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Abstract: We obtain an invariance principle for non-stationary vector-valued sto-
chastic processes. It is shown that, under mild conditions, the partial sums of
non-stationary processes can be approximated on a richer probability space by
sums of independent Gaussian random vectors with nearly optimal bounds. The
latter Gaussian approximation result has a wide range of applications in the study
of multiple non-stationary time series.
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1. Introduction

Let ¢;, i € Z, be independent and identically distributed (i.i.d.) random
elements. Consider the d-dimensional random vector process

X, = Hj(F) = (Xa,..., Xia)T, (1.1)

where F; = (...,€,-1,&;), H; is a measurable function such that X; is a well-
defined random vector, and 7 denotes matrix transpose. The primary goal of
the paper is to study approximations of partial sums S; of the X; by Gaussian
processes. Generically speaking, such a Gaussian approximation scheme means
that, on a richer probability space, there exists a Gaussian process G; and a
process S; such that (S;);en and (S;);en are identically distributed, denoted by

(Si)ien 2 (Si)ien, and

max |5; — Gil = O(ra). (1.2)
Here 1, is the rate of the approximation and O(ry,) in (L2) can be Op(r;,) or the
almost sure rate O, s (7). Results of this sort are traditionally called Hungarian
embedding and they have many applications in statistics. Roughly speaking,
with the approximation ([L2)), if 7, is sufficiently small, then statistics involv-
ing the partial sum process (S;)I"; can be approximated by functionals of the
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Gaussian process (Gi)?zl; these are generally easier to deal with since Gaus-
sian processes have many nice properties. For a recent application, [Wu and
Zhao (2007) considered nonparametric inference of trends in time series by using
Gaussian applications of type (L2).

The problem of Gaussian approximation has a substantial history. For
ii.d. random variables with d = 1, see Komlés, Major, and Tusnady| (1975,
1976)) and |Csorgé and Révész| (1981). For independent but not identically dis-
tributed random variables, see [Shaol (1995)) and [Sakhanenkol (1984)), among oth-
ers. There is an extensive literature on strong approximations under dependence;
see [Philipp and Stout| (1975), Berkes and Philipp| (1979), Bradley| (1983), [Shao
(1993)), Rio (1995)), Lin and Lul (1996), [Volny| (1999)), Dedecker and Prieur! (2004]),
and [Wul (2007). A challenging problem is to generalize the Gaussian approxima-
tion results to vector-valued processes. Such results are very useful in statistical
inference of multiple time series. [Eberlein| (1986) obtained a Gaussian approxi-
mation result for dependent random vectors with approximation error O(nl/ )
for some k > 0. The latter approximation rate can be substantially improved if
one assumes that the random vectors are independent. [Einmahl (1987alb, 1989)
and [Zaitsevl (2001, 2002alb)) obtained deep results on Gaussian approximations
for independent random vectors with optimal and nearly optimal rates. For sta-
tionary multiple time series, [Liu and Lin/ (2009) obtained an important result on
strong invariance principles with optimal bounds. Here we focus on the Gaussian
approximation problem for non-stationary multiple time series.

We introduce some notation. Denote by Id; the d-dimensional identity ma-
trix, and by N(u,X) the multivariate Gaussian distribution with mean vector u

e
so |A|? = trace(AAT). If A is a d x d symmetric nonnegative definite matrix with

and covariance matrix X. For a matrix A = (a;;)i<r,j<J, let [A] = (3, ;a ,
eigen-decomposition A = QAQT, where @ is an orthonormal matrix satisfying
QQT =1dgand A = diag(\y, . .., Ag) is a diagonal matrix with A\; > --- > \y > 0,
we define its root A2 = QA/2QT, where AY/? = diag()\}/Q, e )\;/2). For a ran-
dom vector Y, write Y € £P, p > 0, if |Y||, := [E(]Y|?)]'/P < co. For £ norm
write || - || = || - ||2. Define the projection operator P; by

PY =E(Y|F) - E(Y|Fi1), Y el (1.3)

Define the floor function |u| = max{k € Z : k < u}, v € R. Throughout the
paper C), denotes a constant whose value depends only on p.

