quasi-likelihood largely lies in that estima-
tion is still consistent even if the variance function is misspecified. In this paper,
we take “likelihood” to mean quasi-likelihood.

We use polynomial B-splines to approximate the varying coefficients o;(t),
1 < j < p. To approximate a function on [0, 1], we partition the interval [0, 1]
into K’ subintervals [(k — 1)/K', k/K'], for k = 1,2,..., K" with K = K'(n)
being a sequence of natural numbers diverging to infinity as sample size n goes
to infinity. A polynomial spline of order ¢ is a function whose restriction to
each subinterval is a polynomial of degree ¢ — 1 and is globally ¢ — 2 times
differentiable. The collection of such polynomial splines has a normalized B-
spline basis {Bi(t),...,Bg(t)} with K = K’ 4+ ¢. As in De Boor (2001), the
basis satisfies B > 0, k=1,..., K, Zle By (t) = 1, and Bj is supported inside
an interval of length ¢/K and at most ¢ of the basis functions are nonzero at
any given t. Using spline expansions, we can approximate the coefficients by
a;j(t) = >, ajxB(t). It is also possible to construct irregular subintervals based
on observed values of the index variable, or to specify different K for different
coefficient, but we make the above choices for computational and theoretical
simplicity.

We start with a model where all coefficients are potentially nonzero, with
negative likelihood given by

n p K n
QMO XijapBi(T)), Vi) = Y Qg (Z] a), Yy),
i=1 j=1k=1 i=1
where Z; = (XaB1(T;), ..., XuBg(Ty), ..., XipBr(T3))", and a = (af , ..., a])"
= (a11,-..,01K,021,- - -, apK)T. The adaptive group lasso penalty is used to en-
courage shrinkage to zero coefficients. For any 1 < j < p, since >, a;pBy(t) =0
if and only if aj;, = 0, for all 1 < k < K, or equivalently [|aj|| = 0 (||| is

the I3 norm), the group lasso penalty Z?Zl laj|| can be used to identify zero
coefficients, as done in Ynan and Lin (2006). Thus we propose the estimation
procedure based on penalized negative likelihood,

n p
a:argmgnZQ(gfl(ZiTa),m+nAijuajH, (2.1)
i=1 j=1

where A is a regularization parameter controlling the amount of shrinkage, w =
(wi,...,wp) is a given vector of weights. Intuitively, w; should be large if «; is
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actually zero to encourage more shrinkage. In this subsection we assume these
weights are given and known, while in practice we estimate them based on an
initial estimator, as discussed in the next subsection.

If we have the knowledge of which coefficients are zeros, we can optimize the
similar penalized functional with all insignificant predictors removed:

alt) = argmmZQ - ZzM" —|—n/\2w]Ha (2.2)

a(®)

(1)

where Z; "’ is the sK-dimensional subvector of Z; corresponding to nonzero

coefficients. We take Zi(2), which is associated with zero coefficients, so that
zI = (z .(I)T,Z .(Q)T). Other variables with these superscripts are interpreted

(2 (] (2
similarly.

Since the weights wj,s +1 < j < p are associated with the zero coeffi-
cients and do not appear in the functional (22), it makes sense to take |Jw’||? =
Z;Zl w]z. A theorem gives the convergence rate of the estimator in (222), for
which we need an assumption involving the dimensionality and the smoothing
parameter. The parameter d that appears below is the smoothness parameter

for aj, 1 < j < s, as stated in condition (c7) in the Appendix.

Assumption (A).

(K5)3/2\/ —+ ﬁ + XN2K|jw'[|? — 0.

As discussed in Section 2.2, for appropriately chosen weights w;, the term
MK ||w'||? is no bigger than Ks/n and can be ignored in (A). If s is bounded,
the usual choice K ~ n!/(4+1) balances bias and variance in the convergence
rates stated below, and assumption (A) reduces to n* (241 /n — 0. Thus (A) is
satisfied if d > 3/2, in particular if ag; is twice differentiable.

Theorem 1. Under the regularity conditions (c1)—(c8) in the Appendiz, as well
as (A), the estimator &) in (Z2) satisfies

2

Zde(t)—am()H —op(22 +ﬁ+A2KSHw’H2)7 (2:3)

where &;(t) = Yy, a\ ) Bi(t).

The next theorem shows that the estimator from (21), which does not as-
sume knowledge of the zero coefficients, is exactly equal to the estimator from
(E2), with probability converging to 1. Thus the convergence rates for the esti-
mator (Z1) are as stated in Theorem 1. Extra conditions on the weights w; are
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needed as stated in the assumption below, it can be interpreted as the require-
ment that w; is sufficiently large for zero coefficients.

Assumption (B).

ns2

oz T EN|w?) = o(ndwy), s+1<j <p.

nlog(pV n) + \/Z(Ks—i—

Theorem 2. Under the regularity conditions (c1)—(c9) in the Appendiz, as well
as (A) and (B), suppose aV) is obtained from (E2) and take a = (&™), a®) with
dﬁ) =0fors+1<j<pl<k<K. Then a is the solution of (E0) with

probability converging to 1.

