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A Generalized Estimating Equations

When inferences focus on population averages, one can directly model all of
the marginal expectations E(Yj;) = p;; in terms of covariates of interest. This
is typically done via h(u;j) = :E;jﬁ, with A(-) some known link function, such
as the logit link for binary responses. The marginal variance depends on the
marginal mean according to Var(Y;;) = v(ui;)¢, where v(-) is a known variance
function and ¢ is a scale (overdispersion) parameter. The correlation between
Yi; and Yj is expressed via a correlation matrix R;(a) where o is a vector of
nuisance parameters. The covariance matrix V; of Y; can then be written as
Vi=Vi(B,a) = qSAi/zRiAi/z, with A; the matrix with the marginal variances
on the main diagonal and zeros elsewhere.
Generalized estimating equations take the form

al T —
2 aB/Vi (yi —pi) = 0. (S.1)

The nuisance parameter « needs to be replaced by a consistent estimate; Liang

up) =

and Zeger (1986) proposed a moment-based estimator for this.
Assuming that the marginal mean p; has been correctly modeled, it can be

shown that, under mild regularity conditions, the estimator B obtained from solv-
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ing (S.1) is asymptotically normally distributed with mean 3 and with covariance
matrix

var(8) = Iy ' 1115 Y, (S.2)

where

am 198 aﬂz 1 —10mi
IO_Z Vv 28 Z Var(y;)V; 08 (S.3)

In practice, Var(yi) in (S.3) is replaced by (’yi — i) (ys — p3)’, which is unbiased
on the sole condition, again, that the mean was correctly specified.

As stated earlier, GEE is not likelihood based and therefore ignorability
(Rubin 1976) cannot be invoked to establish the method’s validity under MAR.
Therefore, apart from special cases, GEE in its basic form will be valid only
under MCAR. In response to this, Robins, Rotnitzky, and Zhao (1995) proposed
a class of so-called weighted estimating equations.

The idea is then to weigh each subject’s contribution to the GEEs by the
inverse probability, either of being fully observed, or of being observed up to a
certain time. Let m; be the probability for subject 7 to be completely observed
and 7, the probability for subject i to drop out at occasion d;. These can be

written as

ng

o= [ - pu) (5.4)

(=2

di—1

o= [H (1 —pie)]  Pid;» (S.5)
(=2

where pyy = P (D; = £|D; > £,Y,;,X.5) are the component probabilities of drop-

ping out at occasion ¢, given the sub Ject is still in the study, the covariate history

X,7 and the outcome history Y,;. In such a case, one can choose either for WGEE

based on the completers only:

UB) = ivj & aﬂf Vi_l(yi —p;) =0, (S.6)
o™ 0P

with R; = 1 if a subject is fully observed and 0 otherwise, or, upon using (6), for
WGEE using all subjects:

Zi, S - m) = 0 8.7)

=1 Z
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Here, the superscript ’o’ indicates the portion corresponding to the observed
data in the corresponding matrix or vector. In (S.6), the incomplete subjects
contribute through the model for the dropout probabilities m;. The above de-
velopment only focuses on dropout but can be generalized to encompass non-
monotone missingness as well (Vansteelandt, Rotnitzky, and Robins 2007).

Estimators from WGEE enjoy robustness properties similar to the ones from
regular GEE, i.e., the correlation structure does not need to be correctly specified.
Applying WGEE is technically feasible and can be conducted using the SAS
procedure GENMOD. Of course, some extra programming is needed to construct
the weights.

As stated earlier, (S.6) has been extended towards so-called double robust-
ness (Scharfstein, Rotnitzky, and Robins 1999, Van der Laan and Robins 2003,
Bang and Robins 2005). We will focus on longitudinal data with monotone miss-
ingness on the one hand and on incomplete clustered data on the other, each

time under MAR. Double robustness is taken up in Section 4.1.

B Consistency and Asymptotic Normality of the
Pseudo-likelihood Estimator

We first list the required regularity conditions on the density functions f; (y(s); 3).
A0 The densities f; (y(s); () are distinct for different values of the parameter 3.

A1 The densities f; (y(s); B) have common support, which does not depend
on 3.
A2 The parameter space {2 contains an open region w of which the true param-

eter value 3 is an interior point.

A3 w is such that for all s, and almost all y® in the support of Y(S), the

densities admit all third derivatives

P fs(y); B)
00,00,00,

A4 The first and second logarithmic derivatives of fs satisfy

ol f(y;8)\ _ B
EB<8—9k =0, k=1,...,q,



PSEUDO-LIKELIHOOD AND MISSING DATA 4

and ) o)
—0 lnfs(ys§ﬁ) _
0<Eﬁ< 96,00, < 00, k.l=1,...,q.

