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Abstract: Functional data analysis has received considerable recent attention and
a number of successful applications have been reported. In this paper, asymp-
totically simultaneous confidence bands are obtained for the mean function of the
functional regression model, using piecewise constant spline estimation. Simulation
experiments corroborate the asymptotic theory. The confidence band procedure is
illustrated by analyzing CD4 cell counts of HIV infected patients.
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1. Introduction

Functional data analysis (FDA) has in recent years become a focal area in
statistics research, and much has been published in this area. An incomplete list
includes |Cardot, Ferraty, and Sardal (2003), [Cardot and Sardal (2005)),
land Vieul (2006), Hall and Heckman! (2002), Hall, Miller, and Wang] (2006)), Izeml
(2007), James, Hastie, and Sugar| (2000), (2002,
(2005)), [James and Sugar| (2003), (2007, 2010),
(2006), Miiller and Stadtmiller| (2005)), Miller, Stadtmiiller, and Yao|
(2006), Muller and Yad (2008)), [Ramsay and Silverman| (2005)), Wang, Carroll]
(2005]), (2006)), [Yao, Miiller, and Wang] (2005aD),
land Chen! (2007)), Zhao, Marron, and Wells| (2004)), and [Zhou, Huang, and Carroll
(2008)). According to|Ferraty and Vieu| (2006]), a functional data set consists of iid
realizations {§; (z),z € X},1 < i < n, of a smooth stochastic process (random
curve) {{ (x),z € X'} over an entire interval X. A more data oriented alternative
in[Ramsay and Silverman| (2005]) emphasizes smooth functional features inherent
in discretely observed longitudinal data, so that the recording of each random
curve &;(x) is over a finite number of points in X', and contaminated with noise.

This second view is taken in this paper.
A typical functional data set therefore has the form {X;,Y;;},1 < i <
n,1 < j < N;, in which N; observations are taken for the ith subject, with Xj;
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and Y;; the 4t predictor and response variables, respectively, for the it* subject.
Generally, the predictor X;; takes values in a compact interval X = [a,b]. For
the i'" subject, its sample path {X;;, Y;;} is the noisy realization of a continuous
time stochastic process &;(z) in the sense that

Yij = & (Xij) + 0 (Xy5) €45, (1.1)

with errors €;; satisfying E (g;5) = 0, E(a?j) =1, and {&;(z),z € X'} are iid copies
of a process {{(z),x € X} which is L?, i.e., E [, &*(z)dz < +oc.

For the standard process {{(z),z € X'}, one defines the mean function m(z) =
E{&(x)} and the covariance function G (z,2’) = cov{{(z),&(2')}. Let sequences
{Netey  {vr(x)} 32, be the eigenvalues and eigenfunctions of G (z,z’), respec-
tively, in which Ay > Xy > -+ > 0,372, A\ < 00, {5}, form an orthonor-
mal basis of L?(X) and G (z,2') = Y72, Methe(2)9, (2'), which implies that
J G (2, 2") g, (27) da’ = by ().

The process {&(x),r € X'} allows the Karhunen-Logve L? representation
oo
E(2) = m(@) + 3 o),
k=1

where the random coefficients &, are uncorrelated with mean 0 and variances 1,
and the functions ¢, = \/Az¥,. In what follows, we assume that \; = 0, for
k > k, where & is a positive integer, thus G(z,2') = > ";_, ¢r(x)¢k (') and the
data generating process is now written as

Yij = m (Xy5) + Z Eindr (Xij) + 0 (Xij) €4 (1.2)
k=1

The sequences {A;}r_, {¢x(2)};_; and the random coefficients &, exist math-
ematically, but are unknown and unobservable.

Two distinct types of functional data have been studied. [Li and Hsing| (2007,
and [Li and Hsing| (2010)) concern dense functional data, which in the context of
model (1) means minj<;<, N; — 0o as n — oo. On the other hand, [Yao,
Miiller, and Wang] (2005alb)), and [Yaol (2007) studied sparse longitudinal data
for which N;’s are i.i.d. copies of an integer-valued positive random variable.
Pointwise asymptotic distributions were obtained in [Yao (2007) for local poly-
nomial estimators of m(z) based on sparse functional data, but without uniform
confidence bands. Nonparametric simultaneous confidence bands are a powerful
tool of global inference for functions, see |[Claeskens and Van Keilegom| (2003)),
Fan and Zhang (2000), Hall and Titterington| (1988), [Hardlel (1989), Hérdle
and Marron| (1991) Huang et al.] (2008), Ma and Yang| (2011]), [Song and Yang
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(2009), Wang and Yang| (2009), Wu_and Zhaol (2007), Zhao and Wul (2008]),
and [Zhou, Shen, and Wolfe (1998) for its theory and applications. The fact
that a simultaneous confidence band has not been established for functional data
analysis is certainly not due to lack of interesting applications, but to the greater
technical difficulty in formulating such bands for functional data and establishing
their theoretical properties. Specifically, the strong approximation results used
to establish the asymptotic confidence level in nearly all published works on con-
fidence bands, commonly known as “Hungarian embedding”, are unavailable for
sparse functional data.

In this paper, we present simultaneous confidence bands for m(x) in sparse
functional data via a piecewise-constant spline smoothing approach. While there
exist a number of smoothing methods for estimating m(x) and G (z,z") such as
kernels (Yao, Miiller, and Wang| (2005alb)) and [Yao (2007)), penalized splines
(Cardot, Ferraty, and Sardal (2003)); [(Cardot and Sardal (2005)); Yao and Lee
(2006))), wavelets Morris and Carrolll (2006), and parametric splinesJames| (2002),
we choose B splines (Zhou, Huang, and Carroll| (2008)) for simple implementa-
tion, fast computation and explicit expression, see[Huang and Yang| (2004)), Wang
and Yang| (2007)), and [Xue and Yang| (2006) for discussion of the relative merits
of various smoothing methods.

We organize our paper as follows. In Section 2 we state our main results on
confidence bands constructed from piecewise constant splines. In Section 3 we
provide further insights into the error structure of spline estimators. Section 4
describes the actual steps to implement the confidence bands. Section 5 reports
findings of a simulation study. An empirical example in Section 6 illustrates how
to use the proposed confidence band for inference. Proofs of technical lemmas
are in the Appendix.

