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Abstract: We consider the use of estimating functions that are not unbiased. Typ-
ically, to result in consistent estimators, unbiasedness of estimating functions is a
pre-requisite. However, it is sometimes easier to find a useful estimating function
that is biased, especially in the presence of missing data or misclassified observa-
tions. We show that the root of the estimating function can be modified to give a
consistent and asymptotically normal estimator, and illustrate this on several ex-
amples with binary data. We compare this to the alternative approach of adjusting
the estimating function, and show that it can be more efficient.
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1. Introduction

We consider estimation of a vector parameter 6, based on a sample y,...,yn
of independent and identically distributed random vectors Y1,...,Y, defined on
Y c IRY, drawn from the family of densities {f(y;6) : @ € ©}, where © is a subset
of IRP, and d and p are the dimensions of Y; and @, respectively. We distinguish
random variables from their realizations by using upper case and lower case
letters, respectively, and use the notation Y for a random variable with the same
distribution as any Y;. As an alternative to maximum likelihood estimation,
we assume we have a p x 1 vector of estimating functions g(y;#), and define an
estimator 9~n as the root of the set of p equations

Gn(0n) =n""> g(Yi;0,) =0.
=1

Under regularity conditions on the model, and the condition that the estimating
function is unbiased, Ep{g(Y;;0)} = 0, the resulting estimator is consistent and
asymptotically normal, with asymptotic covariance matrix given by the inverse of
the Godambe information J~1(g) = {Ey(0g/067)} L Es(gg ){Es(0g /00)} 1
(Godambel (1960))). [Yanagimoto and Yamamoto (I991)) give a number of exam-
ples illustrating the role of unbiasedness of estimating equations, and relate it to
conditional likelihood inference in the context of exponential families.
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In some practical contexts, however, there is a natural choice of working
estimating function that is not unbiased. We use the notation h(y;#) for the
vector of biased estimating functions, i.e., we assume Eg{h(Y;;6)} # 0. The
most direct approach to correcting a biased estimating function h(y;#) is to
compute Fp{h(Y;60)} and construct a modified estimating function

H,(0) =n"'> h(yi;0) — Eo{h(Y;;0)}; (L.1)
=1

if Eg{h(Y;;0)} cannot be computed exactly then a suitable approximation might
be available. For example, McCullagh and Tibshirani (T990) use a bootstrap
estimate of the mean to correct the bias of score functions derived from the
profile log-likelihood; [Yanagimoto and Yamamoto| (1991)) illustrate the correction
of estimating functions derived from the method of moments.

In this paper we consider a different, but related, approach to deriving a
consistent estimate of 6 from a set of biased estimating functions. Assume that
the equation

n
H,(0)=n"") h(y:0)=0 (1.2)
i=1
has a root 5:; € © for any given random sample y1,...,yn, and that for any
0 € O, there exists a 8* € © for which
Ep{h(Y;6%)} =0. (1.3)

Equation (L3)) defines 6* as a function of 0, say, 0" = E(G) for some p-vector of
functions k(-). Assuming the inverse functions

0 =k(6%) (1.4)

exist, then we use this to define a new estimator of 8 as
0, = k(0%). (1.5)
As an illustration we consider a binary data problem with a simple missing data

structure.

Example 1: binary pairs with missing data

Let Y; = (Yj1,Yi2)” be a random sample of bivariate binary vectors, i =
1,...,n. Assume that E(Y;;) = p,j = 1,2, and corr(Yj1, Yip) = pfori=1,...,n.
Let 6 = (i, p)T denote the parameter of interest. Let R;; = 1if Y;; is observed,
and 0 otherwise, and set )\ij = PI‘(RZ']' = 1|)/i1, }/Z'Q), and )\“2 = PI‘(Rﬂ = 1, RZ‘Q =
1Y;1,Y;2). Assume

logit \jj = ap + Y35, logit Aj12 = v0 + 71 (Vi1 + Yio).
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Let u,(Y;;0) =Yi1+Yio—2p and u,(Y;; 0) =Y;1Yio—pp(1—p)—p? be constructed
based on the method of moments, with u(Y;;0) = {u,(Y:;0),u,(Y;0)}. If
there are no missing data, Y., u(Y;;0) is unbiased for 6, yielding a consistent
estimator for 6:
> i (Y +Yio) o i Y Y —nj;,

) Pn = = = .
2n nfin (1 — fin)

Now if we naively apply these estimating functions to the observed data, we
have

fin, = (16)

hu(Yi;0) = RiYin + RioYio — (R + Ri2) b,
ho(Yi30) = Ryt Rio{Yin Yio — ppu(1 — p) — pi?},
h(Y;0) = {hu(Yi;0), hp(Y5;0)} .