A5 The matrix Iy, defined in (S.8), is positive definite.

A6 There exist functions My, such that

3 (s).
stEﬁ|a lnfs(y 7B) < Mk@r(y)

001,00,00,

ses

for all y in the support of f and for all @ € w and myy, = EB)(MIMT(Y)) <
C

oQ.

Theorem 1, proven by Arnold and Strauss (1991), guarantees the existence of at
least one solution to the pseudo-likelihood equations, which is a consistent and
asymptotically normal estimator. Without loss of generality, we can assume 3
is constant. Replacing it by 3;, and modeling it as a function of covariates is

straightforward.

Theorem 1 (Consistency and Asymptotic Normality) Assume
that (Y1,...,YN) are i.i.d. with common density that depends on By. Then
under regularity conditions (A1)-(A6):

1. the pseudo-likelihood estimator By, defined as the mazimizer of (9), con-

verges in probability to B.

2. \/N(BN — By) converges in distribution to Np(O,IO(BO)_lll(BO)IO(BO)_l)
with Io(B) defined by

_ 0°In f5(y"); B)
TowelB) = ;53E5< 00r00; 58

and I (B) by

Lw(B) = ) 0:6:E3

s,tes

dln fs(y®; B) d1n fi(yD); B)
a@k 896 '
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C Pairwise and Higher-order Marginal Pseudo-
likelihood

C.1 Pairwise Pseudo-likelihood

As stated earlier, marginal models for non-Gaussian data can become prohibitive
when subjected to full maximum likelihood inference, especially with large within-
unit replication. le Cessie and van Houwelingen (1991) and Geys, Molenberghs,
and Lipsitz (1998) replace the true contribution of a vector of correlated bi-
nary data to the full likelihood, written as f(y;1,...,¥in,;), by the product of
all pairwise contributions f(yj,yir) (1 < j < k < n;), to obtain a pseudo-
likelihood function. Also the term composite likelihood is encountered in this
context. Renard, Molenberghs, and Geys (2004) refer to this particular instance
of pseudo-likelihood as pairwise likelihood. Grouping the outcomes for subject ¢
into a vector Y;, the contribution of the ith cluster to the log pseudo-likelihood

then specializes to

pli =Y In f(yij, yir), (S.10)
i<k
if it contains more than one observation. Otherwise pl; = f(y;1). Extension to

three-way and higher-order pseudo-likelihood is straightforward. All of these are

special cases of (9).

C.2 Full Conditional Pseudo-likelihood

Some models lend themselves more easily to conditioning than to marginalization,
such as log-linear models (Molenberghs and Verbeke 2005, Ch. 12). Upon noting
that

f(yllvaylnz) _ fl(ygl))
Wit Yig—1s Vi1, - - - Ying) fs; (y(.sj))’

(2

FWijlyin, k # ) =
a full conditional likelihood contribution becomes:
PP N o (7)
bty =mny nfl(yl ) Z nfsj(yz )-
j=1

Here, 1 is a vector of ones and s; is a vector of ones, with a single 0 in the jth entry.

Evidently, alternative versions of conditional pseudo-likelihood are possible. For
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example, one could consider all pairs, conditioning upon the remaining n; — 2
outcomes. This setting has been considered by Geys, Molenberghs, and Ryan
(1999) for the analysis of the NTP data (Section 5.2). This particular setting,

focusing on the missing-data aspect, is taken up in Section G.4.

D Single-robustness Theorem 2

The following theorem establishes single robustness.

Theorem 2 (Single robustness Of UIPWCC, UIPWAC, and UIPWAC,seq')
Under MAR, and if py in (6)—(6) is non-parametrically or correctly parametri-
cally specified as pi(v), then Upwoe, Urpwac, and Uipwac,seq Produce consistent

estimators.

In the above, and also in what follows, the same regularity conditions apply as
in Rotnitzky (2009). In particular, it is important that the probability of being
observed for a measurement be bounded away from zero.

Proof. This follows from their expectation being 0, as follows:

N 7.
E(Uwpwcc) = By {Z ER,y; [#Ui(Yi)]}

7

et

=1

.