2. Main Results

For convenience, we denote the supremum norm of a function r on [a, b] by
7l = SUPge[a) I7(2)], and the modulus of continuity of a continuous function r
on [a,b] by w (r,0) = max, zc(qp),je—a|<s [7(2) — 7 (2')|. Denote by [|g[|, the the-
oretical L2 norm of a function g on [a,b], ||g|5 = E {*(X)} = f; g*(z) f(x)dw,
where f(z) is the density function of X, and the empirical L? norm as || g||§7 Np =
NS Z;V:ll g% (X;;), where we denote the total sample size by Ny = > | N;.
Without loss of generality, we take the range of X, X =][a,b|, to be [0, 1]. For
any [ € (0, 1], we denote the collection of order § Holder continuous function on
[0,1] by

/
0 ={o:tolns= s I <o),

z#x! x,x’ €]0,1] ‘l’ — X
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in which ||¢[[y 5 is the CY%B-seminorm of ¢. Let C[0,1] be the collection of
continuous function on [0,1]. Clearly, C%?[0,1] c C'[0,1] and, if ¢ € C%50,1],
then w (6,8) < (6],

To introduce the spline functions, divide the finite interval [0, 1] into (Ns+1)
equal subintervals x; = [ts,tj41),J =0,...,Ng — 1, xn. = [tn,, 1]. A sequence
of equally-spaced points {¢ J}]}[il, called interior knots, are given as

to=0<t1 < <tn, <1=tn41,t7 = Jhs, 0§J§N5+1,h5:(N81+1),
in which hg is the distance between neighboring knots. We denote by G(—1) =
G(=1 [0, 1] the space of functions that are constant on each y ;. For any z € [0, 1],
define its location index as J(z) = Jn(x) = min {[z/hs], Ns} so that t; ) <z <
t 7. (x)+1> VT € [0,1]. We propose to estimate the mean function m(x) by

n Ni
la) = sagmin Y 3 (Vi — g (X)) 2.)
9eG1 Gi=1 j=1

The technical assumptions we need are as follows

(A1) The regression function m(x) € C%'[0,1].

(A2) The functions f(z),0(z), and ¢p(z) € COP[0,1] for some B € (2/3,1]
with f(x) € [c;,Cfl,0(x) € [co,Cs],x € [0,1], for constants 0 < ¢y <
Cf <00,0<cye <Cf <o00.

(A3) The set of random variables (N;)7_, is a subset of (N;);2, consisting of
independent variables N;, the numbers of observations made for the i-th
subject, © = 1,2,..., with N; «~ N, where N > 0 is a positive integer-
valued random variable with E{N?*"} < rlcy,r = 2,3,... for some con-
stant ¢y > 0. The set of random variables (Xij,Y;j,sz-j)?ifszl s a sub-
set of (Xij,Yij,ei5)ioyjoy in which (Xij,€ij)~y5_, are tid. The num-
ber k of nonzero eigenvalues is finite and the random coefficients &y, k =
1,...,5,i=1,...,00 are iid N (0,1). The variables (N;);=, (&k)fifk:l,
(Xij)iZr =10 (€ij)izyj=y are independent.

(A4) As n — oo, the number of interior knots Ny = o(nﬂ) for some 9 €
(1/3,28 — 1) while N;! = o{n_1/3 (logn) _1/3}. The subinterval length
hs ~ N 1.

(A5) There exists r > 2/ {8 — (1 + ) /2} such that E|e11|" < oo.

Assumptions (Al), (A2), (A4) and (A5) are similar to (A1l)-(A4) in Wang

and Yang| (2009), with (A1) weaker than its counterpart. Assumption (A3) is
the same as (Al.1), (A1.2), and (A5) in[Yao, Miller, and Wang| (2005b)), without

requiring joint normality of the measurement errors ¢;;.
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We now introduce the B-spline basis of G-, the space of piecewise con-
stant splines, as {b J(.’E)}]}[io, which are simply indicator functions of intervals y s,
bj(x) =1Iy,(x),J =0,...,Ns. Define

1
e = IbII2 = /0 by(2) f(x)dz, T =0,..., N, (2.2)
a%/(x):var(Y\X:x):G( z) +o?(x), Ve € 0,1],
E{Ny (N — 1)} 2
o) = it ooE iy { EE Z( [ s i)
+ o2 (u) f (u)dup. (2.3)
/XJ(ac) v }

In addition, define

- 1
QN+ (@) =bng1 —ay'y, log{—3log(1 — o)},

log (27ra?vs+1)

. (24
Yanos (2.4)

an,1 = {2log (N + D} by1 = ans1 —

for any a € (0,1). We now state our main results.

Theorem 1. Under Assumptions (A1)—(A5), for any a € (0,1),

lim P{ sup (@) = m(@)] < QN1 (@) } =1-aq,

n—00 z€[0,1] on ()
lim 13{'7”(‘”)_7”(2”)| < Zl_a/z} —1-a, VYVzelol]
i on ()

where o, () and QN 11 (a) are given in [2.3)) and (Z4), respectively, while Z, _q /o
is the 100 (1 — a/2)th percentile of the standard normal distribution.

The definition of o, (z) in ([23) does not allow for practical use. The next
proposition provides two data-driven alternatives

Proposition 1. Under Assumptions (A2), (A3), and (A5), as n — oo,

sup {\0 z)onp(z) — 1] + \0 z)onronG(z) — 1]} = O( )
z€[0,1]

in which for z € [0,1], o1 (2) = oy (z) {f(@)hsnE(N)} ? and

E{Ni (N =1}, G (2,7) f<x>}1/2
EN; ° oi(w) '

on,LONG(Z) = op 11D () {1 +
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Using oy, 1ip(x) instead of o, (z) means to treat the (Xj;,Y;;) as iid data
rather than as sparse longitudinal data, while using o, L ong(z) means to cor-
rectly account for the longitudinal correlation structure. The difference of the two
approaches, although asymptotically negligible uniformly for =z € [0, 1] accord-
ing to Proposition 1, is significant in finite samples, as shown in the simulation
results of Section 5. For similar phenomenon with kernel smoothing, see Wang,
Carroll, and Lin| (2005)).

Corollary 1. Under Assumptions (A1)—(Ab), for any o € (0,1), as n — oo,
an asymptotic 100 (1 — a) % simultaneous confidence band for m(x),x € [0, 1] is

m(z) £ on(z)Qn.11 (@)

while an asymptotic 100 (1 — ) % pointwise confidence interval for m(x),z €
[0, 1]7 18 ﬁ”L(.ﬁU) + Jn(x)Zl—oc/Q'

3. Decomposition

In this section, we decompose the estimation error m(z) — m(z) by the
representation of Yj; as the sum of m (Xy;), > p_; &indr (Xij), and o (X;5) €45

We introduce the rescaled B-spline basis {BJ(.’E)}J}[iO for GV, which is
By(x) =by(x)||bsl5", T =0,..., N;. Therefore,

By(z) =by(x){csn} *,J=0,...,N.. (3.1)
It is easily verified that ||By||3 =1,J =0,..., Ny, (By, By) =0,J # J'.
The definition of m(z) in (2.1)) means that
Ns
(r) = Nby(x), (3.2)
J=0
~ ~ 3T
with coefficients {)\6, .. ,)\’Ns} as solutions of the least squares problem

{X6,...,//\\§VS}T: argmin ZZ{YZ]—Z)\JZ)J } .