2.2. Initial estimator based on the group Lasso

In the adaptive group lasso penalties, the weight w; is generally desired to
be large for zero coefficients and small for nonzero ones. Following Zou (2008),
we can first obtain an initial estimator with the group lasso penalty (all weights
set to be 1),

p

a= argmainZQ(gfl(ZiTa),Yi) + 20 llagll, (2.4)
i =1

and then set w; = 1/a;||.
Theorem 3. Under (c1)—(c7), (c9), (c10) in the Appendiz, if

A 2K2)
0 — 00, i 0

max{/nlog(pVn),/ns} n
then ||a —ao|| = Op(v/sKXo/n), where ag contains the coefficients in the optimal
approzimation of ag in the spline basis expansion, which satisfies || Y, aojrBr(t)—
aoj(t)|| = O(K~=%),1 < j < p. If (c11) holds, all coefficients except Ms of them
are estimated as zeros for some constant M as (c11) in the Appendiz.

— 0,

Now we discuss how condition (B) can be satisfied using the initial estima-
tor (Z4). For simplicity of discussion we assume [lag;||/v K is bounded away
from zero for 1 < j < s; this assumption is satisfied if, for example, the true
coefficients ag = (ap1,...,a0s)7 do not change with sample size. Choosing

Ao ~ v/nb, max{4/log(pV n), s} with some b,, — oo arbitrarily slowly, the con-
vergence rate of the initial estimator is Op(y/sK max{+/log(p V n), s}v/b,/\/n).

If this convergence rate is o(v/K) (if s is bounded, this condition just simpli-
fies to Klog(p V n)/n — 0), then ||a; — ag;|| is of smaller order than ||ag;l|
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when 1 < j < s and thus ||a;||/v/K is also bounded away from zero, leading to
w; = 1/a;]| = O(1/V'K). This implies ||[w'|| = Op(y/s/K) and wj, s+1 < j <p
is at least of order y/n/s/(K max{+/log(p V n),s}v/b,). Thus if

K
A= 0( 7), (2.5)
n
the final term in (223) is small enough and can be ignored. Furthermore, taking
K ~ n!/(2d+1) "the usual choice that balances bias and variance in nonparametric
regression, assumption (B) is equivalent to

—1
A <\/;3K max{\/log(p\/n),s}\/a) — 00,

n

A <\/§K . lzg(p\/ n) max{+/log(p V n), s}@) — 0.

Under different rates of divergence of s, with constraint on the size of p and s, A
can be found that satisfies the above, as well as (E33). For example, if s = O(1),

2d-+1))

then we require that p satisfies logp = o(nd/ ( in order for such A to exist.

2.3. Tuning parameters selection and implementation

In practice, we need to choose some parameters including the spline order
¢, the number of basis terms K, as well as the regularization parameters Ag
and A. As is common, we fix ¢ = 4 (cubic splines) in all our numerical results.
When computing the initial group lasso estimator and the adaptive group lasso
estimator, we fix K = 8. This strategy is similar to that commonly used in
functional smoothing/functional data analysis literature where the number of
knots is chosen to be sufficiently large so that approximation error is small and the
overfitting can be effectively controlled by the penalization terms (see for example
Chapter 5 of Ramsay and Silvermar (2005)). Nevertheless, we conducted some
simulation studies on the choice of K that suggested that the results are not too
sensitive to its value.

The choice of A in (E) is critical for the performance of the estimators.
In our high-dimensional context, we adopt the extended Bayesian information
criterion (eBIC) of Chen_and Chenl (P00R) that was developed for parametric
models. More specifically, we select A that minimizes

i; Qg Y (Zsan), Vi) + da log;%f() n an log (51), (2.6)
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where @) is the minimizer of (E0) for the given A, and d; is the number of
coefficients estimated as nonzero, also for the given A. The final term comes
from, with a total of p predictors, the number of different models with d; nonzero
coefficients is exactly ( £ ) (see Chenand Chen (2008) for motivation of this term).
For the initial estimator we use a similar criterion,

2z )+ B L T (F). @)

In (2Z@) and (270), if the last term is omitted, we have the ordinary BIC.

We now show that eBIC can correctly separate the nonzero coefficients from
zero ones with probability approaching one. For this we use the simplifying
assumption that s is bounded. Furthermore, for technical reasons, we also assume
we only search over models with at most D (fixed) nonzero coefficients. This
means we should have some a priori knowledge about the complexity of the
true model. In Chen and Chenl (2008), where eBIC was first proposed, the
same assumption was made. Note that we are not able to provide corresponding
theoretical analysis on eBIC for the initial estimator (which is not consistent in
variable selection anyway).

Theorem 4. Suppose the number of nonzero coefficients s in the true model
does not diverge with sample size and that we have an a priori upper bound
D for s. Under the conditions of Theorems 1 and 2, K ~ nY/CHD  and that
infi<j<s ||aoj(t)|] is bounded away from zero, the eBIC as (Z8) correctly identifies
the monzero coefficients and the constant coefficients with probability approach-
mng 1.