N
= Fy [Z Ui(Y;)| =o0. (S.11)
=1
N 'R/
E(UIPWAC) == EY {Z ER |Y Eym|yoU ( )] }
=1 L Z
N
_ B {Z [ER v ( )Eym|yoU % )] }
=1
N
= Y FE

y BymyoUi(Y;) = By lZU ] 0. (S.12)

=1

WE

Ergy, |22 “Ui(Yij|Yi3)] }

E(UIPWAC,scq) = EY {
j=1 T

=1
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N n;
7 RZ
= FEy {Z ZERHR;Yﬁ;Eymoni(YmYﬁ)]}
i=1 [j=1 K
N n;
=Ey |> Y UiY;)| =0. (S.13)
i=1j=1

Here, Eg, R-Y is the expectation relative to R;, given the missingness history
up to occasion j and given the outcomes Y. Note that, in the CC case, we used
ER,v,(Ri) = Egjyo(R;) = m;, owing to MAR. A similar statement holds in the
AC case. This completes the proof.

E Double-robustness Theorem 3

We now establish double robustness.

Theorem 3 (Double robustness of Urpwcc,ar and Urpwac,ar-) Under
MAR, and (a) if pi¢ in (6)—(6) is non-parametrically or correctly parametrically
specified as py() and/or (b) if the predictive models in (17) and (18) are

correctly specified, then U jpwce,ar and Urpwac,qr are consistent.

Proof. If condition (a) holds, then the result trivially follows from Theorem 2
and the observation that the expectation of the first factors of the second terms
on the right hand sides equal zero. Under condition (b), write Egy,(R;) =
ERjyo(R;) = i Then,

E(Upwoes) = By {ivj [A—%’UZ-(YZ-) +(1- ﬁ) EmysUi(Yi)]}

Ur

n (1 _ ﬁ) EymEymye [EyimwioUi(Yi)”

Ur

N
= Y BymEymye [Ui(Y:)] =) By [Ui(Y)] = 0. (S.14)
; =1
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The AC case starts with similar logic for the case condition (a) holds. When (b)

holds, but not necessarily (a):

N n;
E(Uwpwaca) = FEy {Z {Z /\”U (Y;|Y;5)

zlylﬂ-y

+ < - 7T_zy> EYZ.W|yZ.OUi(Yi|YZ'})] }

N n; /\
= ZZ{ EY’”EY’”|Y"[ i(Yi|Yﬁ)}
i=1j=1 (™
iz
n < _ ﬁ) Eym Eymiyo [EyimwioUi(anﬁ)}}
Tij
N n;

= ZZEymEymD/O[ z(Yz|Yﬁ)}

i=1j=1
N

= > Ey[Ui(Y)]=0.
=1

This completes the proof.

(S.15)

F Sandwich Estimator for Urpwcc and Urpwec,qr with

Normal Data
Write a subject’s contribution to (S.26) as

" )
V= _ZU yzyayzk Z aw = _Z U,.
vj<k vj<k i

The model for missingness can be written in logistic form as:

= ﬁ (1 + ezgiq‘b)

=2

-1

(S.16)

where z;; is a vector containing relevant covariates and outcomes from the history

prior to occasion j. Then,

oVi _ Ri ., iy
aﬁ B T a(“’v 0')8([1,, U)/ ’
oV, R; &

= = U;)Y_ zibirs

0 i k=2

(S.17)

(S.18)
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QH >/
K=| 9 ) ; pik = i
0o 4o 1+ e# k’lp

oo

with

Next, the estimating equation W; for the 1 parameters follows from its
logistic structure, with data of the form (R;j, zi;), for i = 1,...,N and j =
.,d;, and R;; = 0if j < d;, and 1 otherwise. Following standard generalized

linear models theory, we have that

W, = Z zi;(Rij — pij)- (S.19)

Hence,

= —Z Zij * Z pZJ pij)' (820)
7=2

The sandwich estimator then follows from plugging the expressions (S.16) and
(S.19) for the scores, and (S.17), (S.18), and (S.20) for the second derivatives,
into (19) and (20). We still need an expression for
a%jk
(8, )0(B, )"

Define oh 9Q
g -7 2 - %
o’ @ oo’
with h = (hjj, hjk, hix)” and Q = (Qjj, Qjk, Qkx)’. Then,
. ~30h  Tjj0kk 305k
H® = 5 | —OkkOjk OTjj0kk + sz»k —04i0jk
305k 0jiTkk  —307
The generic element of Q) is
1 _ _ _ _
Qcm' = _§(yi - lj'i)/z ! (SUE IST + STE 1Scr) )Y l(yi - lj'i)'

0201 B _2—1‘ T7(2)
(B, )0(B, )\ 7@ | @ Q@ |

where T2 is a 2 x 3 matrix with columns —X 1S, %~ (y, — w,).
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Evidently, W; and
OW /01 remain as before, with the same holding true for the form of S; and