{)\ >\ }ERN5+1 =1 ,] 1

Simple linear algebra shows that m(z) = Z]}[io /B 7(z), where the coefficients
{No, .-, A NS}T are solutions of the least squares problem

{XO,...,XNS}T: argmin ZZ] 1{ i Z)\JBJ ij } (3.3)

{X05e AN FERNs L T
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Projecting the relationship in model (L2]) onto the linear subspace of RNT spanned

by {BJ (Xij) }1<j< N, 1<i<n.0<s<N,» We obtain the following crucial decomposition

in the space G(—1) of spline functions:

(w) = m(z) + &(x) = m(z) + &x) + Y &l(x), (3.4)
k=1

N N
m(z) =Y AsBy(x), &(x) = Y _a;By(@),
7=0 7=0

Ns
&(z)=> TasBy(x). (3.5)
J=0
The vectors {Xo, .. ,XNS}T, {ap, ... ,EiNS}T, and {710, .. ,?k’NS}T are solutions

to (B3) with Y;; replaced by m (X;;), o (Xij)€ij, and &y (Xij), respectively.
We cite next an important result concerning the function m(z). The first part
is from lde Boor! (2001, p.149), and the second is from Theorem 5.1 of [Huang
(2003).

Theorem 2. There is an absolute constant Cy>0 such that for every ¢ C'[0, 1],
there exists a function g € GV [0,1] that satisfies |g—d|,, < Cyw (¢, hs). In
particular, if ¢ € C%5[0,1] for some B € (0,1], then ||g — ¢l < Cy ||¢||0”6 Re.
Under Assumptions (A1) and (A4), with probability approaching 1, the function
m(x) defined in [B1) satisfies |m(xz) —m(z)|, = O (hs).

The next proposition concerns the function e(x) given in (3.4]).

Proposition 2. Under Assumptions (A2)—(A5), for any 7 € R, and o,(x),
an,+1, and by, +1 as given in (23) and (2.4),

. 1~ T B o T
nlggo P{ :czl[l()l?l] lon(z) " e()| < - + bNSH} =exp (—2¢77).

4. Implementation

In this section, we describe procedures to implement the confidence bands
and intervals given in Corollary 1. Given any data set (Xij,}/;j)jy:if ,—q from
model (Z2), the spline estimator m(z) is obtained by (B:2]), and the number of
interior knots in (B.2)) is taken to be Ny = [CN%/ 3(log n)], in which [a] denotes the
integer part of a and c is a positive constant. When constructing the confidence
bands, one needs to evaluate the function o2(x) by estimating the unknown
functions f(x), 02 (z), and G (z,z), and then plugging in these estimators: the

same approach is taken in [Wang and Yang| (2009).
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The number of interior knots for pilot estimation of f(z), 0% (), and G (z, x)
is taken to be N7 = [n'/3], and h} = 1/ (1 + NJ). The histogram pilot estimator
of the density function f(x) is

Fla) = S S by (Xiy)
(>ie1 V)b

T
: N 2
Defining the vector R ={Ri;}{<;cn, 1<icn = {(YZ —m(Xij;)) }1Sj§Ni71§iSn’

the estimator of o (z) is 7% (z) = Ejjio psby(x), where the coefficients {pp, ...,
PNz T are solutions of the least squares problem:

n Ni

N 2
{Pos-w bz} = argmin > {sz =Y psby (Xij)} :
J=0

Pos-Pnz FERNSTL 21 i1
The pilot estimator of covariance function G (z,z’) is

n
~

N;
G(v,a)= argmin Y S {Ciy— g (Xij Xip)}
9EGTIOGT imy =1, A

where Cijj/ = {YU —m (ij)} {Yij’ —m (Xij’)} )

—
IA
e

YA
=
v»—l
IA
IA

3
H
=
l¢)

function o, (x) is estimated by either o, 11p(z) = oy (2)

", N? G (2,2) ~
GnLoNG(z) = 3,%HD(:¢){1 + (Z ]Xf; — 1) G(z,x) (a:)hs}l/2.

=1

We now state a result. That is easily proved by standard theory of kernel
and spline smoothing, as in [Wang and Yang| (2009).

Proposition 3. Under Assumptions (A1)—(Ab), as n — oo

o

=0 (hs/6 + n_l/QNs_1 (log n)l/Q) .

Fn,1ip (), 1yp (%) — 1‘ + [Fn.oNG (2)0,, L ong (T) — 1‘}

Proposition 1, about how o, 1ip(x) and o, rong(z) uniformly approximate
on(z), and Proposition 3 together imply that both &, 1ip(z) and o, ,0onG ()
approximate o, (z) uniformly at a rate faster than (n=%/2+1/3 (log n)1/2_1/3), ac-
cording to Assumption (A5). Therefore as n — oo, the confidence bands

m(z) & o1 (2)QN, 11 (@), (4.1)
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m(z) £ 0n,LoNG () @N,+1 (@) , (4.2)

with Qn_+1 (@) given in (2.4]), and the pointwise intervals m(z) £0, 1p () Z1—q /2,
m(z) + 05, LoNG (T) Z1—q 2 have asymptotic confidence level 1 — a.

5. Simulation

To illustrate the finite-sample performance of the spline approach, we gen-
erated data from the model

2
Vi =m(Xi)+ > &rdw (Xij) + o055,  1<j<Nj,1<i<n,
k=1

with X ~ Uniform[0, 1], & ~ Normal(0,1),k = 1,2, ¢ ~ Normal(0, 1), IV; having
a discrete uniform distribution from 25,---,35, for 1 < i < n, and m(z) =
sin {27 (z — 1/2)}, ¢1(x) = —2cos {7 (x — 1/2)} /V/5, 2 () = sin {7 (z — 1/2)} /
V5, thus Ay = 2/5, Ay = 1/10. The noise levels were o = 0.5,1.0, the number
of subjects n was taken to be 20, 50, 100, 200, the confidence levels were 1 — a =
0.95,0.99, and the constant ¢ in the definition of Ny in Section 4 was taken to be
1,2,3. We found that the confidence band (4.1]) did not have good coverage rates
for moderate sample sizes, and hence in Table 1 we report the coverage as the
percentage out of the total 200 replications for which the true curve was covered
by (£2)) at the 101 points {k/100,k = 0,...,100}.