The rest of the paper is structured as follows. Main results are presented in
Section 2 and proved in Section 3. Section 2 also presents examples of linear and
nonlinear non-stationary multiple time series for which our results are applicable.
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2. Main Results

Our main results assert that the partial sum process 5; = Z;‘:l X can be
“regularized” by a Gaussian process. Namely, under suitable weak dependence
conditions on the process (X;), expressed in terms of ¢;, (cf ([2.1])), the par-
tial sum process 5; = 22‘:1 X can be approximated by a Gaussian process G;
with independent but not necessarily identically distributed increments, and the
bound of the approximation error can be explicitly given. If the dependence is
sufficiently weak, then the approximation error is optimal within a multiplicative
logarithmic factor. Such Gaussian approximation results substantially general-
ize the classical Central Limit Theorem which states that sums of independent
random variables that are not necessarily Gaussian, under proper normalization
converge to Gaussian distributions.

To develop Gaussian approximations, we need to introduce dependence mea-
sures on the underlying process (X;). To this end, we use the idea of coupling.
Let (£))iez be an independent copy of (&;)icz. Assume that X; has mean 0 and
X; € LP,p>0. For j > 0, define the physical dependence measure

Sjp =sup | Xi — Xi i jyllp = sup [[Hi(Fi) — Hi(Fi gijy)llps (2.1)

where F; (1} is a coupled version of F; with e in JF; replaced by an i.i.d. copy €k
}—z,{k} = ( ey Ek—1, 82, Ek+1y--+9E&i—1, 62'). (2.2)

Note that F; gy = F; if & > 4. [Wul (2005) introduced a physical dependence
measure for stationary processes in which the function H;(-) does not depend on
i. Following Wul (2005), ||H;(F;) — Hi(F; i—j)|lp measures the dependence of
X; on g;_;. Hence §;, can be interpreted as the uniform lag j dependence mea-
sure in the setting of non-stationary processes in which the underlying physical
mechanism H; is time-varying. Assume throughout the paper that

Omp = Z dip < 00. (2.3)

The preceding condition implies short-range dependence in the sense that the
cumulative dependence of (X;);> on ¢y is finite.

Theorem 1 deals with multiple non-stationary nonlinear time series. Earlier,
Wul (2007) and Liu and Linl (2009) considered stationary one-dimensional and
higher-dimensional processes, respectively.

Theorem 1. Let 2 < p < 4. Assume that for all i, E(X;) = 0 and that, for
some cy < 00, sup; || Xi|lp, < co. Further assume Oy, = O(m™7), v > 0. Then
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D; = 3772, PiX; € LP and sup; || D, < oo. Let ¥; = E(D;DF) and assume
there exists vy > 0 such that ¥; — vgldy is positive definite. Then on a richer
probability space, there exists a centered Gaussian process G; with independent

S, 2 [S1,...,5n] and

increments and a process S; such that [Sy,. .., Sy]

max |S; — Gi| = Op(T,),

1<i<n
where 7, = n(1/2=1/pHr/P)/A2=1/p7) (100 ) (/) (1/2=1/p47) (9 4)

Additionally, on a richer probability space, there exists another Gaussian pro-

cess Gy and i.i.d. d-dimensional standard Gaussian random vectors Yi,.... Y, ~
N(0,1dg) such that [G‘l, . Gn] 2 [G1,...,Gy] and
max |C¥Z — Gi| = Op(m,), where G; = Z E;/QYJ'. (2.5)

1<i<n =
Larger ~ implies weaker dependence. If v — oo, then the exponent (1/2 —
1/p+~/p)/(1/2 —1/p + ) in (24) converges to 1/p. In the context of sta-
tionary multiple time series, [Liu and Lin! (2009) obtained the almost sure bound
Oas.(n'/?) when v > (p—2)/(8—2p)+8 for some 6 > 0 and some other conditions
hold.