The minimization problem (E71) (as well as (24)) is solved by local quadratic
approximation, as adopted by Fan'and Li (2001). Given the current estimate a0,
the local quadratic approximation procedure solves

~1/,T |aj||
manQ (Z; a —|—n)\z o (0)||

which needs to be minimized by a Newton-Raphson iterative algorithm, resulting

in an inner loop in our algorithm. During the iterations, we need to keep track
of the zero coefficients and remove the corresponding predictor as soon as ||a;|| is
smaller than a certain threshold (107° in our implementation). The pseudo-code
of our algorithm for solving (27) is the following (the algorithm for solving (274)
is similar):
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Table 1. Model selection results of different penalized estimators for the
Poisson model based on 100 replications, with n = 150. For adaptive group
lasso estimator (AGL), the label (BIC-BIC), for example, means the ordinary
BIC is used for both the initial estimator as well as the adaptive group lasso

estimator.
Avg # of varying coef.
correct incorrect
p =50 GL(BIC) 3 25.79
GL(eBIC) 3 24.22
AGL(BIC-BIC) 3 20.83
AGL(eBIC-eBIC) 3 1.25
p =200 GL(BIC) 3 66.28
GL(eBIC) 3 59.15
AGL(BIC-BIC) 2.98 43.29
AGL(eBIC-eBIC) 2.97 3.61

Algorithm for computing (2-T)

initialize a®.
for k=1,2,...
Starting from a , iterate until convergence to obtain a”:
akltl = gkl — (qg(ZiTak’l, Yi)ZZ-ZZ-T + QnAQ)*l(ql(ZiTak’l, Y;)Z; + 2nAQakt)
where Q = diag(wllK/Half*lH, . ,wpIK/Ha’;_lH)
is a pK x pK diagonal matrix (I denotes K x K identity matrix)

k. k-1

endfor

3. Numerical Examples

In this section we report on some simulations to evaluate the finite sample
performance of the spline estimator for GVCM and demonstrate the effectiveness
of eBIC for smoothing parameter selection. We also present an application to
cancer classification.

Example 1. In this example, consider the varying-coefficient Poisson regression
model where the true conditional mean function is

p=exp{X"a(T)}.

The data sets were generated with sample size n = 150 and dimensionality p = 50
and p = 200, respectively. Due to the Newton update within the inner loop
involving inversions of p X p matrices, the computation time was too long for
larger p and thus we did not attempt larger dimensionality in our simulations.
The index variable T was sampled uniformly on [0, 1], and the predictors X; were
taken to be X;; = 1 and X;;’s marginally standard normal with within subject
correlations Cov(Xyj,, Xijy) = (0.1)917720 5y gy £ 1. We set ay(t) = 4sin(2nt),
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Figure 1. Boxplots showing MSEs for ag, ..., a4, for the Poisson model.

as(t) = 10t(1 —t), a3 = 3exp{t — 0.5}, and a; = 0,5 = 4,...,p. For both
p = 50 and p = 200, 100 data sets were generated and fitted, with smoothing
parameters Ag, A chosen by either ordinary BIC or eBIC for comparison. In Table
1, we show the number of identified varying coefficients. When BIC was used
(for both group lasso estimator and adaptive group lasso estimator), we generally
saw a large number of false positives, especially when p = 200. When eBIC was
used, although the group lasso estimator still contained many false positives, this
number was effectively controlled in the adaptive group lasso estimator. Thus
we only consider the estimation accuracy when using eBIC next. In Figure 1, we
show the boxplots of the mean squared errors for the coefficients aq, as, ag and
a4(= 0), where the calculation of MSE || (t) — &;(t)|| was based on numerical
approximation on a uniform grid containing 500 points on [0, 1]. The MSEs for
five estimators are shown, including the oracle estimator (ORA, when it is known
which coefficients are zeros, and 10-fold CV is used to choose K), the group lasso
estimators when p = 50 and p = 200 (denoted by GL1 and GL2, respectively, in
the figure), and the adaptive group lasso estimators when p = 50 and p = 200
(denoted by AGL1 and AGL2, respectively, in the figure). It is seen from the
boxplots that the adaptive group lasso estimators performed much better than
the group lasso estimator, and in many cases the performance was close to the
oracle estimator.
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Table 2. Model selection results of different penalized estimators for the
logistic model, based on 100 replications, with n = 150.

Avg # of varying coef.
correct incorrect
p =50 GL(BIC) 3 18.75
GL(eBIC) 3 16.33
AGL(BIC-BIC) 3 10.29
AGL(eBIC-eBIC) 3 1.56
p = 200 GL(BIC) 3 38.78
GL(eBIC) 3 32.04
AGL(BIC-BIC) 3 25.72
AGL(eBIC-eBIC) 2.96 2.49

Table 3. Mean squared errors for asq,..., a4 for the data when some noise

predictors are artificially added to the model. The estimates obtained from
model (E8) are taken as the truth when calculating the MSEs. GL: group
lasso estimator; AGL: adaptive group lasso estimator.

a7 (%) Q3 Qg

p =250 GL 243 3.01 248 242
AGL 024 097 135 1.27
p=200 GL 4.03 380 3.79 3.37
AGL 1.89 127 192 2.05

Example 2. Consider the varying-coefficient logistic regression model where the
conditional mean function is

exp{X"a(T)}
~ (L+exp{XTa(T)})
We set ay(t) = —4(t3 + 2t2 — 2t), as(t) = 4cos(2nt), ag = 3exp{t — 0.5},
a;(t) =0,7 =4,...,p, and other aspects of the simulation set-up were the same

as in Example 1. Special care was needed with binary data, since it is well-known
that the algorithm does not converge to finite values when the two classes are
completely separable ATherf and Anderson ([984)). In our numerical studies
on logistic regression models, we used Firth’s bias correction to deal with this
potential problem (Heinze and Schempey (2002)). The variable selection results
shown in Table 2 demonstrate a similar effect as before, with eBIC effectively
controlling the number of false positives, especially when p > n. The estimation
MSE, shown in Figures 2, also demonstrated the accuracy of the adaptive group
lasso estimators.