At all noise levels, the coverage percentages for the confidence band (4.2)) are
very close to the nominal confidence levels 0.95 and 0.99 for ¢ = 1, 2, but decline
for ¢ = 3 when n = 20,50. The coverage percentages thus depend on the choice
of N, and the dependency becomes stronger when sample sizes decrease. For
large sample sizes n = 100, 200, the effect of the choice of Ny on the coverage
percentages is insignificant. Because Ng varies with N;, for 1 < ¢ < n, the
data-driven selection of some “optimal” Ng remains an open problem.

We next examine two alternative methods to compute the confidence band,
based on the observation that the estimated mean function m(z) and the confi-
dence intervals are step functions that remain the same on each subinterval y s,
0 < J < N;. Follwing an associate editor’s suggestion, locally weighted smooth-
ing was applied to the upper and lower confidence limits to generate a smoothed
confidence band. Following a referee’s suggestion to treat the number (Ng + 1) of
subintervals as fixed instead of growing to infinity, a naive parametric confidence
band was computed as

m(x) + 0n LoNG () Q1-a.No+1 (5.1)
in which Q1_q.n. 41 = Z{1+(1_a)1/(1\75+1)}/2 is the (1 — a) quantile of the maximal

absolute values of (Ng + 1) iid NV (0, 1) random variables. We compare the perfor-
mance of the confidence band in (£.2), the smoothed band and naive parametric
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Table 1. Uniform coverage rates from 200 replications using the confidence
band ([£2). For each sample size n, the first row is the coverage of a nominal
95% confidence band, while the second row is for a 99% confidence band.

o n 11—« c=1 c=2 c=3
20 0.950 0.920 0.930 0.800

0.990 0.990 0.990 0.900

50 0.950 0.960 0.965 0.910

05 0.990 0.995 0.995 0.965
100 0.950 0.955 0.955 0.955

0.990 1.000 1.000 0.985

9200 0.950 0.950 0.965 0.975

0.990 0.985 0.985 0.990

20 0.950 0.935 0.930 0.735

0.990 0.990 0.990 0.870

50 0.950 0.975 0.960 0.895

1.0 0.990 0.995 0.995 0.980
100 0.950 0.950 0.940 0.935

0.990 0.995 0.990 0.990

9200 0.950 0.940 0.965 0.960

0.990 0.985 0.995 0.995

Table 2. Uniform coverage rates and average maximal widths of confidence
intervals from 200 replications using the confidence bands (£2), (5.1J), and
the smoothed bands respectively, for 1 — a = 0.99.

n g N P Praive  Fimootn w Whaive  Wemooth
05 8 0.820 0.505 0.910 1.490 1.210 1.480
20 12 0930 0.765 0.955 1.644 1.363 1.628
1.0 8§ 0910 0.655 0.970 1.725 1.401 1.721
) 12 0.960 0.820 0.985 1.937  1.606 1.928
50 0.5 44 0.990 0.960 0.990 1.6561  1.522 1.609
1.0 44 0.990 0.975 1.000 2.054 1.893 2.016

band in (B.I). Given n = 20 with Ny = 8,12, and n = 50 Ny = 44 (by taking
¢ =1 in the definition of Ny in Section 4), ¢ = 0.5,1.0, and 1 — a = 0.99, Table
2 reports the coverage percentages ﬁ, ﬁnaive, ﬁsmooth and the average maximal
widths W, Whaive, Wemooth Of INg + 1 intervals out of 200 replications calculated
from confidence bands ([@2]), (5.I]), and the smoothed confidence bands, respec-
tively.

In all experiments, one has ﬁsmooth > P> ﬁnaive and W > Wamooth > Whaive-
The coverage percentages for both the confidence bands in (4.2]) and the smoothed
bands are much closer to the nominal level than those of the naive bands in (5.1]),
while the smoothed bands perform slightly better than the constant spline bands
in ([@2), with coverage percentages closer to the nominal and smaller widths.
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Figure 1. Plots of simulated data scatter points at o = 0.5: (a) n = 20, (b)
n = 50, and the true curve.

Based on these observations, the naive band is not recommended due to poor
coverage. As for the smoothed band, although it has slightly better coverage than
the constant spline band, its asymptotic property has yet to be established, and
the second step smoothing adds to its conceptual complexity and computational
burden. Therefore with everything considered, the constant spline band is recom-
mended for its satisfactory theoretical property, fast computing, and conceptual
simplicity.

For visualization of the actual function estimates, at ¢ = 0.5 with n = 20, 50,
Figure 1 depicts the simulated data points and the true curve, and Figure 2
shows the true curve, the estimated curve, the uniform confidence band, and the
pointwise confidence intervals.

6. Empirical Example

In this section, we apply the confidence band procedure of Section 4 to
the data collected from a study by the AIDS Clinical Trials Group, ACTG 315
(Zhou, Huang, and Carroll (2008))). In this study, 46 HIV 1 infected patients were
treated with potent antiviral therapy consisting of ritonavir, 3TC and AZT. Af-
ter initiation of the treatment on day 0, patients were followed for up to 10 visits.
Scheduled visit times common for all patients were 7, 14, 21, 28, 35, 42, 56, 70,
84, and 168 days. Since the patients did not follow exactly the scheduled times
and/or missed some visits, the actual visit times T;; were irregularly spaced and
varied from day 0 to day 196. The CD4+ cell counts during HIV/AIDS treat-
ments are taken as the response variable Y from day 0 to day 196. Figure 3
shows that the data points (dots) are extremely sparse between day 100 and 150,
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Figure 2. Plots of confidence bands ([42) (upper and lower solid lines),
pointwise confidence intervals (upper and lower dashed lines), the spline
estimator (middle thin line), and the true function (middle thick line): (a)
1—a=095n=20,(b) 1 —a=095n=50,()1—a=099n = 20,d)
1—a=0.99,n = 50.

thus we first transform the data by X;; = TZE/ % A histogram (not shown) indi-
cates that the X;;-values are distributed fairly uniformly. The number of interior
knots in (B.2) is taken to be Ny = 6, so that the range for visit time 7', which
is [0,196], is divided into seven unequal subintervals, and in each subinterval,
the mean CD4+ cell counts and the confidence bands remain the same. Table
3 gives the mean CD4+ cell counts and the confidence limits on each subinter-
val at simultaneous confidence level 0.95. For instance, from day 4 to 14, the

mean CD4+ cell counts is 241.62 with lower and upper limits 171.81 and 311.43
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Figure 3. Plots of the piecewise-constant spline estimator (thick line), the
data (dots), and (a) confidence band ([@2) (upper and lower solid lines),
the smoothed band (upper and lower thin lines), (b) pointwise confidence
intervals (upper and lower thin lines) at confidence level 0.95.