Corollary 1. Let 2 < p < 4. Assume that for all i, E(X;) = 0 and that,
for some cy < oo, sup; | X, < co. Further assume 0y, p = O(p™) for some
p € (0,1). Let D; = > 22, PiX; € LP, and assume there exists vo > 0 such that
¥ — voldy is positive definite. Then on a richer probability space, there exists a
centered Gaussian process G; with independent increments and a process S; such

that [S1, ..., 5. 2 [S1,..., S| and

max |S; — G| = Op[n'/?(logn)*/?]. (2.6)

1<i<n

The condition 6,,, = O(p™) in Corollary 1 is called the geometric moment
contraction (GMC) condition. It is satisfied for many nonlinear stationary time
series (Shao and Wul (2007)). In the examples below, we show that GMC holds
for a wide class of non-stationary nonlinear time series.

Example 1. Let ¢; be i.id. random elements; let X; be recursively defined by
Xi = Fi(Xi1,€), (2.7)

where F; satisfies (i) for some g, sup; || Fi(zo,€1)||, < oo and (ii),

F, ) — F / .
supE(|L;?) < 1, where L; = sup |Filz, 1) ,Z(x ’Ez)‘.
% c#x! |.’E -z ’

(2.8)



GAUSSIAN APPROXIMATIONS FOR NON-STATIONARY MULTIPLE TIME SERIES 1401

Under condition (2.8]), iterations of (2.7]) ensure that X; has representation (I.1))
and, additionally, we have the GMC §,,, = O(p™) with p = sup, || Lil[,. The
latter claim can be proved by using the method in [Wu and Shaol (2004)). Details
are omitted.

Example 2. (Time-Varying GARCH) Consider the time-varying generalized
autoregressive conditional heteroskedasticity (GARCH(1,1)) process

Y, =& V% Vi=c+ Y2+ BiViy,

where ¢; are i.i.d. and ¢, ay, B¢ are nonnegative parameters. If ¢, oz, G do not
depend on ¢, then the model becomes Bollerslev’s (1986) GARCH(1, 1) process
with constant parameters. Time-varying ARCH models have received some at-
tention recently; see [Fryzlewicz, Sapatinas, and Subba Rao| (2008)) and [Dahlhaus
and Subba Raol (2006]). In the latter two papers the parametrization oy = «(t/n)
is used, where a(-) is a continuous function.

Let X; = (Y3, Vi)T —E(Y;, V;)T. Here we give conditions for which Corollary
1 is applicable. Let W; = (Y;2,V;)T. As in [Bougerol and Picard| (1992), we can
write

2 2 2
Wy=MW,_1+ ¢ ct , where M; = wep fiei )
1 (o7 Bt

Then M; has two eigenvalues: 0 and aze? + (B;. Assume E(g;) = 0, E(e7) = 1,
et € L7, 2 < p < 4, sup, c; < 0o, and supy ||awe? + Bill, < 1. Then (Z8) holds
for (W;) and (W) has the GMC property. By Lemma 1 in [Wu and Shao (2004)),
the process (th/2) also satisfies GMC. So (X;) has the GMC property as well.
We now compute D; = Z;ﬁl P; X:. Without loss of generality let ¢ = 0. Let
dy = oy + B¢ and g = 41 Z;io H{Zl dyy;. Note that V; is F;_1-measurable.
If t > 2, then PyV; = diPyVi_1, since PoY2, = Po(e_ Vi—1) = PoVi—1 and
E(e2 ;) = 1. Since PoV1 = a1 Po(e3Vo) = a1 (ed — 1)Vo, Do = (Yo, go(e2 — 1)Vo) 7.
Let ¥g = E(DgD{) have entries 011 = E(YZ) = EVy, 022 = E(g3(e3 — 1)2Vg),
and 012 = E(Yogo(e2 — 1)Vp) = goE(V03/2)IE(53 —£9). By Schwarz’s inequality,

ot (BG)P(E(E — 20))?
onose  (EVp)(E(eg — 1)?)(E(V7))

(E(e — £0))?
E(ef)E(sg — 1)* ~

< 7, where 7 =

Assume 7 < 1. Then the smaller eigenvalue of Y is

2
011 + 029 — /(011 — 022)2 + 4oy L onon—ofy  1-7
2 T oonton oo toy
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Note that v; = EV; satisfies the recursion vy = ¢;+dyvi—1. Then vy = ¢;+dicp—1+
dids_1¢i—9 + . ... Assume v, := inf; vy > 0 and g, := inf; g > 0. So Xg — volds is
positive definite for any 1y > 0 for which vy < (1—7)/(1/vs+1/(g20?E(e3—1)?))).