Example 3. We used the varying-coefficient logistic regression model example
to study the effect of K, the same setup as in Example 2 with p = 200 and
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Figure 2. Boxplots showing MSEs for aq, ..., a4, for the logistic model.

K =5,7,9,11. We also considered using the same criteria, (28) and (222), to
select A and K simultaneously (with K ranging over 5,7,9,11). The estimation
results for aq,...,ay are shown in Figure 3. For different K, the results look
very similar, although there seems to be some weak overfitting effects when K
is large. This suggests that the choice of K is not important in our model,
where the overfitting can be reduced by the penalty even though K is relatively
large. Also, automatically choosing K based on eBIC did not provide significant
advantages over a fixed K, while it increased the computational burden. Thus we
suggest fixing a relatively large K that is able to approximate the nonparametric
functions reasonably well in most situations (for example, in Huang, Horowitz!
and Wei (2010) the authors fixed K = 6).

Example 4. We applied the proposed method to a data set from the Guide-
lines for Urinary Incontinence Discussion and Evaluation (GUIDE) study, which
assesses the impact of urinary incontinence (UI) guideline adoption by primary
care providers on patient outcomes (Preisser and Qaqish (T999)). The goal is to
study the factors that are predictive of the response of the 137 patients to the
survey question: “Do you consider this accidental loss of urine a problem that
interferes with your day to day activities or bothers you in other ways?” The
binary responses are recorded as BOTHERED (Y = 1) if the answer is yes and
Y = 0 if no. The predictive factors include the number of leaking accidents per
day on average (DAYACC), the severity of the leaking accidents on a scale from
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Figure 3. Boxplots showing MSEs for aq, ..., a4, for four choices of K, as

well as for K chosen by BIC-type criteria.

1 to 4 with 4 the most severe (SEVERE), the number of times during the day
they go to the toilet to urinate (TOILET). These three predictors are denoted
by Xo,..., Xy, respectively, while X; = 1. Using the AGE of the patient as
the index variable T, and with p = 4, our estimation procedure produces the
generalized varying-coefficient logistic regression model

logit(p) = a1(T) + Xoao(T) + X30a3(T) + Xyau(T). (2.8)

where the functions aq, ..., a4 are plotted in Figure 4. That is, all predictors are
significant. It is seen that the response BOTHERED is positively correlated with
DAYACC, SEVERE, and TOILET, as expected, and the correlation increases
rapidly for older people (in the figure the AGE represented on the x-axis is
normalized age on [0, 1]).

Treating the coefficients estimated as truth, we examined the effects of arti-
ficially added predictors on the estimation. The additional noise covariates were
generated as in the previous examples (correlated among themselves but inde-
pendent of the original covariates) and we studied the case p = 50 and p = 200
using eBIC for smoothing parameter selection. When p = 50, only one addi-
tional predictor was incorporated, while for p = 200, six additional predictors
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Figure 4. The estimated aq, ..., a4 for the GUIDE data set that are used
as the true coefficients.

were incorporated. The MSEs for the group lasso estimator and the adaptive
group lasso estimator are shown in Table 3.

Example 5. We also applied the varying-coefficient logistic regression model to
cancer classification. We considered a subset of the ALL data (Chiareffief al
(2004)) representing 79 samples from patients with B-cell acute lymphoblastic
leukemia that were investigated using HG-U95Av2 Affymetrix GeneChip arrays.
Of particular interest is the classification of 37 samples with the BCR/ABL
fusion gene resulting from a translocation of the chromosomes 9 and 22 and
42 normal samples. Many of the genes represented by the 12,625 probesets on
the array are not expressed. Thus we removed the probesets with expression
measurements less than 100 fluorescence units in at least 75% of the samples,
and the interquartile range (IQR) across the samples on the log base 2 scale
smaller than 0.5, leaving 2401 probesets for analysis. Then we performed a t-test
to rank the probesets and used the top 300 most differentially expressed ones.
For classical logistic regression, we fit the data using the glmnet package in R and
selected the tuning parameter by eBIC (we also used an adaptive lasso penalty).
Besides the gene expressions, we can used the age information of the individuals.
We were especially interested in a more general model where age can interact with
gene expression levels, this is where our varying-coefficient logistic regression
model comes in with age acting as the index variable. In the 79 samples, 3
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samples have missing age information and were removed. We used leave-one-
out-cross-validation to examine the classification accuracy of the two models,
with 75 training samples and 1 test sample in each split. The cross-validation
errors for parametric logistic regression and the more general varying-coefficient
model were 6 (47 probesets selected on average) and 4 (69 probesets selected),
respectively. There were on average about 35 probesets selected by both models,
thus both methods identified many common probesets and our model identified
more.
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Appendix. Technical Proofs