Setting >""" ; h(Y;;6) = 0 leads to
e 2 (RaYi + RipYio)

Hn = dici(Rii+ Rig) (1)
= Yoy 1?11&2%}%2 —nﬂz > i1 Ri1Rio . (1.8)
fi5, (L= ) 35y Rin Rz
To find 6* we use (L.3]) to compute
E, {hM(Yi; %) } _ Eo(Ri1Yi1 + RioYin) — n* Eg(Ri1 + Rio) _
ho(Yi;0%) Ey(Ri Ri2Yin Yiz) — {p*u* (1 — p*) + 2} Ep(Ri1 Riz) w9)

Note that

exp(ag + a1)
T+ explao + o)

Ey(Ri;Yi;) = Ey Erjy (Ri;Yij) = Ey (YijAij) =

Similarly,
exp(ag + 1) exp(a)
Ep(Ri;) = 1
oFti) L+ exp(ag + a)’ 1+eXp(a0)( )
€VO+271 9
Eg(Ri1Ri2Yi1Yi2) = 1_i_em{,ou(l —p)+p},  and

ooy exp(yo +2m) B 2
E¢(RinRi2) = [+ exp(y0 & 271){PM(1 ) + et}

2exp(y0 + 1)
1+ exp(’yo +7

exp(70)
HTp(vo)(l — 20+ pp(1 — ) + pi%).

){u — pp(1 — p) — i}
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Therefore, the first equation of (LJ) gives

W (1 4 ¢)
1— /’L*) . 6(a0+‘3‘1)/{1 + e(ao—i-al)} 4 'u*eozo/(l + 60‘0)7

P

with the same relationship between fi,, and fi. It is easily shown that p is equal
to, less than, or greater than u* as a; = 0, a1 > 0, and a; < 0. If the data
are missing completely at random, then a; = 0 and the estimator based on the
observed data is consistent, as has been noted in the literature; see, for example,
Fitzmaurice, Molenberghs and Lipsitz (1995). However, if the missing data are
not missing completely at random, then the moment estimator based only on
the observed data either inflates or attenuates the true parameter, depending
on how the response affects missingness. This result provides an interesting and
transparent characterization of the asymptotic bias induced by ignoring missing
values. Applying the second equation of (L9]), we obtain the relationship between
pand p*. If vy = 0, a1 = 0, then p = p*, showing that using the available data can
still produce a consistent estimator of the correlation under missing completely
at random mechanisms.

In this example we get the same estimators for p and p by using (L9) to
compute Eg{h(Y;6)} and constructing H,(6), as at (II). In Appendix A we
show that this is the case whenever the estimating equation h(y;#) has a struc-
ture that is linear in functions of y and 6, and we give a simple example where
this does not hold.

In Seczion 2 we give resuljs on asymptotic consistency and normality for the

estimator 6*, and hence for 6,,. The results generalize the discussion in [White

n’
(1982), that studies model misspecification under the likelihood formulation. It is
closely related to the results of [Jiang, Turnbull and Clark (1999), who used meth-
ods very similar to those in this paper in the context of semiparametric Poisson
models. Their biased estimating equations are the score equations from a likeli-
hood function obtained from a working model that is subject to misspecification,
and their “bridge” function, so(-) from their Proposition 1, is our k().

In Section 3 we illustrate the approach with a series of examples of biased
estimating equations for binary data models, where the bias is caused by missing
data or misclassified data. In Section 4 we outline a comparison for the estimators
obtained from (1) and (LX), and Section 5 provides a brief discussion.

2. Asymptotic Results

Theorem 1. Suppose h(y;0) = {h1(y;0),...,hy(y;0)}" is a vector of functions
defined on Y x O such that h;(y;0) is a continuous function of 6 for each 'y
and a measurable function of y for each 0, j = 1,...,p. Assume that © is a
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conver compact set and the true distribution of Y is F = F(y;0y), with density
f(y;6o) for some 0y € ©. Assume |hj(y;0)] < m;(y) for all'y and 6 where
m;(-) is integrable with respect to F', j = 1,...,p. Let H(0) = Ep,{h(Y;0)}, and
H,(0) =n"1Y"  h(y;;0). If H(0) = 0 has a unique solution 6 and H,(6) =0
has a solution @\;’;, then

~

0, —p by as n— oo

for almost every sequence Y1,Ya,... which is a random sample from F'.