Theorem 1 and Corollary 1 concern nonlinear multiple time series. It turns
out that, for the special case of linear multiple time series, we can obtain a better
bound.

Theorem 2. Let g;, © € Z, be i.i.d. d-dimensional random vectors with mean 0,
covariance matriz Idg, and e; € LP, p > 2. Let A; ; be d X d matrices satisfying
Z;’im sup;>; |Aj| = O(m™7), v > 0. Let B; = Yoo Av—i and

00
Xi = ZAZ‘J’&;]'. (29)
7=0

Assume that there exists vy > 0 such that BZ-BZ.T — pldy, is positive definite
for all i. Then on a richer probability space, there exists i.id. d-dimensional

standard Gaussian random vectors Yi,...,Y, ~ N(0,Idg) and a process S; such
that [S1, ..., S 2 [S,..., S| and

Joax 15; — Gy = Op[n*?>~7 + n'/P(logn)'~2/?], where G; = Z;BJY]-. (2.10)
]:

An important class of non-stationary processes is the so-called locally station-
ary processes (Dahlhaus (1997); Draghicescu, Guillas, and Wu (2009)). Consider
the process

X;=H(LF), 1<i<n, (2.11)

Z. .
n )
where H(-;F;) is stochastic continuous in the sense that, for any ¢y € [0, 1],

lim [[H (& F5) = H (to; Fi) || = 0. (2.12)
—t0

Additionally, we say that H(-; F;) is stochastic Lipschitz continuous if there exists
a constant Ly < oo such that

| H(t; Fi) — H('; F) |l

0<t<t'<1 [t —t/|

< Ly. (2.13)

For the process (2I1), the physical mechanism H(-;-) generating X; is time-
varying and the stochastic continuity condition (2.12) or (2.13) suggests locally
stationarity, namely the underlying physical mechanism is changing smoothly.
Such processes appear frequently in practice (Mallat, Papanicolaou, and Zhang
(1998)).
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Corollary 2. Let 2 < p < 4. Assume [213), that for all i, E(X;) =0, and that
for some cy < o0, sup; || Xillp < co. Suppsoe O, = O(m™7), v > 0, and let

Di(t) =) PH(t;F;), 0<t<1. (2.14)
7=t

If %(t) = E[D;(t) DI (t)] is positive definite for allt € [0,1], then [24) and (ZH)
of Theorem 1 hold, and

7 .
max |G — Gy = Op(nY/*/ D) where Gy = E:l 21/2(%)1/}. (2.15)
j=
Remark 1. In our Gaussian approximations (24) and (ZI0), we obtain in
probability bounds Op(+), while the classical strong invariance principle usually
asserts almost sure bounds. Using the argument in [Liu and Linl (2009)), it is
possible to derive almost sure bounds. We decide not to pursue this direction
of research since the derivation is very tedious and since the bounds Op(-) are
typically powerful enough for one to obtain asymptotic distributions of statistics
involving partial sum processes. Additionally, the strong approximation scheme
does not seem to be suitable for processes of type (2.1 which have a triangular
array form.

Example 3. Functional linear models. Consider the functional linear re-
gression model

yi=x!B;+e, i=12,...,n, (2.16)

where x; € RP are regressors, E(g;|x;) = 0, and the regression parameter 3; =
B(i/n) is a smooth function. The functional linear model (2.I6]) has many appli-
cations in climatology, finance, econometrics, and other areas. With the regres-
sion parameter B(-) being time-varying, one is able to explore the dynamic or
time-varying associations between the response series {y;} and the explanatory
series {x; }; see Robinsonl (1989, [1991]), [Orbe, Ferreira, and Rodriguez-Pool (2005,
2000), and [Cail (2007)).