A;. However, the contribution V'; of subject ¢ changes and can also be written

We now consider the doubly robust version (S.29).

as
vV, = V§1)+<1—&> v,
U
vih = > Uilyijs vir),
j<k<d;
) di—1
Vi? = Y u-di+ DUy + Y. EUaly)l + Y ElUiyi, v
j=1 j<d;<k d;<j<k

We need only the derivatives with respect to 8 and 1. Regarding the latter, we

obtain: N
ov; Ri_ (29) &
oY o kzzzkpk

while for the former, the general form is

T

ov, ov¥ B\ ovi2)
8 a8 \' =) a3

Now, denote by g = (1, ..., iin,)’, the entire mean vector and by o = vech(%),

the vector of unique variance-covariance matrix elements. It then easily follows

that
ag_é@ = K J;i(ni—dwrl)a(”’gg o <;<ka o) (aiﬁ?)l)
+d§<k8 ~ (a(a;f,mﬁ)'ﬂl{ (S.22)

The derivatives in (S.21)—(S.22) follow in the same fashion as in the single robust

case, starting from explicit expressions (S.36)—(S.39).
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G Details for Pairwise and Full Conditional Pseudo-
likelihood

G.1 Pairwise Likelihood

While in principle general missingness could be considered, we focus on the im-
portant special case of dropout, to streamline mathematical development. The

forms (21)—(29) take the following form for the specific case of pairwise likelihood:

Unaivc, cc = Z R Z U Zja (823)
= i<k
Unaivc, cpP = Z Z U Zj7 (824)
= ly<k<d
d;—1
Unaivc, AC — Z U Zj7 + Z (nl - dl + 1)UZ(Y;J) ) (825)
i=1 |j<k<d; j=1
N R
Uwpwcee = Z—Z ZU (Yij, Yik) | (5.26)
i=1 T <k
N R "
Uwpwep = Z w -Ui(Yij, Yir), (5.27)
i=1 j<k<d; Tijk
ol R Rix
Uwpwac = Z [ ZJ UZ(YZJ) - ( zk|Ym)] ) (8-28)
i=1j<k Tij v
N E
Upweed: = 9 — > U(Yy5,Yir)
=1 ([T |j<k
R;
+ 1—_ EY’”|YO ZU i k) ) (8'29)
i<k
N ik
Uwrwepar = Z Z [ 4 -U;(Yij, Yir)
i=1j< If<nZ Uk
z ik
< J ) Eymy Ui(Yi, )]7 (S.30)
zyk
Uwpwac,ar = ZZ [ U;(Yij) + WZ U;(Yi|Yij)
i=1 ZJ
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Ry
- (1 - mj) By myoUi(Yy;)

R
ik

Here, R, = d; if subject ¢ drops out at occasion d;. We can now write m; =
[1/5(1 — pie), where still p;y = P (D; = £|D; > ¢, YiZ’XiZ)' The second term in
(S.25) results from all pairs with the first component observed and the second
one unobserved.

It is interesting, and easy to show, that all three of the doubly robust versions

coincide in this case, which adds to their attraction:

Uwwccar = Urwpwerar = Urpwac,ar
N di—1
= Z Z U;(Yij, Yie) + Z(ni—di-l-l)'Ui(Yi')
i=1 | j<k<d; =1

+ Y EBU(YulYy)l+ > EU«(Yy, Ym]} . (8.32)

j<d;i<k d;<j<k
A key feature in (S.32) is that the need to model the missing-data mechanism
is avoided. Note that this expression is related to (S.25) in the sense that both
terms of the latter expression occur here as well, with in addition the predictive
terms. There are two types of predictive terms, corresponding to: (a) a pair with
the first component observed and the second one missing; (b) a pair with both
components missing.

All predictive models involve two types of contributions: for E[U;(Y;r|Yi;)]
where Y;; is observed but Yj; is not, and for E[U;(Y;;, Yix)] with both unobserved.
These will be considered for the special but important cases that follow next.

It is very easy to derive an exchangeable form, starting from (S.31), because
then, in this expression, the expectations vanish. Hence, clearly, the exchangeable
form is equal to (S.25), making the naive available case version not only valid, but
actually doubly robust. Of course, this is the case only under exchangeability.