We introduce some notation. Let ¢;(z,y) = (0'/9z)Q(g~(x),y),l = 1,2, 3.
We have g1 (z,y) = —(y — g~ (2))p1(2) and g2(z,y) = p2(x) — (y — g~ (2))p} (2),
with pi(x) = [dg_l(az)/daz}l /V (g~ 1(x)). For logistic and Poisson regression with
canonical link function, we actually have p;(z) = 1. Denote the true varying
coefficients by ag = (ap,. .., a0s)’. Let ag; = (aoj1, - - .,aojK)T, 1<j<s, be
the coefficients in spline approximation of ag; that satisfies the approximation
property || ", ao;jrBr(t) — ao;j(t)|| = O(K~%) and set ag = (ad, ..., ad,)T. With
an abuse of notation, ag and ag also denote all coefficients including the zero
ones. In the proofs we use a simple property of subdifferentials. For a vector b,
the subdifferential of its 5 norm is

U if b £ 0,
ollbll = { v

some a with |la|| <1 ifb=0.

Note that when b = 0, the subdifferential is not unique but we still use 9||b|| to
denote some subdifferential since its specific value plays no roles in our proofs.
Finally, for any matrix A, P4 denotes the projection matrix onto the column
space of A. The following regularity conditions are used in the proofs.

(c1) The covariates X;,1 < j < p are bounded random variables.

(c2) The function V is twice continuously differentiable, and g is three times
continuously differentiable.

(c3) The eigenvalues of ZiXi(l)XZ-(l)T/n (note Xi(l) = (Xit,...,Xis)T) are
bounded away from zero and infinity.
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(c4) The index variable T has a continuous density with support on [0, 1].

(c5) ga(x,y) > 0 and ¢1(XTap,Y), ¢2(XTp,Y), and q3(XTap,Y) have finite
second moments.

(c6) Eq3(Y,Z"a) is bounded for a inside a large enough neighborhood of ay.

(c7) For 1 < j < s, ag,(t) satisfies a Lipschitz condition of order d > 1/2:
|aégd“(t) - oz(%-dj)(sﬂ < C|s—t|* L4 where |d] is the biggest integer strictly
smaller than d and aé&dJ)(t) is the |d|-th derivative of ag;(t). The order of
the B-spline used satisfies ¢ > d + 2.

(c8) The eigenvalues of ) . g2(Z;ao, Yi)Zi(l)Zi(l)T/(n/K) are bounded away from
zero and infinity.

(c9) For all 1 < k < K, E[|BMT)¢"(XTao(T),Y)|] < (m!/2)J"2/K,m =
2,3, ..., for some constant J > 0.

The following additional conditions are used in Theorem 3 for the initial esti-
mator. For simplicity we assume k; and c,, defined below, are bounded away
from zero, while ko and ¢* are bounded. However we keep these constants in the
proofs for generality.

(c10) (Restricted eigenvalue condition) Let S := {1,...,s} be the indices of
nonzero coefficients. For some v > 0,

> 2(Yi, ZZ-Tao)UTZiZiTU

inf =: k1 >0,
loll=1,>" e se 1o ISA+7) 2jes vl n/K
sup 2i qQ(Y;’ZiTaO)UTZZ'ZZ’TU =: kg < 00.

ol=1,3 e se 105 1<(147) 2255 llvil n/K
(c11) (Khang and Huang (2008)) The sparse Riesz condition (SRC) holds with
rank s* and spectrum bounds 0 < ¢, < ¢* < oo, that is,
> @2(Yi, Zf ao)v" Zin Z [y
n/K

vl < < ¢*||v]|?, VA with |A| < s* and v € R4,
where Z; 4 is the subvector of Z; containing only components associated
with predictors in A. Let M = (1 + 2v)%c*ky/k?, s* > Ms+ 1.

Most of the conditions imposed are quite standard in the literature, in partic-
ular in Cam and Fan (2008). The condition (c6) is similar to that assumed in Lam
and Fan (2008) for the third derivative of the loss function and, although stronger
than usually assumed in likelihood theory, it facilitates the technical derivations.
For (c3), it is well-known that it implies eigenvalues of . Zi(l)Zi(l)T/(n/K) are
bounded away from zero and infinity (Lemma A.1 in Huang, Wu, and Zhou
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(zmmd)). It is also possible to assume eigenvalues of EX M XMT to be bounded
away from zero and infinity, and then the eigenvalues for the sample version
>uX i(l)Xi(l)T /n will have the same property under some constraint on the size
of s. However, we choose to put assumptions on the sample version so that it
is directly applicable in the proofs. Since ¢1(x,y) = —(y — g~ (x))p1(x), (c9) is
an assumption on the moments of the noise and, since EB}*(T) = O(1/K), the
appearance of 1/K in the bound is natural. The condition (c10) is a variant of
ones in Bickel, Ritov, and Tsybakovi (2009), and (c11) follows Zhang and Huang
(2008).