A fundamental problem in the inference of functional linear models is to test
whether (3(-) is of a certain parametric form. To this end, one needs to construct
simultaneous confidence regions (SCR) (Fan and Zhang| (2008))). The construc-
tion of SCR with asymptotically correct coverage probabilities requires (i) an
extreme value theory of Gaussian processes, and (ii) a Gaussian approximation
result for the partial sum process. [Wu, Chiang, and Hoover| (1998)) mention that
the fundamental difficulty is (ii), a lack of development of Gaussian approxi-
mations in the presence of dependence. With Corollary 2, (ii) is solved. With
the latter result, [Zhou and Wul (2010) applied Lindgren’s (1980) extreme value
theory for Gaussian processes and constructed SCR for 3(-).
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3. Proofs

The proof of Theorem 1 is quite complicated. For stationary processes with
d = 1,[Wul (2007) established strong invariance principles by first approximating
Sy, by martingales, and then used Strassen’s embedding results and approximated
martingales by Brownian motions. For multiple time series with d > 2, the
martingale approximation technique alone does not work well since, generally
speaking, vector-valued martingales cannot be embedded into a Gaussian process
(Monrad and Philipp| (1991))). Here we apply the martingale approximation and
approximate X; by m-dependent processes. The latter technique has been applied
inLiu and Lin/ (2009). Section 3.1 presents a proof of Theorem 1. It uses results in
Section 3.4 concerning tail probabilities of martingales and bounds for martingale
approximations.

The proof of Theorem 2 is relatively easy, due to the special linearity struc-
ture of X; in (Z9). In this case the approximating martingale is a sum of inde-
pendent random vectors that can be further approximated by Gaussian processes
by applying results in [Zaitsevl (2001). A detailed derivation is given in Section
3.2.

3.1. Proof of Theorem 1

By Theorem 1 in (Wu (2005), ||P7,X]Hp S 5j—i,p' So ||D2Hp S @07]3.
Let £ = | (nlog=®n)Y/+4)| and

%
S; :ZX'j, where X; = E(X;lej, .-, &j_0)- (3.1)
j=1

By Lemma A1l in [Liu and Linl (2009) (see also Theorem 1(ii) in Wul (2007))), we
have

max |S; — S|
1<i<n

< Gy, = O(Vinl ™) (3.2)

for a constant C), depending only on p. (The proofs in Lemma Al in [Liu and
Lin| (2009) and Theorem 1(ii) in [Wul (2007)) are for stationary processes. It is
easily seen that their arguments are also valid for nonstationary processes of form

D))

Next we approximate S; by the martingale

i 0 Jj+e
M; = ZDj, where Dj = ZPij = ZPij- (3.3)
j=1 k=3 k=j
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Note that P; X, =0if k > J+ £. Let 5J p be the physmal dependence measure

for (Xk)kez; Observe that (5 ip = 01if 7 > £, Let R, = S, — M, and @,p =
PO Ojp = Zil d;p- By Lemma 2, we have

h LAh : 1

. - [log(¢ A h)] if v = 3,

Rpll2<CyY 07,=0Cy 3.4

I1Bullp < G2 20y { cnnyr] iyl Y

Let g € N satisfy 2971 < n < 29. If 4 < 1/2, by Proposition 1(i) in [Wul (2007),
(B4)) implies

20-T 1/p
< rl. — r p
E%?‘Rl’ Z {Z | Rar — Ry k-1 ]
g
2[29 (0 A2 A20R/2) P, (3.5)

<
o

Observe that the above bound is O(29/7), O(29/Pg), and O(29/P¢Y/2=7=1/P)  for
1/p>1/2—~,1/p=1/2—~, and 1/p < 1/2 — , respectively. Since { = o(n),
we have

= O(n'/P 4+ n20). (3.6)

max
1<29

Elementary manipulations show that (3.6 also holds for v > 1/2 by using (3.4)

and (B.5).
Let m = [0'727], By ={1,...,m}, Ay = {m+1,...,m+3l} and, for j > 2,

Bij={i+({-1)(m+30),i€ B}, Aj={i+(G—-1)(m+30),i€ A}

Further let b; = min{k : k € B}, bj = max{k : k € Bj}, A= U2, A;, B =
U372, Bj, Uj = ZieAj D;, and 17] = Ziij D;. Then [71', Us, ... are independent
and Vi, Va,... are also independent. Let M; 4 = 23:1 Djljcq and M; p =
Z;Zl lN)jljFB. Observe that ANB =0, AUB =N, and M; = MiyA + Mi,B.