An important observation is that in the doubly robust versions (S.32), the
need to specify the missing-data model is avoided, even though the predictive

model for the unobserved outcomes is needed.
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G.2 Multivariate Normal

Assume Y; ~ N(u,X). Then first, suppressing the index ¢ from notation, and

writing down the expressions for observed values, we find:

U (yily;) O(tinjjs Thrl5) O G (yklyj: bt Trl)
klYi) = )
j A5 ks Tj5» Ok Okck) O firlj> Ohrel)
_ ik
jj 0
: 2 Yk "Hk|j
j o* Ep
N _%(yj_'uj) #{‘ __1 kli](yk—ﬂk\j)z 68'33)
YizHj 205k 0k 2 opy;
93 933
0 1

where ¢(+) is the normal density with mean and variance given by:

2
Hk)j = Pk + %(yj —p;)  and  opy; = M-
93jj 93jj
The only stochastic elements in (S.33) are the conditional residual and its square.
We need to take their expectation conditional upon the observed outcomes, pro-
ducing for the second factor in (S.33):

1
d

(Y 5 —p5)—oji(yj—n;)
crjjcrkk—cr]z,k
2
—1 Fy—1
75 (U?k—ajjzkgzﬂzgk)Jr [%‘Ekdzﬂ(Yg—lﬁg)—%‘k(yj—w)}

2(0j;okk—073,)?

(S.34)

Here, d refers to the set of indices (1,2,...,d—1), corresponding to the observed
portion of Y.
Turning to the other expectation, we find:
J1n ¢(ij Yk Bjs By 0535 O ks Ukk)
Oy, 1k, 0jj, Ok, Thk)
Sy — )
= i3+ Qg : (S.35)
hjk + Qjk
hik + Qrk

U(yj,yx) =
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where

10kk o
k
hjj = 35 hjk = %7 hkk = 35

. 2
Y = 0;jj0kk — Ojp»

Qo =3y —p)'S1SS Hy — ),

1 0 01 0 0
Sjj = ; Sik = ; Skk = :
0 0 10 01

Here, S, is generic notation for either one of the three pairs (j,7), (j, k), and
(k, k).

To calculate the expectation of (S.35), we need:

E(Ylyg) = m=n+3, 7575w —pg), (S.36)

var(Yly,z) = Sjkje— 25,757 757 i (S.37)

It now follows that

-1 -1
Ejk,jkzjk,ﬁzgﬁ(yg —pyz)
E[U(yj, ye)lyg] = i + ElQjilyg] : (S.38)
hjk + E[Qjk|y 7]

hik + ElQrk|y 3]

where some straightforward algebra produces:

1 -1 -1 1
ElQslyz] = §tr{2jk,jk502jk,jk [Ejk,jk‘i'zjk,EEEQX

X ((’yg —pg)(yg —pg) — 2373) Eg?gzﬁdk}}' (S.39)

In the special case of two measurements, the first of which always observed,
d = 1 in (S.34), i.e., it refers to the first measurement. Hence, both expec-
tations in (S.34) reduce to 0, implying in turn that then Eym,oU(y2|y1) =
By, U(y2ly1) = 0, as it should because in this simple case pseudo-likelihood
coincides with full likelihood.

For each of the estimators, the sandwich estimator can be computed. For
the case of IPWCC and its doubly robust version, Appendix F provides generic

expressions.
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G.3 Marginal Pseudo-likelihood for Binary Data

Let us assume that we have a model for multivariate and hence also for bivariate
binary data. For example, using the notation v;; = P(Y;; = 1), vy = P(Y;; =
LYk = 1), and v ;(€) = P(Yy, = 1|y;; = £) (£ = 0, 1), pairwise Plackett (1965)
probabilities take the form

I+ (ij+vie) Wije—1) =S (Vir Vij ije) if 1y # 1
Vijk =

2(Y5—1) ’ (8.40)
VijVik if Y =1,

with

S(vij, Vik, Yijk) = \/[1 + (Vi + Vi) (Wi — D] + 4056 (1 — Vi) vijvie
and the pairwise odds ratio, also termed global cross ratio (Dale 1986):

P(Yy =1, Yy = 1)P(Yy; = 0, Y = 0)
P(Yij = 1Yy =0)P(Y;; =0,Yy = 1)

When the Bahadur (1961) model is used instead, (S.40) is replaced by

Yijr =

1_Vij 1_Vik

I/Z'j(l — Vij) \/Vzk(l - Vik)

Vijk = VijVik | 1+ pijk \/ (S.41)
In both cases, expressions for the multivariate probabilities exist as well. In the
odds ratio case, this leads to the so-called multivariate Dale model (Molenberghs
and Lesaffre 1994, Molenberghs and Verbeke 2005). The expressions are implicit
and fitting the model is computationally very demanding. The multivariate Ba-

hadur model can be written as f(y;) = fi1(y;) - ¢(y;), where

Ny) = H i (L= vig) =",

cly;)) = 1+ Z Pij1j2€iji €ija T Z Pij1jajs€ij1 CijoCijs T -
J1<J2 J1<72<J3
+pPi12..m,;€i1€52 - - - €in;,
0 — Yig — Vij
17 - T
vij(1 — viz)

Here, the p parameters are pairwise and higher-order correlations. Even though
the model admits a convenient and concise closed form, its fitting is less than triv-

ial, owing to strong and intractable constraints on the parameter space, be it in
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fully general or second-order form (where the third- and higher-order correlations
are set equal to zero). This makes pseudo-likelihood attractive.