Proof of Theorem 1. For the proof of Theorem 1 we write ZZ-(I) as Z; and a()
as a. Since @ minimizes

> Qg (2l a), Vi) +nA> willay
i j=1

with respect to a, a satisfies the first-order condition
> a(Z]a,Y:)Zi + nv(a) = 0, (A1)
i
where v(a) = (vi(a)?,...,vs(a)T)T is the Ks dimensional vector with v;(a) =

Aw;dl|a;ll,1 < j < s. Obviously [[v(a)||*> = Op(A\?||w'||?). Using a Taylor expan-
sion at Z[ ag for the first term in (&), we get

. 1 .
1Y " a1(Z] a0, Yi) Zi + q2(Z] a0, Yi) Z:Z] (6 — a0) + 580 i) Zi(Z] (@ — ao))?||
)
+O0p(ny/A?||[w'[?) = 0,
or,

‘ N a1(ZF a0, Y1) 2T (6 — ap) + a2(ZT ao, Yi)(a — ao) " Z:ZT (@ — a0)  (A.2)

45050, YD (ZF @ - 00))*| + Op(ny/ R Plla - aol) =0, (A3)

where g3(.,Y;) is evaluated at some point between Zlay and Z!a.
Using the notation

QI(Z?af(b }/1)

Q1(Z(I(],Y) = :
QI(ZZ‘CLOa Yn)
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and Z = (Z1,...,Z,)7, the first term in (BA23) can be written as |qi(Zag,Y)”
Z(a — ap)|, and is of order O(VKs + ns2K-2d./n/K|a— ao||) by Lemma A.1
below.

Using (c8), we have
n, . . o n., .
ClgHa —ao|® < @2(Z] a0, V) (@ — ao)" Z: Z] (4 — ap) < 02EHCL —agl*  (A4)

for two positive constants c¢1, co, with probability converging to 1.
Finally, the third term in (A=3) is bounded by

Op(nl|Zi|*lla — aoll*) = Op(ns*?|a — ao|®). (A.5)

The plan for the rest of the proof is as follows. First we consider the op-
timization of (22) inside the ball B = {|ja — ag|| < b,} where the sequence b,
satisfies Ks%2b, — 0 and \/K2s/n + s2/K2d=1 4 \2|w/|2K2/b, — 0 (such a
sequence by, exists due to (A)). We show that with probability converging to 1,

this constrained optimization problem has a minimizer in the interior of the ball
B which satisfies (223). By convexity this local minimizer is the global minimizer
of (Z22) and the theorem is proved.

In fact, with the constraint ||a — ag|| < by, it is easy to see that the third
term in (A=3) is of smaller order than the second term (see (A=) and (AT)),
and thus (B=3) implies that ||@ — ao|| = Op(\/K2s/n + s2/K2d-1 + \2||w/|2K?),
which is of smaller order than b,, and thus & is indeed in the interior of the ball
B with probability approaching 1.

Lemma A.1. |qi(Zao,Y)" Z(a—ao)|* = Op ((n/K)(Ks + ns*/K*?)||a — ag||?) .

Proof of Lemma A.1. We use |q1(Zag,Y)T Z(a — ag)|? < ||Pzai(Zag,Y)||? -
| Z (@ — ap)||?. Obviously ||Z(a — ag)||? = Op((n/K)||a — ao)||*) by (c3), and

1Pza1(Zao, Y)||* < 2||Pzau(Xao(T),Y)||*+2|| Pz(q1(Zao) —a1 (X ao(T), Y)) |1

The first term here is of order Op(tr(Pz)) = Op(Ks), since q1(Xao(T'),Y) has
mean zero conditional on the predictors. The second term is bounded by, using
a Taylor expansion, ||qz2(Xao(T),Y)(Zag — Xao(T))||?> + smaller order terms =
Op(ns®/K??). Note that qs is an n-dimensional vector defined similar to q; and
that the product of two n-dimensional vectors is taken to mean the component-
wise product.

Proof of Theorem 2. As before we take

Zi = (XnBy(Ty),...,XuBr(T}),..., XipBr(T;))T,
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leBl(Tl) . leBK(Tl)
Z] — . . .

XniBU(Ty) ... XojBr(Ta) )

We also let Z = (Z1,...,Ziy..., Zn)t = (Z1,...,Zj,...,Zp), and partition it as
7 = (2(1)72(2)),
Since a(!) solves (22), we have that

N (1 .
ZTqi(zWaW,Y) + nyw;olla) | =0, =1,...,s. (A.6)
This means that “there exists some subdifferential that makes the left hand side

zero” in case the subdifferential is not unique.

In order to show that the pK-dimensional vector & = (aM), a(?)) with dﬁ) =

0,j=s+1,....,p,k=1,..., K, solves (1), we need only verify the correspond-
ing KKT conditions,

Zqi(zWa™ + 2Pa® Y) + ndw;dlla|| = 0,5 =1,...,p. (A7)

First, for 1 < j < s, () trivially follows from (A8), since Z(?a( = 0. Next,
for s +1 < j < p, by the property of subdifferential stated at the beginning of
the Appendix, (A7) is implied by

() 1ZTar(zWa™ + 2Pa® v)|| < niw;.
which is shown in Lemma A.2.

Lemma A.2. ||Zqu1(Z(1)d(1) +Z@a?Y)|| < nhwj, as used in the proof of
Theorem 2.

Proof of Lemma A.2. Using a Taylor expansion, we have

max || ZFqi(ZzWa® + zPa? )y

s+1<j<p
< T T h_
< max [1Zj au(m, V) + max [ Zjaz(m, Y)(Za —m)j
+smaller order terms, (A.8)
where m = (my, ..., my)T with m; = XTao(T}).