Table 3. The mean CD4+ cell counts and the confidence limits on each
subinterval at simultaneous confidence level 0.95.

Days Mean CD4+ cell counts Confidence limits
[0,1) 178.23 [106.73,249.72)
[1,4) 200.32 [130.51,270.13]
[4,15) 241.62 [171.81,311.43]
[15, 36) 271.87 [194.70, 349.04]
[36,71) 299.51 [222.34,376.68]
[71,123) 280.78 [203.50, 358.06]
[123,196] 299.27 [221.99, 376.55]

respectively.

Figure 3 depicts (a) the 95% simultaneous (smoothed) confidence band ac-
cording to (£2) in (median) thin lines, and (b) the pointwise 95% confidence
intervals in thin lines. The center thick line is the piecewise-constant spline fit
m(z). It can be seen that the pointwise confidence intervals are of course nar-
rower than the uniform confidence band by the same ratio. Figure 3 is essentially
a graphical representation of Table 3; both confirm that the mean CD4+ cell
counts generally increases over time as|Zhou, Huang, and Carroll (2008) pointed
out. The advantage of the current method is that such inference on the overall
trend is made with predetermined type I error probability, in this case 0.05.
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7. Discussion

In this paper, we have constructed a simultaneous confidence band for the
mean function m (z) for sparse longitudinal data via piecewise-constant spline
fitting. Our approach extends the asymptotic results in [Wang and Yang| (2009)
for i.i.d. random designs to a much more complicated data structure by allowing
dependence of measurements within each subject. The proposed estimator has
good asymptotic behavior, and the confidence band had coverage very close to
the nominal in our simulation study. An empirical study for the mean CD4+ cell
counts illustrates the practical use of the confidence band.

Clearly the simultaneous confidence band in (£2]) can be improved in terms
of both theoretical and numerical performance if higher order spline or local lin-
ear estimators are used. Constant piecewise spline estimators are less appealing
and have sub-optimal convergence rates in the sense of [Hall, Miuller, and Wang
(2006]), which uses local linear approaches. Establishing the asymptotic confi-
dence level for such extensions, however, requires highly sophisticated extreme
value theory, for sequences of non-stationary Gaussian processes over intervals
growing to infinity. That is much more difficult than the proofs of this paper.
We consider the confidence band in (£.2]) significant because it is the first of its
kind for the longitudinal case with complete theoretical justification, and with
satisfactory numerical performance for commonly encountered data sizes.

Our methodology can be applied to construct simultaneous confidence bands
for other functional objects, such as the covariance function G (z,2’) and its
eigenfunctions, see [Yaol (2007). It can also be adapted to the estimation of
regression functions in the functional linear model, as in [Li and Hsing] (2007).
We expect further research along these lines to yield deep theoretical results with
interesting applications.
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Appendix

Throughout this section, a, ~ b, means lim b,/a, = ¢, where c is some
n—oo

nonzero constant, and for functions a, (x), by (), an(x) = u {b,(z)} means a,(x)/
bp(x) — 0 as n — oo uniformly for z € [0, 1].

A.1l. Preliminaries

We first state some results on strong approximation, extreme value theory
and the classic Bernstein inequality. These are used in the proofs of Lemma A.7,
Theorem 1, and Lemma A.6.

Lemma A.1. (Theorem 2.6.7 of |Cs6rgé and Révész (1981))) Suppose that &;,1 <
i < n are iid with E(&) = 0, E(&2) = 1, and H(z) > 0 (z > 0) is an increas-
ing continuous function such that x=2~7H(x) is increasing for some v > 0 and
x~Vlog H(z) is decreasing with EH (|€1|) < oo. Then there exists a Wiener pro-
cess {W (t),0 <t < oo} that is a Borel function of &,1 < i < n, and constants
C1,Co,a > 0 which depend only on the distribution of &1, such that for any
{zn}2° | satisfying H™* (n) < z, < C} (nlog n)1/2 and Sy = Zle &,

- < -
P {1r<r1]?<xn |Sk — W (k)| > :L'n} < Con{H (axy,)}
Lemma A.2. Let 51("), 1 <4 < n, be jointly normal with 52-(71) ~ N (0,1). Let
7“1(;7) = Eg§”)§§”) be such that for v > 0,C, > 0, ‘rgl) < Cyp/nY,i # j. Then
for € R, asn — oo, P{M,¢ < 7/an + by} — exp(—2e77), in which M, ¢ =
max{]én”, e |£7(ln)|} and ap, by, are as in ([24) with Ng+ 1 replaced by n.

Proof. Let {n;};_, be ii.d. standard normal r.v.’s, u = {u;};,,v = {vi};,
be vectors of real numbers, and w = min (|ug|,..., |uy|,|v1],...,|vs]). By the
Normal Comparison Lemma (Leadbetter, Lindgren, and Rootzén| (1983, Lemma
11.1.2)),

‘P{—vj<§](~n)§uj forjzl,...,n}—P{—vj<17j§uj forj=1,...,n}

4 . 2\ 12 —w?
o Z ‘7}%) (1 — ) exp <(n)> .
1<i<j<n L+

Ifuy = =u,=v1 ="+ =v, =7/an+by, = 7y, it is clear that 7',%/ (2logn) —
1, as n — oo. Then 72 > (2—¢)logn, for any ¢ > 0 and large n. Since
1 —rg.m >1—(C/n")? = 1asn — oo,i # j, for i # j, 3Cyy > 0 such

that 1 — rl(?ﬂ > Cro > 0 and 1+ 7“2(;1) < 1+ € for any € > 0 and large n.

)

IN

(n
Tii
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Let My, = max{|m/,...,|nn|}. By Leadbetter, Lindgren, and Rootzén| (1983
Thm. 1.5.3), P{M,, < 7,} — exp(—2e~") as n — oo, while the above results
entail

P (Mn@ <) —P (Mn,n < 7))

4 Z (n) ( (n) 2) -1z ( —w? )
2m 1<i<j<n ! ! L+ rz(j)
4 _ —1/2 —(2—5)logn

< — vy - @ =2

<5 g Crn™7C., " exp { e

1<i<j<n

< O™ g

as n — oo. Hence P{M, ¢ < 7,} — exp(—2e77), as n — oo.

Lemma A.3. (Theorem 1.2 of Bosq (1998))) Suppose that {&;}i, are @id with
E(&) = 0,0% = E€2, and there exists ¢ > 0 such that for r = 3,4,...,F|&|" <
" 2rIBE2 < +oo. Then for eachn > 1,t >0, P(|S,| > \/not) < 2exp(—t2(4 +
2ct/\/no)Y), in which S, = > &;.