Since D;1jca, j =1,2,..., are martingale differences and p/2 > 1, by Doob’s
martingale inequality (cf [Chow and Teicher! (1988))) and Theorem 2.1 in [Rio
(2009),

2
’ Jj<n

< Cpl| Ml
p

max | M 4|

Colp = 1) 1D jeall; = O(). (3.7)

j=1
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Let f; = max{by : by <1}, k; = max{k: b, < i}, and H; = ]\;Ii,B — Mfi7B7 i1 €N;
let g, > 0 satisfy ¢, — oo and X\, = n'/P01/2=1/P(logn)'/? 4+ (mlogn)'/2. We
now apply Lemma 1 with u = Apgyn. Choose d € N such that 20=1 <« < 29, Let
Li=Di+ -+ D;and A, = max < j<od—r |Larj — Lar(j_1y], 0 < 7 < d. By the
argument in the proof of Proposition 1(i) in [Wul (2007), we have max;<y, |L;| <
Zfzo A,. Hence, by Lemma 1,

d d .
_, O[min(27P/2 2 ¢p/2=1)]
. d—r )
P (IJ%%QLJ > 2du> < E P(A, > u) < E 2 " . (3.8)

r=0 r=0

Since kp, ~ n/(m + 3¢) ~ n/m and m = [(1t27], by elementary calculations,
(B:8)) implies

kn

P (r?gf |Hi| > 2du> <> P <?€1%f‘bbk + 4 Dy > 2du>
= k=1
d .
_,O[min(277/2 2r¢p/2-1
< O(ky) Y2 min( o Vo). (39)
r=0

Since in u = A\, g, the speed of ¢, — 0o can be arbitrarily slow, by (B.9]), we have

max |H;| = max \M; g — M, 5| = Op(Aud) = Op(\y, logn). (3.10)

Observe that ]\thB = 2?:1 f/] = Iy, + Ji,, where
. Z Vilipicon, — E(Viljp <on,)
k= \/ﬁ )

Jj=1

g " Viligson, — EVilg son,)
= = .
j=1

Since summands of [ are independent and bounded by Q\,,/+/m, by Thereom
1.2 in [Zaitsev! (2001)) there exists i.i.d. standard d-dimensional Gaussian random
vectors Z1,...,~ N(0,Idy) such that

max
i<n

ZF Z; ) - OPK )logn} (3.11)

By Lemma 1, for sufficiently large @ > 0,

9] ® 0 mep/2—1
E(’Vk‘l\VkIZQ/\n) = / P(‘Vk’ Z u)du = / %du (3.12)
QAn QAn w

I, —ZFZ‘—maX
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Hence E(|Vk|1jv;1>0n,) = O(meP/2-1X7P) and by the definition of A,

k
m 2E(| V|1 O\,
E [maX\JM] =E [max ka|] <3 VelLyviizer) _ O(n) (3.13)
i<n k<knp 1 \/ﬁ \/ﬁ
To conclude the proof, we write
S; = (Si—gi)+Ri+Mi’A+Hi+\/kai+\/’fTLIki. (3.14)

By B32), B0), 1), BI0), BII), and BI3), after some elementary manip-
ulations, we have (Z4) by letting G; = Z;“:l F;Z;\/m, and the approximation
error is

14

Op(v/nt™")+0p(n'/? + n1/2r'7)+op[(£)1/2] +0p(Anlogn) =0p(1,). (3.15)

Clearly G; has independent increments.
We now prove ([Z.5)). By (8.2)), (8.6]), and Lemma 2, we have

1My — Mal| < [|Sn = Sall + 115n —M H+||M — Sl
— 0(vAOy,) + O(1) [Z@ 7 rom [y ez,
=1