For fixed s+ 1< j<p, 1 <k<K, we have

2

¢ )},Vc>0,

P(|) " Xi;Br(Ti)q1 (mi, Yi)| > ¢) < 26XP{ T (2Jc+ 2n/K)
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by Bernstein’s Inequality (using condition (c9) and Lemma 5.7 in van_der Geer
(z000)). Using a simple union bound, we have

P<S+r{1<a]x< ||Z qi(m, Y)H>C\/>> <meaxP(|ZX”Bk g1 (mg, -)|>c)

2

C
< - .
< 2K exp { (2Jc + 2n/K) }

Taking ¢ = C/(n/K)log(p V n) for some C > 0 large enough, we get

P ZT Y
(Sgg;; 1ZF qi(m,Y)| > eVK) —

and thus

T p—
Jmax 7] an(m,Y) | = Op(y/nlog(pV n)). (A.9)

Furthermore, using Theorem 1, we have

2
T T, _ n ns 2! [2
sﬁlga]}'(ngZJ @em,Y)(Z a—m)||=0p (\/K(Ks—i- 7c2d + nK N2 ||w'|| )) )

(A.10)
Combining (A=), (AX), (AT0) and (B) shows

1ZF a1 (zMaV) + 2@a®,Y)|| = o(ndw).
Proof of Theorem 3. The proof uses similar techniques as in Bickel, Ritov]

and Tsybakov (2009); Zhang and Huang (200R) only dealt with quadratic loss.

Step 1. Let 6 = @ — ag, where ag = (a1, ..., app) is the coeflicient in the spline
basis approximation of ag = (o1, . .., @) that satisfies || >, agjnBr(t) —ao;(t)|| =
O(K~%) (for j > s this approximation error is actually 0). We show that

Dol < ) Do lIosl, (A.11)

jese JjeS

with probability converging to 1, for any v > 0, where S = {1,..., s}.
By the definition of a, we have

p p
Yo Qzla,v) =D Q(Z a0, i) < M) llaoill = X > lla;ll. (A.12)
i i j=1 j=1

On the other hand, by the convexity of @,

ZQ(ZZ‘TCNMY ZQ (2} a0, Vi) > Z(h (2] a0, Y3)Z]'s.
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Combining, we get

p
SO IR max | qu Lao,Yi) Zijl| < Aoz l|aos]| — Aoz la;ll, (A.13)
j=1

where Z;; = (X4 B1(T3), . .. ,XijBK(Ti))T is a subvector of Z;.
Using the arguments of Lemma A.2, we have

n ns?
lrgggpllquZam ) Zijll = Op(v/nlog(p V ) + Op(\| 52 7734) = 0 (Mo).

(A.14)
Using (AT3), (AT4), together with

P
Do ldill =D a0+ > 118l (A.15)
j=1

JjeS jese

O(Z lao | = > llagll) = Ao (D llaoll = D llagll = > llasl)

Jj=1 JjeS jeS jeSse
<O 6511 = > 1651, (A.16)
jes jese

we obtain

D151 < (L op) Y 11651 < (L+7) D116l

jEeSe jES jES

Finally, we note that this step is an extension of the similar ones obtained for
the Lasso estimate with quadratic loss function. It was shown in Bickel, Ritov!
and T'sybakov (2009) that (A—I) plays a critical role in showing the convergence
of the estimate.

Step 2. We have [|a — ao|| < (1 + v)(v/sKXo/nk1), with probability converging
to 1.

We show that with probability converging to 1, there exists a local minimizer
a* of (Z34) in the interior of the ball {a : ||a—ap|| < b, }, where \/sK )Xo/ (bpynky) —
0 and (b, KV's3)/ky — 0 (such a sequence b, exists since we assume s2K2\g/(nk?)
— 0), and this local minimizer satisfies ||a* — ag|| < (1 +7)(v/sKXo/nk1). Then
by the convexity of the problem, this local minimizer is the global minimizer a.

Let 0 = a* — ap. Combining (A1) and (ATH), we get

ZQ(ZiTa*aYi) - ZQ(ZZ-T%Y@') < 201851 = > l161D)-

jes jese
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Using Taylor’s expansion for the left hand side here results in

1
qu Zlao, ;) 215 + q2<Z a0, Yi)0! Zi 216 + Cas(], Vi) (2] 6)°

<20 18511 =D 11551, (A.17)

JjeS jese

where 2} lies between ZZ-T a and ZZT agp-
As shown in Step 1, || Y2, 1(ZL a0, Vi) ZI5|| = op(Ao) ?:1 10;]|. Condition
(c10) implies >, ¢2(Z ao, Y;)6T Z;ZF 5 > nk,||5||?/K and

Zqz 2, Y)(Z]6)° = Op(nBlgs(z1, Y1)(max 1Z:511)° ZH5 7]

7=1
p
n(d_115;1)°)
7=1

Since Y7, 18] < (2+7) Xyes 18] < 2+ NVE(T,es 61212 < (2 +
v)Vs||d|| by Step 1, and using the assumption on by, it is easily seen that
n( ?:1 16;11)% = op(nki||6]|?/K), and thus (AT7) becomes

)\ K
18] < (1 + op(1)) = ZIW I
jGS

Using again ;5 [|d;]] < /s[|d]], we get [|d]] < (1 + v)v/sAoK/(nk1). Finally,
since /sA\oK/(nki) = o(by), a* is indeed an interior point of the ball with prob-
ability converging to 1.