Proof. For any y € Y, since h;(y;#) is continuous for § € © and © is compact,
by the Heine-Cantor Theorem h;(y;#) is uniformly continuous in 6. It then
follows that ||H(0)|| is continuous, where || - || is Euclidean norm.

Let d(x,y) = ||x —y|| be the Euclidean distance between x and y. Since the
set {6 :d(6,05) >n} =0 —{6:d(0,05) < n} is a compact subset of © for any
n > 0 there exists 6; € {6 : d(6,6;) > n} such that

infg.q(0,61) >4 [H(O)|| = |[H(61)][-

As 6§ is the unique solution of H(#) = 0, and 6; # 6, we have ||H(6,)|| > 0,
i.e., infp.q(9,0)>n/H(0)|| > 0. Furthermore, H,(0;,) = 0 gives

infg.q(0,01) >4 [H(O)|| > 0 = |[H,(6,)]]- (2.1)

Given j, by Theorem 2 of lJennrichl (1969), we have, for almost every sequence
{YTL}7 as n — oo,

WS h(Yi0) = [ (i 0)dE (i)

=1

uniformly for all § € ©, thus,

supd{H,(0),H(0)} —, 0, (2.2)
0cO
By (22) and (21I), we conclude, applying Theorem 5.9 of lvan der Vaart| (1998
p.46), @\; —p 05 as n — oo.

This theorem characterizes the convergence of the estimator /0\;; obtained from
estimating functions that are not necessarily unbiased. The difference 67 — 0
is the asymptotic bias of using estimating functions that are not unbiased to
perform estimation of #. In particular, if h(Y;#) is unbiased, then 5 = 6y and
5;2 is consistent for #. If k() is continuous, then k(@fl) converges to k(6*) in
probability and the adjusted estimator 5,1 is consistent for 6.
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Next we establish the asymptotic normality of the estimator (/9\;; and hence
of 6,,. Let

An(0)=n"1> (0/00){h(Y;;0)}, A(0) = Eg {An(9)},

i=1
B, (0) =n~"Y h(Y;0){h(Y::60)}". B(6) = Ey{Bu()},

=1
C.(0) =AY (0)B,(0)A;T(6), and C(H) = A HHBO)AT(H).

n n

Theorem 2. Suppose the conditions in Theorem 1 are satisfied, and h;(y;0) is
a continuously differentiable function of 0 for eachy, j =1,...,p. Assume that
A(6}) is nonsingular, then under some regularity conditions on h; and the model
F, we have: as n — 00,

(ii) Cn(0;) —p C(65), and assuming k(-) defined at (L) exists and is differen-

tiable,
g O (o) S (N

Proof. For each j = 1,...,p, applying Lemma 3 of [Jennrichl (I969) to Y ,

h; (yl,9n) we obtain
. N* - * 8 g n N *
> hylyi; 05) :Zhj(Yi;Ho)ﬂLW > hi(yiiOn) p (05 — 03),
i=1 i=1 i=1

where éjn lies on the “segment” joining @*; and 6. Stacking these p expansions,
we obtain, in matrix form,

A% (O1n, O, - ., Opp )/ (BF — 65) = —1/2Zh ' +n_1/2Zh (Y:;65),

Where A;kl(gln, 52,1, ey gpn) = n_1{2?218h1 (Yi; éln)/ae, ooy Z?:l 8hp(Yl-; épn)
06}

~

H,(0;) = 0, we obtain

A5 (O1, Oon, - Opr) V(O — 05) = —n /2D " h(Y565). (2.4)
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As Eg, {h(Y; 65)}=H(05) =0, and covg, {h(Y; ) }=Eg, [n(Ys; 05){h(Y:: 65)}")
= B(6{), by the Central Limit Theorem, we conclude

n~2Y h(Yi:65) —a N{0,B(65)}. (2.5)
i=1
Note that for each j =1,...,p, éjn —p 05 as n — oo. Therefore,
= Ohi (Y5 05) Oh;(Y;;6%)
1 J\ ti;Yjm g\ Y45 Y0
D T B {5 (2.6
and hence
A (O1n,0on, - - . ,épn) —p A(0)) asn — oo. (2.7)
Assuming that A(6) is nonsingular, we have that A} (61p, 09y, .. .,0,,) is non-

singular for sufficiently large n (in probability). Therefore, (2.4]) leads to

Va0, —05) = —{ A5 O, Oans - )} 072D R(Y 5 67).
=1

By 2.3) and (1),
V(0 = 05) —a N[0, A (65)B(05) A" (65)],

which is conclusion (i). Conclusion (ii) is straightforward as Bn(g;*l) —p B(6})
and {A;‘L(@‘L)}_1 —p A71(6%). The asymptotic normality of 0, follows from an
application of the delta method.