A generic contribution to the pairwise log-likelihood takes the form:

plijk = Yig¥i vk + i (1 — yar) In(vig — vij) + (1 — yij)yar n(vie — viji)
+(1 = yi5) (1 — yir) In(1 — vij — vi, + vijie)-
As before, let 8 = (', &/)’, where v;; = 1;;(8) and the association parameters are
functions of a. Hence, v4j;, = vi1(8, o). Pairwise and conditional contributions
to the score take the form:
Yij(1 —yix) O

Viik + 7_(1/.. — U k)
" Vij — Vijk aﬁ Y Y

YijYik O
Viji. 0B
(1 —yij)yix O
U Yig)Yik 9 ),
Vik — Vijk 55( ' k)
(L —yiy)(L—yair) O
1 — v — Vig + Vi OB
U, - YiYiwvi O (Vi n i (1 —yir)vij O (vij — vijk
11 vijk 0B Vij — Vigk OB Vij
(I —yij)yie(1 —vi5) O [ vik — Viji
_I_ -
Vik — Vijk B\ 1-vy
+(1 — i) (1 —yix) (1 — vy5) O (1 — Vij — Vik + Vijk

1—vij — vk +vge 0B L — vy

Ui =

+ (1 —Vij — Vik + Vijk), (8.42)

V; 7

) . (S.43)

In addition, we need expectations of these over the conditional distribution of the
unobserved outcomes given the observed ones. Evidently, because (S.42)—(S.43)
are linear in the triplet y;;, yix, and y;;1ix, it suffices to calculate the expectations
over these. Their corresponding probabilities are

Vigld = 3 Vigkld =
id

V.5 . V.5 .
LE KLELY (S.44)

V.5
i

Combining (S.42)—(S.43) with (S.44) leads to:

V.5 . 0 V.5.—UV.5. 0
djk idj idjk
EUy,) = —db 2 4 —idi Tidik )
K I/Z.Eljijk aﬁ K ViE (Vij - Vijk) aﬁ K K
Viak ~— Yidjk O
v, (Vik — viji) OB

(Vik — Vijk)
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Vida —Viaj ~ Yidk T Yiak O
v;5 (L —vij — vik + viji) 0B
EUay,) = YijVigrVii O [ Vijk n Yij(Vig — ViawVii O [ vij — Vijk
J vV, 7Vijk OB Vij VZ-E(Vij _Vijk) aﬁ Vij
(1 —yij)vya,(L —vij) O (vik — vige
vig Wik —vijgr) 0B\ 1— vy
(1 —wij) (g —vg) A —vi) 0

+ (1 — Vij — Vi + Vijk), (8.45)

_|_

_I_ -
vig(L—vij — vk +vijr) 0B
1-— Vij

As already mentioned at the end of Section 4.1, all probabilities involving d
are potentially high-dimensional; they would follow from the multivariate Dale
model, the multivariate Bahadur model, etc. We have seen, however, that sev-
eral alternative routes are open. For example, here, one could simply resort to
the singly robust version. Alternatively, the expectations could be replaced by
simple, e.g., logistic, models: Eysz'y?(yij) could be written as a standard lo-
gistic model where the existing covariates are supplemented with y, -, whereas
for EY2”|yg (yijyir) the pairwise model under consideration can be used, again
supplementing the covariate information with y,5.

Further, (S.42)—(S.46) require derivatives with respect to the univariate and
pairwise probabilities. For most pairwise models, such as the Bahadur and Dale
models, they are reasonably straightforward and have been derived by various
authors. See Molenberghs and Verbeke (2005) for details.

The derivation of the sandwich estimator follows from logic similar to that
laid out in Section G.2.