Lemma A.4. Under Assumption (A2), as n — oo for cj, defined in (2.2,
cin = f(ts)hs(L+71n),(bs,by) =0,J # J', where maxo<j<n, |77n| < Cw(f,
hs). There exist constants Cg > cp > 0 such that epha™? < E{Bj(Xi)}" <
Cehi™? forr=1,2,... and 1< J< N, +1,1<j < Ni,1 <i < n.

Proof. By the definition of ¢, in (2.2)),
CJ,n=/bJ(x)f(m)d$ = /[mm] f@)dz=f(t;)hs + /{mm] {f(@)=f(ts)}da.

Hence for all J = 0,...,Ng, |esn — f(ty) hs] < f[t”“l] |f(z) — f(ty)|dz <
w (f he) hsy o [l = lesn = f (t) ol {f (£2) hs} " < Cw (f,he) ] =0, No.
By @), B{By (X;)}" = (czn) ™" [bs(a) f(a)de = (can)'™"7* ~ 17
Proof of Proposition 1. By Lemma A.4 and Assumption (A2) on the conti-
nuity of functions ¢ (z),0%(x) and f(z) on [0, 1], for any z € [0, 1]

<w(nf, ) hs = O (7).

/ on@) f@)du— [ o (w) £ (u) du
XJ(x)

XJ(x)

<w (0} £ hs) b = O (nE7) .

/ (02 (2)f(2) — 0% (u) f (u)} du
J(x)
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Hence,

od(x) = ;%) (NEN) AMU%MfWMu
X{L+E{N}§%1}§: [ owrwa)y
o /, )du}l}
_ { F@)hs + U (hl+ﬁ)} (REN) ™! {032/(3:) F@)hs + U (h;+ﬂ)}
x{HE{NlE%z D3 (strton +0 (1))
{sposon+ (1)} 1}

: BNy (V) — 1)} S5, 62(2) f ()b
mﬁ* BNy 22 (2) }

X

= (f(zx)hsnEN)) ' o
X {1 +U (h?) }
= U?%,LONG(‘T) {1 +U (hsﬁ>} = U?z,IID(x) {1 +U <hsﬁ>} .
A.2. Proof of Theorem 1

Note that B, (z) = c;(lr/)%,w € [0,1], so the terms & () and &(x) defined
in (B0) are

Nsg n
=Zw%mmeZZ&zmkmm
J=0

=1 j=1
:C_lgc/anBJ(fE HQNT 1ZZBJ x) ’Lj ¢k( Z])gilﬁ
=1 j=1
£(x) = 1/2 HBJ HQ N 1ZZBJ(:E ij) 0 (Xij) €5
=1 j=1
Let
&(@) = |Bye H2 N &n(z) = 071/2 12Rm5 () Eiks

(A1)
- HBJ H2NT N(x 1/2 1ZZRz]5J(x Eij,

i=1 j=1
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where
zk&J—ZBJ i QZ)k ) 1]5] BJ(Xij)U(Xij)aOSJSNs- (AQ)

Lemma A.5. Under Assumption (A3), for e(z) given in (B4) and gk(:z), E(z)
gwen in (AJ)), we have

o)~ { Y60 + 80} < 40 (1 - 47 | o) + )
k=1 k=1

HBJH;NT — 1’. There exists Cy > 0, such that for

,x € [0,1],

where A, = supp<j<ng

large n, P <An > Cy+/log (n)/ (nhs)> <2n73. A, = Oy ( log (n) / (nhs))

as n — oo.
See the Supplement of Wang and Yang| (2009) for a detailed proof.
Lemma A.6. Under Assumptions (A2) and (A3), for Rike g, Riie,s in (A2),

ERY ¢, =c5h | B (W) / by (u) 62 () f (u) du

+E{N (N - 1)} </ by (u) ¢k (u) f (u) dU>2] ,

Bl =i [0 (0) o () ] (0 du0 < 7 < N,

there exist 0 < cp < Cr < o0, such that ER%kgjvER%La,J € [cgr,CR| for
0 < J < Ny, supg<j<n, ‘ I 1Rz2k§J - ER%k,f,J’ = Ous. <\/logn/ (“hs));

1< k < K, sup ‘N Zz IZ] 1 z]sJ ER%LE,J) = Oaw‘)" < logn/ (nhs))
0<J<Ng
as n — oQ.

Proof. By independence of X1;,1 < j < Ny and N; and (B.1)),

Ny
ER} ¢ = E{ > E{By(X1j) By (X1y7) ok (X1j) é (X1y7) N1 } }
=1

N1
— E{ > E{Bj(X1)) ¢y (X1;) N1} }

j=1

N1
+E{ > E{By(X1j) By (Xujr) ox (X15) bk (X150) | N1 } }
A
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— it {EO) [0 )6} ) f (0) du
BN = 0} ([ b ) on ) F (@)},

It is easily shown that 3 0 < cg < Cr < oo such that cg < ER%M’J < CRr,0 <
J < Ns. Let G g =Gipg= R?k’&(], Gr=GGJs—FE (¢1,7) for r > 1 and large n,

2r N; or
E () = {ZBJ ij) o (X )} SCZTE{ZBJ(Xij)}
=1
v+ +VNi—2r

ZC;TE{ > ( >1]i[ {Bs(X ”J}

0SV1---VNZ.S2T

< CQ%"E{ 7" max { H E{By(Xi)}" }} < C3 (EN{") Chi™"
j=1

< CFCpcyrthy™" = Cerlhl ™,

N;
E () > c?JE{ > E{B; (X))} } > 2 (ENy) cghl™,
j=1

by Lemma A.4. So {E(¢1.g)}" ~ 1, E(G.g)" > {E(C,s)} for r > 2, and
3C; > ¢, > 0 such that C{hg! > ag* > chgt, for o = {E((F )2 We
obtaln E|g* " < &2rlB(C )? with ¢, = (C¢ /) "2 hg!, which implies that
{CZ* g satisfies Cramér’s condition. Applylng Lemma A.3 to Y i, Gy, for
r > 2 and any large enough § > 0, P{n "} > 1 Gl 2 5y/logn/(nhs)} is
bounded by

1
—62(CL)  (logn) 52
2 exp I ( <> 1 SQGXP{W}
442 (CC/C/<> s (Cé) h;/Q (log n)1/2 n—1/2 ¢
< on 73,
Hence
ip sup ZRZng ElegJ >5 log Si2]\§b<oo
— 0<J<N, |7 “ V (n hs) =n

Thus, supg< <y, ‘n_l S Rzzk,ﬁ,J — ER%M’J‘ = Oy, ( logn/ (nhs)) as n —
oo by Borel-Cantelli Lemma. The properties of R;;. ; are obtained similarly.