Result (2.3]) provides means to conduct inference on 6, such as constructing
confidence intervals or testing hypotheses. In doing so, one may replace the rele-
vant quantities with their empirical counterparts to obtain a consistent estimate
for the asymptotic covariance matrix. The regularity conditions for Theorems 1
and 2 are similar to those outlined in Ch. 5 of Van der Waart (1998); see in par-
ticular the discussion following his Theorems 5.9 and 5.21. These conditions are
sufficient to ensure the convergence in Theorems 1 and 2, but they are not neces-
sarily the weakest conditions. The compactness assumption on © may be relaxed
to conditions similar to those discussed in (Walker| (1969) or [Huberl (1967). For
asymptotic normality, assumptions on the existence of first and second moments
of h and Oh/90" are needed, as well as an assumption on the model and the es-
timating equation that ensures differentiation with respect to 8 and expectation
can be exchanged.
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3. Applications to Inference from Binary Data

In this section we look at several examples related to binary data, where
biased estimating equations arise from ignoring various complexities of the data.
We show that the method of adjusting the estimator based on (.3]) can be simpler
than correcting the bias of the estimating function, and can also lead to insight
about the effect of ignoring the complexities.

We illustrate the method with a somewhat artificial example related to Ex-
ample 1.

Example 2: complete binary data. Suppose as in Example 1 that Y; =
(Yi1,Yi2)T is a random sample of bivariate binary vectors, i = 1,...,n, with
E(Yij) =n,j=1,2, corr(Ys,Yin) =pfori=1,...,n, and = (u, p)T.

As shown in Example 1 at ([[L6]), consistent estimators are available for p
and p from a simple method of moments approach. If we deliberately misspec-
ify estimating functions by switching the meaning of moments, considering for
example

hu(Yi;0) = Y Yio — p, hp(Y30) =Y + Yio — p,

the resulting estimator is

n

L 1 L 1
i, = nz;YﬂYiz, ph = nz;(Yinz). (3.1)
1= 1=

Obviously, 6= (%, p*)T is not a consistent estimator for . Applying the adjust-
ment function (L3) to h(y;;6):

< Ep(YnYiz) — p* ) _ <pu(1—u)+u2—u*) 0
Ep(Yi1 + Yio) — p* 24 — p* ’

we obtain

* *2

.

Py, P= w, (3.2)

_1
r=3

which gives the adjusted estimator

An Y7 YaYie — {00 (Vi + Yio)}?

1 n
in =5 ) (Ya+Ya), pn= 3.3
Hn m ;( il 12) Pn Z:Lzl(}/z n YiQ){ZTL — Z?:1(Yi1 n }/22)} ( )

that is identical to (LG).
We consider another set of misspecified functions

hu(Yi;0) = Yir —p, hy(Yi50) = YiYia — p, (3.4)
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which produces
1 « 1 «
fiy, = n};n ﬁ,’::n;mmg. (3.5)
1= 1=

Note here that [ is a consistent estimator for u, but p; is not consistent for p.
We now apply the adjustment function (I.3]) to h(y;;0):

(Ee(Yz‘l)—M* >:< p—pt ):0
Ey(YnYin) — p* pp(l — p) + p? — p* ’

R it T
’ pH(L = p*)

Applying ([B:6) to (B.5]), we obtain an adjusted estimator

N 1 & ) nS YiYio — (57, V)2
fin = 23,y = R Tl (s Y
i (> iy Ya)(n — >0, Ya)

yielding

that is consistent for 6, although clearly less efficient than (B.3)).

As in Example 1, suppose now that there are missing data, and R;; records
whether or not Y;; is missing, for j = 1,2 and ¢ = 1,...,n. Using misspecified
estimating equations (3.4]) for the observed data gives

hu(Yi50) = RaYir — 1, hp(Yi:6) = RinRiaYi1Yio — p.

Then the resulting estimator is
1 « 1 «
o = - z; RinYi, pp= - Z; Ri1 Ri2Yi1Yia. (3.7)
1= 1=

Adjusting it as before gives Fyg(R1Yi) = p*, Ep(RiiRieYaYie) = p*, which
leads to
p= {1+ exp(—ap — 1)y,
_ {1+ exp(—v0 — 271)}p* — {1+ exp(—ag — on) }?u*?
{1+ exp(—ap — a1)}p*[l — {1 + exp(—ap — a1) pp*]’
Combining (B.8) with (3.17) gives a consistent estimator for 6.