G.4 Conditional Pseudo-likelihood for Binary Data

Consider a single clustered outcome, such as in the National Toxicology Program
Data (Section 5.2) and assume the model (Molenberghs and Ryan 1999, Aerts et
al 2002, Molenberghs and Verbeke 2005):

fi(y;;©;) = (5.47)
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n;
exp {Z 0i5yi; + Z 52kjj/yijyij/ T+t Wit Vil - Ying — A(@f)} :
Jj=1 J<y’
or its quadratic simplification (Zhao and Prentice 1990, Thélot 1985, Molen-
berghs and Ryan 1999):

ng
fi(yi ©i",ny) = exp {Z 07 yij + Y 6 Yijyiy — A(@f)} : (S.48)
Jj=1 J<y’
with 0; describing the association between pairs of measurements within the
ith unit. It is useful to code the outcomes as 1 and —1, rather than 1 and
0, whenever the number of measurements per unit is variable, to ensure cod-
ing invariance. Focusing on an exchangeable situation, define the number of
measurements from unit ¢ with a positive response to be Z;. Model (S.48) then
becomes, upon absorbing constant terms into the normalizing constant and using

the re-parameterization 6; = 207 and & = 20;"
Filwi O m) = exp {62 + &2 — A(©) (8.49)

(1)

[

(2)

with z; ' = z; and 2;”’ = —z;(n; — z;). The normalizing constant takes the form:

n;
A@) =l |> (" Jexp {0k + Gh®} ]
k=0 \ K
where k() = k and k) = —k(n; — k). For model (S.49), independence corre-
sponds to & = 0. A positive J; corresponds to classical clustering or overdisper-
sion, whereas a negative parameter value occurs in the under-dispersed case. As
such, estimation of the association parameter can be of interest.

Fitting the model is awkward for long sequences, owing to the presence of the
normalizing constant. Therefore, it is convenient to replace the corresponding
likelihood function by a pseudo-likelihood alternative, found by replacing the
joint density f;(y;; ®;) by the product of univariate full conditional densities
(il {yije}, 3" # j;©;) for j = 1,...,n;. This idea can be put into the framework
(9) by choosing 61, = n; and &5, = —1 for j = 1,...,n; where 1,, is a vector
of ones and s; consists of ones everywhere, except for the jth entry. For all

other vectors s, d5 equals zero. This pseudo-likelihood has the effect of replacing
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a joint mass function with a complicated normalizing constant by n; univariate
functions of logistic type.

If we can assume that outcomes within a unit are exchangeable, then there
are merely two types of contribution: (1) the conditional probability of an addi-
tional success, given there are z;—1 successes and n; —z; failures (this contribution
occurs with multiplicity z;):

exp [0; — 0;(n; — 22z; + 1)]

T Ttexpld; — 0i(n — 22 + 1))

15
and (2) the conditional probability of an additional failure, given there are z;
successes and n; — z; — 1 failures (with multiplicity n; — z;):

o exp [—QZ + 51(’1% — 2z, — 1)]
Pr=17 exp [—0; 4 6;(n; — 2z — 1)

The log PL contribution for unit ¢ can then be expressed as
pli = ziInpis + (n; — z;) Inpyy. (S.50)
The contribution of unit ¢ to the pseudo-likelihood score vector takes the form

zi(1 = pis) — (ni — z:)(1 — pif)
—ZZ'(’I’LZ' —2z; + 1)(1 — pis) + (’I’LZ — ZZ)(’I’LZ —2z; — 1)(1 —pif)

Note that, if ; = 0, then p;s = 1 —p;r and the first component of the score vector
is a sum of terms z; — n;p;s, i.e., standard logistic regression follows.

Data can be incomplete, for example, because some litter mates die or get
resorbed into the uterus line. Let there be m; litter mates, n; of which are viable
and assessed for success/failure. This then means that (S.50) would pertain to
the observed data only, whereas there are an additional m; —n; missing outcomes.

The general expressions (21)—(29) now take the form:

U.oive, cc = i\’: RU;(zi,n; — 2;) = i\’: RU (2, mi — %), (S.51)
i;l i=1
Uaive, Ac = Z Ui(zi,ni — 2i), (5.52)
i;l -
Uipwcee = Z m(mi]mi) Ui(zi,ni — zi), (5.53)
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2 By Tlgy TG )y .54
Wi(ni|mi)UZ(z Ng, M;) (S.54)

UIPVVAC =

s

=1

=z

R;
Uwwcear = {W Ui(zi,n; — z;)

(2

I
—

R

Y I(nima) 0
UIPWAC,dr = Z fUi(zianiami)

1

] Ek|2i7ni [UZ(ZZ + k,m; — z; — k‘)]}(855)

7] Eypsom; Uiz + k,m — 2 — k)]}(8-56)

Here, R; is the usual indicator for a complete cluster, and I(n;|m;) is an indicator
for observing n; out of m; litter mates. Furthermore, 7;(n;|m;) is the probability
of observing n; out of m; litter mates. Evidently, m(m;|m;) is the special case
of observing a complete cluster. Result (S.56) follows from observing that the
observed version of the score and the expectation over the incomplete data follow,
in this case, in exactly the same way.