O(/nt™) + [zn:o *ﬂ = O(¢n), (3.16)

where ¢, = /nl=7 + (31, i) /2. Recall V; = 3, B, Di. Let V; =3, 5 D
By (B16]) and the orthogonality of martingale differences,

kn
IV = Vil = 0(47). (3.17)
j=1

Since %; — 1yldg is positive definite, m'E(V;V,T) — vldg = m™ Y, 2

voldg is also positive definite. Let ¥; = (W; — V;)/y/m. Elementary matrix
manipulations show that

12U T2 Vi Vit T\11/2( _ ,
Im™ 2 [E(V:V;")] {E[(\/ﬁ 1)(\/m DI =0(%4]). (3.18)

Similarly as (3.12]), by Lemma 1, for sufficiently large @,

Wi = Vill* = Vil s 0n, = BVl g0, 17 < Vil 20, 17
(o]

= 2/ UP(HN/J > u)du = O(mgp/%l)\i*p)'
QAn
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Let 0, = k,mtP/2=1\2"P + ¢2 . Hence by (B17),
Z|m_1/2 E(V;ViY? - Fy|? = Zo [9,]2) = O(m™H0,.  (3.19)

Let Y7,Y2,...,~ N(0,Id4) be ii.d. d-dimensional standard Gaussian random
vectors and G = Z;ﬂ:l Elij 211/21/} and G; =3 %, ZJI-/2Y}; let

zw (X=) "y mi

l€B; l€B;

Since Y; are i.i.d. standard Gaussian random vectors, (ZlijEl)_1/2 ZlijEll/2Y,
j=1,2,..., are also i.i.d. standard Gaussian random vectors. Hence by (B.19),

max |G — G| = Op(01/?).

i<n

Observe that [G1,...,Gn] =[G4, ...,G,] and, as in (B1),

%
o 1/2 In
ma |6 = Gl = max | 32 %) itsea| = 02 (1)
2

By elementary manipulations, 6, = O(72), and also ¢n/m = O(72). So (Z.3)
follows.

Proof of Corollary 1. In the proof of Theorem 1, we let m = [¢£/2n1/?
(logn)=3/2| and £ = |clogn|, where ¢ > 0 is a sufficiently large constant. Then
by the same argument of Theorem 1, we have (2.6)) in view of (3.15]).

Remark 2. In Theorem 1, we call the condition that 3; — 1gldy is positive
definite for all i the uniform positive definiteness condition. A careful check of
the proof of Theorem 1 reveals that the uniform positive definiteness condition
can be replaced by the following slightly weaker version: there exists mg € N
such that ZHmO ¥; — 1oldy is positive definite for all i.

3.2. Proof of Theorem 2

Observe that d;, = sup;s;|Ai;llleo — €gllp. Let Ry = Sp — Mp, where

M = Z?Zl D; and D; = B;e; are independent random vectors. By Lemma 2,
since ©;, = O(i77),
i =30 ) -

O(log h) if v =

(3.20)
O(1 + hi=2Y) if y £

NI—= N
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As in 34) and B3], for g € N satisfying 2971 < n < 29, we have

27 1/p

<Z [Z Bk — Rorgey 2

= O{max[2g/p7 290/20]} + 092971y pp-,)  (3:21)

max
1<29

by considering the cases 1/p > 1/2 —~, 1/p = 1/2 —~, and 1/p < 1/2 — 7,
respectively. To establish (2.10]), as in the proof of Theorem 1, we use a truncation
argument. Let X, = n'/?(logn)~%/?, ¢, — oo, and

h
My =" Bimi, where i = ei1)c 1<q.x, — E(eiljc,1<qun,)- (3.22)
=1

Let Y, = [E(n;n])]/2. As in (@I, since summands of M} are independent and
bounded by 2|B;|gn A, by Theorem 1.2 in [Zaitsev! (2001)) there exists i.i.d. stan-

dard d-dimensional Gaussian random vectors Z1,...,~ N(0,Id;) such that
%12§|MZ — G| = Op(gn\, logn), where G, = ;B A (3.23)