Step 3. Under (cl1), we have § < Ms with probability approaching 1, where §
is the number of estimated nonzero coefficients. In particular, if ¢* and ko are
bounded, and k; is bounded away from zero, then s is of the same order as s.

Define more generally c*(m) = sup4— mlo]}=1 S a2(ZEag, i) ZiaZLv/n,
and define c,(m) similarly. Let A; = {j : @; # 0} be the set of indices of
estimated nonzero coefficients, and thus § = |A;|. By the first order condition of
the minimization problem (E4), we know that for j € Ay,

> a1(Zia, Vi) Zi; = —Xo0 |- (A.18)

Let Az be the set of indices j that satisfies (A—I8) and thus A; C Ay. Suppose A
satisfies A C A C Ay (the precise choice of A is only important toward the end
of the proof). Let § = |A| > s.
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Using (BIR) for j € A (taking sum of squares) and setting § = @ — ag, we

1
= H Zm(ziTao,Yi)Zm + @2(Zia0, i) Z, ;285 + §Q3(Z2<7Yi)ZZ‘A(ZiT5)2H'
7

have

The first term satisfies || Y, ¢1(Z7 ao, Yi)Z, ;1 < Vimax; || Y, q1(ZF ao, Vi) Zij|| =
op(V/3)\0) as in Step 1. The second term can be bounded by || 3", ¢2(Z;a0, Yi)Z, 4
ZTS|| < ny/c*(3)ks||0]|/K by the Cauchy-Schwartz Inequality. Similar to the
proof in Step 2, the third term is of smaller order than the second term if

82K2>\0

L N (A.19)
nkiv/c«(8)ka)

Then we have, with probability converging to 1,

Ao

Vs < (1+ 0p(1))%\/c*(§)k:2H5|| < (1+2v)n sc*(E)k‘Qn—]ﬁ,

which is equivalent to

(14 27)2¢*(3) ko N

5 <
= 2
ki

(A.20)
By the continuity of @ in A9, we can choose A such that its size jumps at most
one each time that Ay decreases, beginning from Ay = co to the lower bound. We
show § < M s by contradiction. In fact, suppose for some Ay we have |/~1] > Ms,
then we are able to find A such that in fact Ms < |A| < Ms+1 since we change
the size of A one at a time. For this Ao, since |A| < s*, we have ¢*(3) < ¢* and
¢«(8) > ¢y, so that (ATY) is satisfied. Thus from (A=), § < Ms, leading to a

contradiction.

Proof of Theorem 4. For any given regularization parameter A, we denote by
ay the minimizer of (E0), and by a the minimizer when the optimal sequence
of regularization parameter is chosen such that & results in a consistent model
selection. We separately consider the overfitting and underfitting cases below.
Underfitting. Assume some nonzero coefficients are estimated as zero coef-
ficients in ay and look to establish some contradiction. Similar to the proof of
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Theorem 1, we have
1 _ . 1 _ .
~ QU (Zla).Yi) -~ Qg2 a).Y))
1 . . . 1 . . . . .
= a(ZlaY)Zi (@ —a)+ 5o a2l a,Yi)(an - )22 (ax — @)
(2
+ smaller order terms
C4 . Cs S
> == IPra(Za, V)| + 221200 - )P,
for some constants C'1, Cy > 0, where we used the Cauchy-Schwartz Inequality

R L 1 R Co . .
Y a(Zia, )zl (@ - a)| < FlIPrai(Za, V)| + Zl|Z@—a)|?
%

(with a small enough constant C' > 0), as well as (c8).

Since there is some j for which a; represents a truly varying coefficient with
convergence rate given by Theorem 1, while ay; = 0, it is easy to show that
||Z (@ — ay)||?/n is bounded away from zero. Besides, ||Pzqi(Za,Y)||/n = o(1)
(using the same arguments as in Lemma A.1, as well as the proof of convergence
rate in Theorem 1) and the penalty terms in eBIC are all of order o(1), thus the
eBIC when A is used is bigger than the eBIC when the optimal regularization
sequence is used, leading to a contradiction.

Owverfitting. Here we assume some zero coefficients are estimated as nonzero
in ay. Let a* be the minimizer of Y, Q(¢~*(Z]'a),Y;) under the additional
constraint that the model identified by a, is used when minimizing the negative
likelihood (without penalty). We have that

WU CANRORES SR IR0
> =37 QU (a0, Y - 3 QU (2Fa), )
> S (2l a Yo 2l @ - a), (A.21)

by the convexity of ). Using the definition of ¢* and the fact that we only search
over models with size at most D, the convergence rate of ¢* can be obtained using
similar arguments as Theorem 1 (although the third term in (Z3) involving A
does not appear for the unpenalized estimator). Arguments similar to those used
in the proof of Lemma A.2 can be used to show that (A=2T) is bounded below by
a negative term whose absolute value is of order

1 K? 1
n\/nlog(]?\/”)(n + m)a
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which is of order smaller than the BIC penalty term log(n/K)/(n/K) + log
p/(n/K). Thus BIC cannot have selected such a A.
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