114 SHUJIE MA, LIJTAN YANG AND RAYMOND CARROLL

Order all X;;,1 <j < N;,1 <i<n from large to small as X3y, X1y > -+ >
X (N, and denote the g;; corresponding to X4 as (). By (A,

Ex) = iy n Ny Z by (Xry) o (Xn)) o)

_1 T ZbJ @) (X)) o (X)) {St — Si-1},

where S, = >71_  £¢),¢ > 1 and Sy = 0.

Lemma A.7. Under Assumptions (A2)—(A5), there is a Wiener process {W (t),
0 <t < oo} independent of {N;, Xij,1 < j < Nj, &g, 1 <k <k,1<i<n}, such
that as n — 00, SUP,co 1] }go) () — é\(x)‘ = 04.5. (n') for somet < —(1—19) /2 <
0, where £0)(z) is

(cimynNT) ™ me Xp) W@ -W(t-1},ze(0,1]. (A3)

Proof. Define My, = maxj<q<ny [Sq — W ()], in which {W (¢),0 <t < oo} is
the Wiener process as in Lemma A.1 that as a Borel function of the set of variables
{6(t)1 <t< NT} is independent of {N;, X;;,1 < j < N;, &g, 1<k<k,1<i<n}
since {5(t) 1<t < NT} is. Further,

sup 60 (x) - 2()|
z€[0,1]
B xil[t)pﬂ c;(lz)’nN£1 ‘bJ(‘r) (X(NT)) g (X(NT)) {W (NT) - SNT}
Np—1
+ Z {bJ(ﬂC) (X(t)) g (X(t)) — by (X(t+1)) o (X(t+1))} {W (t) — S¢}
t=1
< o< e B (Xom) 7 (o)

+ 3 [bs (X)) o (X)) = ba (Xsn) o (Xan)| FMv,

—1 p7—1
<pemax e NP My {30+ 3 o (X) o (X))
1§t§NT—1,X(t)EbJ
which, by the Hélder continuity of o in Assumption (A2), is bounded by

-1 -1 Z B

NT MNT max CJJL 3Co'+ HO’”Oﬂ ‘X(t) _X(tJrl)’
0<J<Ng+1

IStSNT—l,X(t)EbJ
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B
— — 1—
< NTlMNT max CJ,le 3Co+|lollo g7y ’ E ‘X(t)—X(tﬂ)}
0<J<Ns+1
IStSNT—l,X(t)GbJ

1-B8
< N:t B
< ot (o ) {30 ol né (mac n,) }

where njy = Zi\fl I (X(t) € XJ) ,0 < J < Ng+ 1, has a binomial distribution
with parameters (Nt,pjn), where pj, = fXJ f(z)dz. Simple application of
Lemma A.3 entails max0<J<N§+1 ny = Oas. (NTNS_I). Meanwhile, by letting
H(x) = 2", 2, = n’ € (2/r,f—(14+7)/2), the existence of which is due
to the Assumption (A4) that r > 2/ {8 — (1 +) /2}. It is clear that {a(t)}tj\fl

satisfies the conditions in Lemma A.1. Since n/H (az,) = a "'~ = O (n™")

for some 1 > 1, one can use the probability inequality in Lemma A.1 and the
Borel-Cantelli Lemma to obtain My, = Oas. (z5) = Oas. (nt'). Hence Lemma
A .4 and the above imply

up [F0) = 8] = O (Nan 1) {14 N2 (VaN) )

= O,s. (]\fsnlt/_1 + Ngn' 1 x Ns_ln1_5>
= O, (Nsnt/*1 + Nsnt/*b’) = 0, <nt/*ﬂ+’9)

since ' < 8 — (14 9) /2 by definition, implying ¢’ — 1 <t — 3 < —(1+9) /2.
The Lemma follows by setting t =t/ — 3 + 9.

Now

Nt
e0(z) = c3ly N7 Z biw) (X)) o (X)) Ziey

= iV 1ZZJ1 (@) (Xij) 0 (Xi5) Zij, (A.4)

where Z(t) = W(t) - W(t - 1) s 1<t < NT, are i.i.d. N(O, 1), fik,sz,ij,N
are independent, for 1 < k < k,1 < j < N;,1 < i < n, and gk(:c),A(O)( ) are
conditional independent of X;;, N;,;1 < j < N;,1 < ¢ < n. If the conditional

variances of & (), (z) on (Xi;, N )1<j<N;1<i<n BT€ ng,n(ﬂf)’ag,n(f'?)’ we have

/
Ogen(T) = { €1(x)n 2ZRzk£J }1 i
(A.5)
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1/2
Oen(T) = {CJ (@) QZZRzg,s J(:c)} ’

=1 j=1

where Ripe j(z)> Rije,J(x)> and Cj(z), are given in (A.2) and (Z.2).
Lemma A.8. Under Assumptions (A2) and (A3), let

)={ Z% NERTENE) S b yr e LI SIS

with U&mn(x),ag,n(x),gk(w),g(o)(x), and ¢ j(z)n given in (A3), (AJ), (A3), and
22). Then n(x) is a Gaussian process consisting of (Ng+ 1) standard normal
variables {nJ}]fio such that n(z) = 1) forx € [0,1], and there exists a constant
C > 0 such that for large n, supOSJ;éJ/SNS |Engny| < Chs.

Proof. It is apparent that £ {n;|(X;;, N;),1 <j < N;;1<i<n}=N(0,1) for
0<J < Ng,s0 L{n;}=N(0,1), for 0 < J < Ng. For J # J', by (A2) and
BI), RijesRijes = By (Xij) By (Xij) 0® (Xi5) = 0, along with (&), (A3),
the conditional independence of &(3:),5(0) (x) on Xj;,Nij,1 < j < N;j1<i<mn,
and independence of &, Z;j, Xij, Nijy 1 <k <k, 1 <j<N;,1<i<n, E(nmy)
is

—1/2

{{ Zn: { Z:Rzkgj +ZRmsJ}}_1/2{zn:{kZiR?kvg,J, +;§Rfj£”],}}

=1 i=1

E{ i { Z Rik,g,]&k}{ Z Rik,&,]”fik}
k=1 = i=1 i=1
n N; n  N;
+{ Z Z Rije.12ij }{ Z Z Rije. Zi H (X”’ Ni > 1<j<Ni,1<i<n} }

i=1 j=1 i=1 j=1
=ECy 0
in which
. —1/2
Cn,J,J’:{ Z{ZRzk§J+ZRz]sJ}}
=1 =
~1/2

(S e )
X {NT_l Z Z Rz’k,g,JRz‘k,g,J/}

k=1 i=1
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Note that according to definitions of R ¢ s, Rij. s, and Lemma A.5,

n K N;
-1 2 2
Nity o { Ries+ Rz’j,a,J}
1 7=1

i=1 k=

n N;
> @GN Y Y B (Xi) = 3 |Ballyny = c5 (1= Ayp), for 0<J <N,
i=1 j=1

n K N;
. —1 2 2
P{ ) {NT > < 1 Rijeg + Zl Rz‘j,s,J> }
J:

=1 k=

n K

X{NT_l 3 ( 1 R} ey +§R§jﬁﬂ,,)} > ch (1 —Ca 105;5?)>2}

i=1 k=

>1—2n"3,

by Lemma A.5. Thus for large n, with probability > 1 —2n 73, the numerator of
Ch,,7.g is uniformly greater than c2 /2. Applying Bernstein’s inequality to
NT_1 {Zzzl Yoy Riké’JRik’g,Jl}, there exists Cp > 0 such that, for large n,

K n
P( sup ’Nrfl Z Z Rik,f,JRik,g,J’
0= J#J'<Ns k=1 i=1

< Cohs> >1—92n°3,

Putting the above together, for large n, C; = Cy (02/2)71,

P( sup ’C’n”]ﬂ;/ < C’lhs> >1—4n73.

0<J#£J' <Ny

Chgg| € [0,1], thus

1
E( sup ‘Cn,(]”]/ ):/ P< sup ‘Cnﬁ]’(]/ >t>dt.
0<J#J'<Ns 0 0<J#J'<Ns
) is
C1hs 1
/ P{ sup }CnJJ/ >t}dt+/ P{ sup ‘C’n”;,]/ >t}dt
0 0<J#J'<Ns Cihs \0<J#J'<Ns

Chhs 1
< / 1dt + / 4n3dt < Crhs 4+ 4n~3 < Chy
0 C1hhs

Note that as a continuous random variable, supg< sz <,

For large n, C1hs < 1 and then E (supOSJ;UISNS Ch.1.

for some C' > 0 and large enough n. The lemma now follows from

sup ‘E (CnJ’J/)
0<J#J'<Ns

SE( sup  |Chgp

) < Ch.
0<J£J' <N,
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By Lemma A.8, the (N5 + 1) standard normal variables ng, ..., ny, satisfy
the conditions of Lemma A.2 Hence for any 7 € R,

lim P( sup |n(z)| < + sz+1> =exp(—2¢77). (A.7)

n—o0 z€[0,1] ANs+1

For z € [0,1], Rike, s, Rije,s given in ([A2), define the ratio of population
and sample quantities as r,(z) = {nE (Ny) /NT}l/2 {Rn(:c)/R(:z:)}l/z, with

n K N
Ry(x) =N, 1{ > (Z Rioeim + D R?j»e’cf(x)) }
i=1 k= J=1

R(z) = (EN) IZElegj()+ER115J()
=1

Lemma A.9. Under Assumptions (A2), (A3), for n(x),on(x) in (AG), 23),
(@) D &la) +E0@) | — (@)
k=1

as m — 00, SUPgeio,1] {ana |Tn(z) — 1} = Ogus. (\/{log (Ns+1)} (logn) /(nhs))

= [rn(z) = 1] |n(2)] (A.8)

Proof. Equation (IHI) follows from the definitions of n(x) and o, (z). By Lemma
A6, sup,cjo 1] NS 12] L UE]( ) ER%ngx)| = Oas.(y/logn/(nhs)),

sup ‘N 1ZZRzk§J (EN1)~ ZERUc&J

z€[0,1] b1 im1

= e (EN:)™ Z ‘”_1 Z Riy ) ~ PRikes)
x k=1 =1

+ sup (ENy) 1Z\n (ENy) N1 —1}‘ _1ZRZ,€§J
z€[0,1] =1

- logn —1/2) _ logn
= Oy < nhy ) + Oas. (n ) = Oqs. nhy ,

and there exist constants 0 < ¢z < Cp < oo such that for all z € [0,1], ¢z <
R(z) < Cp. Thus, SUDze(0,1] |Rn(z) — R(x)]| is bounded by

-1
sup |N_ IZZRzkEJ — (EN) ZERIMJ()
z€[0,1] e i1
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logn
o (VUSSR | = 0ue (252
z€[0,1] i=1 j=1 nhs

Thus supeqo [ {Bn(@)}"7* = {R@)}2| < supseo | Rul@) = R@)|sup,eoy

{R(ZE)}_1/2 = Oa_s,( logn/ (nhs)>. Then sup,cp 1 {ane+1 [rn(z) — 1]} is
bounded by

v { {ZERY s [ {2y e
N-

N 1/2 o ) ]
§GNS+1{{ E]\(, 1)} zt[tpl]{R(w)} v zl[gpl]‘{Rn(x)}l/Q—{R(x)}m’

+[1- {n%\(fivl)}m ‘} = Oae (\/{log (N + 1)} 12%”) .

Proof of Proposition 2. The proof follows from Lemmas A.5, A.7, A.9, (A7),
and Slutsky’s Theorem.

Proof of Theorem 1. By Theorem 2, ||m(z) — m(x)||, = Op (hs), so
aNS+1( sup o, (z) |m(z) — m(:z:)\) { nhs)'/? \/log (Ns + 1)h } =o0p(1
z€[0,1]
ano1 ( sup oyt (@) () — m(@)] ~ swp oy \ng E(@)|) = op (1).
z€[0,1] z€[0,1]
Meanwhile, (34]) and Proposition 2 entail that, for any 7 € R,
lim P{GNS+1< sup o,, ‘ ka )+ E(x ‘ — sz+1> < T} = exp (—2@*7) .
n—00 z€(0,1]

Thus Slutsky’s Theorem 1mphes that

lim P{aNS+1< sup o, (z) |m(z) — m(x)| — sz+1) < T} =exp (—2¢77).

n—oo z€[0,1]
Let 7 = —log{—1log (1 — ) /2}, definitions of an,+1,bn,+1, and Qn, 41 («) in
(2-4) entail

lim P{m(z) € m(z) + on(2)Qn 41 (@), Vx € [0,1]}

= lim P{QNH_1 () sup o, (2) [e(z) + m(z) — m(z)| < 1} =1-a.

n—0oo xz€[0,1]

by ([B4). That o, (z)~! {m(z) —m(z)} —4 N (0,1) for any z € [0,1] follows by
directly using n(z) ~ N (0, 1), without reference to sup,¢ 1) [1(z)|-
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