On the other hand, by Doob’s inequality,

ax | M, — M7
r%;cy h h|

ZO I B; 57/1|€1‘>Qn>\/ —E(5i1\51|>qn/\;)”|2
_Zo (g N)PPE(|eiP) = o[n(N,)27P].  (3.24)

Since E(e;el) = Idg and &; € LP, as in (3.I8), we have by Markov’s inequality
that [T, — Idg| = O([leil i, > gun, 1) = O[(gn\,)'~P/?]. Hence

g [Iirzlgx |G — E|2] - ZO{[(qn)\%)l_p/z]Q} = O[gZ Pn*?(logn)*~/7]. (3.25)
=" i—1

By (321), 3:23), (3.24)), and (B.:25]), we conclude that (2I0) holds since ¢, — oo

can be arbitrarily slow.

3.3. Proof of Corollary 2
Under the condition ©y,,, = O(m™7), v > 0, we have D; = >, P; X; € LP,
and also D;(t) € LP. Let I, = Lnl/(””J. By ([213), we have

ID:(2) = il < ZHP - H( A



1410 WEI BIAO WU AND ZHOU ZHOU

<Zm1n Lul=1) , 205—ip)

1+ln
L —
<Z bnli=2) S 2 ip = O ). (326)
J=it+ln+1

Similarly, ||D;(t) — D;(to)|| — 0 as t — to. So X(t) is continuous in ¢. Since
Y(t) = E[D;(t) D] (t)] is positive definite for all ¢ € [0, 1], there exists 19 > 0 such
that 3(t) — 21pld, is positive definite for all ¢ € [0,1]. By (B.26), the condition
that 3; — vpldg is positive definite in Theorem 1 is satisfied, and hence (2.4]) and
(23) hold.

To prove ([2.I5]), using the argument in (318)) and (B19), by (:26), we have

S - SR = n0(m Y,
; ! n

Hence we have ([2.I5]) since Y7, Y5, ..., are i.i.d. standard Gaussian random vec-
tors.

3.4. Some useful results

Lemma 1. Let D;, 1 > 1, be {-dependent martingale differences with respect to
the filter Gi; let T, = Y1) D;. Assume sup; | Dill, < fo < oo, p > 2. Then
there exist constants C1, and Cay, depending only on p, such that

min(m?/2, mer/2=1)

B(|T| > u) < Ci,p =

fPif u> Cyp(mlogm)Y2fy. (3.27)

Proof. By Burkholder’s and Minkowski’s inequalities, ||Ti|l, < Cspfom!/?
Here and below C3,,Cyp,... are constants only depending on p. So P(|T),| >
u) < C’gpfgmpﬂ/up, which implies B.27) if m < 4. If m > 44, let Ay =
Z?ﬁ:—gak—l) D; and By, = Z?ﬂ_u_wﬁ D;, 1 <k < K, where K = [m/(2¢)]. For
technical convenience we assume that m/(2¢) is an integer. Let Sy = Zle Ap
and Sz — Y, Be. Since [ Al < Copfol2 YA AL < €, fomi?/21,
and ES% < mfZ, by Corollary 1.8 in [Nagaev| (1979),

U mep/2=1 Cs pu?
P(Sal 2 5) < Cap—— S5 + 2€Xp< — ) (3.28)
up mfs
In B27) if we choose sufficient large C5 ,, then by elementary calculations, the
second term in the right hand side of (3.28) will be smaller than m f{ /u?. There-
fore (B.27) follows from ([B.28)) in view of |T;,,| < [Sa| + |SB].
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Lemma 2. Assume that (X;) defined by (1) satisfies E(X;) = 0, X; € LP,
p>1, and Omyp < co. Then D; := 372, PiX; € LP, sup; || Dill, < oo, and for
M, = 37%_, D; we have

| Sr — Mn”ﬁl <Gy Z OF  where p' = min(2, p). (3.29)

D’
i=1

Lemma 2 can be proved by using the argument in the proof of Theorem 1(ii)
in[Wul (2007), where the latter paper considers rates of martingale approximations
for stationary processes. Details of the derivation of (3.29) are omitted since there
are no essential additional difficulties involved.
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