The quantity U?(z;, n;, m;) in (S.54) and (S.56) follows from

pf? =In { Z ( i T ) pis(zi, k‘)zl—l—k[l - pif(zi, k‘)]ml_zl_k} s (857)

k=0 k

and then constructing

o Opl7
where
logit[pis(zi, k)] = 6; — di[mi —2(z + k) + 1],
logit[pif(2i, k)] = —60; + 0i[m; — 2(2 + k) — 1].

Note the difference between (S.50) and (S.57). In the former only the observed
data are included, while in the latter there is summation over the missing out-
comes.

In the NTP data, especially for the higher dose groups, complete clusters
may be rare, thence the AC versions become not only attractive, but actually

necessary to make progress.
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Overall, the AC forms are slightly more cumbersome, owing to somewhat
less tractable expressions, such as (S.57). Consider full exchangeability, whence

form (30) can be used, we obtain:

N

UIPWAC,cxch = Z U?(zia ni, ml) (859)
i=1

Even though the missing-data mechanism is removed, as follows from (30) in
general, construction (S.57)—(S.58) needs to be used. This is different from the
pairwise likelihood case, thanks to the marginal specification of the latter. Of
course, (S.59) can be used with a numerical optimizer or equation solver, thanks
to the explicit expression (S.57).

Now, using (S.49), the expectations can be written as:

m;—n;

Z eeik—éik(mi—in—k) Ul(zl + k’ m; — 2 — k)

k=0
Ek|2i7m [Uizi + k,mi — 2 — k)] = mi—n;
Z eGik—éik(mi—2zi—k)
k=0
To formulate a sensible missingness model in this case, write the indi-
vidual responses as (Yit,- - - Ying> Ying+1, - - -» Yim, ), With the first n; observed
and the later m; — n; missing. Likewise, the missingness indicators are
(Pily -« s Tings Ting+1s - - - » Tim, ), the first set being 1 and the second part 0. Let z;
indicate the dose administered to litter i. Now, the joint distribution of Y; and

R; factors as

f(yi17 sy Yings Yimg+1, - - ,yzml|$z)x
Xf(rilv c s Tings Ti,m—l—lv L) Timi|yi17 <y Yings yi,m—l—la < Yimgs :L'Z)

Here, the first factor is the one for which pseudo-likelihood is considered, whereas
the second one can be written in summary-statistics form, thanks to exchange-
ability: f(n;, m; — ni|zi,n; — z;, ;). To explicitly acknowledge within-cluster
correlation, a beta-binomial model (Skellam 1948, Kleinman 1973, Molenberghs

and Verbeke 2005), for example, would be a reasonable choice:

Bl +vi(p”t = 1) mi— i + (1= i) (p~ — 1)]
Z Blu(p T~ 1. (1-m)(p "~ 1)] ’

(S.60)
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in terms of the mean parameter v; and correlation p, and then

m m;—n n;
fi(ni,mi —nilvi, p) = ( ) Py (L= py)™. (S.61)

n;
Here, B(-,-) is the beta function. One might write, for example:

logit(v;) = o + 1mi + a(zi/ni). (S.62)

Fitting the model and other manipulation is straightforward (Molenberghs and
Verbeke 2005), even though it is not commonly implemented in standard statis-
tical software. Alternatively, one might choose to simplify matters and simply
replace (S.60) by a logistic regression, in which case (S.61) and (S.62) would be
retained.

For the sandwich estimator, take for example I PW CC, which can be written

in shorthand as

N N E
Upwce = Z Z —
i—1 i=1 i
Then, N N
-, = -5 U..
6(9, 5) T o T oy
Here, @; has elements:
g1 = —2Zipis(1 — pis) — (ns — 2i)pir(1 — pig),
G2 =¢G21 = zi(ni — 2z + 1)pis(1 — pis) + (0 — 23)(ns — 22, — D)pip(1 — piy),
Gioa = —zi(ni — 22 +1)*pis(1 — pis)

—(ni — ) (ni — 22 — 1)?pip (1 — piy).

The derivative w.r.t. ¢ evidently depends on whether the beta-binomial model, or
rather simpler logistic regression is chosen. Finally, let W; be the beta-binomial
score equation contribution of litter ¢. From this, the derivative OW ; /0 follows

immediately. For the other forms, similar calculations apply.
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