(3.8)

We now consider an extension to a regression setting, assuming Y;; is a binary
response for subject ¢ at time point j, j = 1,...,m, with an associated covariate
vector x;;, and model the mean vector as a logistic regression:

logit p;; = QTXZ'j, (3.9)
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where p;; = E(Yij|x;) with x; = (xg,...,xz;n)T. The score equations for 6,

assuming independence of the observations in both ¢ and j, are

n n

_ “ exp(GTxij) _
ZUi(Q) —ZZXij{yij_ 1~|—exp(9Txij)}’ (3.10)

i=1 i=1 j=1

these are also the generalized estimating equations (GEE) (Liang and Zeger
(1986))), under a working model of independence. Denote by 0y the estimator

based on (BI0).

For computing k(6*) in settings with missing or misclassified data, discussed
below, we use an alternative estimating equation

n

D ein0) =D > xi[Vig{l +exp(0"xi5)} —exp(0"xy)],  (3.11)

i=1 i=1 j=1

and denote by §g the estimator based on (B.I1]). In the special case that a single
covariate x;; = 0 or 1, both 0y and 6, are given by

~ ~ D iy 2 i Yij
exp(fy) = exp(99) = En zm J:E"(l _v. ‘)’
i=1 22j=1Lij i

although if x;; = £1 with equal frequencies, then

exp(fy) = Dot ey (M @ig) Yy + 570 D70 (1 — i) (1 = Yiy)
ST L S ) (- V) + S S (1 )Yy

whereas
exp(6,) = i 2oy (1 =) (1 = Yyy)
P S S (T ) (1= V)

Example 3: binary data with response misclassification. Suppose now
that we have some misclassification of the binary responses, so that the observed
responses are s;;, where the model governing the random variables S;; is

PI‘(Sij =1 | Y7;j = 0) = D1,
PI‘(Sij =0| Y, = 1) = po.

Suppose we ignore the misclassification error, and use the estimating function

(BI1)) based on s;;:

Z h(si;0) = Z Z x5 {1 + exp(07x;;)} — exp(87x;5)]. (3.12)
i=1

i=1 j=1
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The linear structure of (B:I2) simplifies the calculation of Ep{h(S;;6*)}:

eXP(9TXij)

Ep{h(S::0%)} =3 xi;[(1 — po){1 + Ul e )

j=1
1

- - _ Ty
1+exp(9Txij) exp(0™ x;5)], (3.13)

+p1{l +exp(67x;)}
where we have assumed that Pr(S;; = s | Y = y,x;) = Pr(S;; = s | Yy = v).
The solution of 6 as a function of 8* obtained by setting (B.13]) to zero defines 6,
as a function of 67, the root of (B12)).
For the special case that x;; = 0,1, we get the estimators

exp(@) = Do Dy i Sig
DY Z;nzl zij(1 — Si5)

(1 —p1) exp(6) — p1
1 — po — po exp(6;)

exp(é\n) =

which are different from exp(é;;) unless pg = p1 = 0.
Because in this case h(s;;6) has a simple linear structure, we can also con-
struct an unbiased estimating equation from (B.12]) using (B13):

H,(0) =n~" ) h(s;;0) — Eg{h(Si; 0)}
=1

=071 > {1+ exp(67xi;) iy — (1= po) exp(67xi5) — pal,
i=1 j=1

which leads in the special case that x;; = 0,1 to the estimator

exp(l) = 2im1 21 Tij(p1 — Sij)
Y Y wij(po — 1+ Si)’

which is identical to exp(6y).

Example 4: missing responses. We now assume that there are some missing
observations, and \;; = Pr(R;; = 1 | y;, %;) where logit \j; = ag+a1y;;. Suppose
we use the estimating equations (B.IT]), which are unbiased for complete data,
for the observed data:

h(yii0) =Y rijxi[{1+ exp(07xij) byij — exp(07xi5)], (3.14)
j=1
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where r;; is a realization of the missing data indicator R;;. > i h(yi; ;) =0
defines the estimator 6. Using calculations similar to those in Example 1 we
obtain

. i exp(ag + a1) exp(0Tx;;)
Eo{h(Y:0M)} = 3 x5
al ) = x ]{ 1+ exp(ag + a1) 1+ exp(07%;5)

B exp(ag)  exp(0*Tx;;) (3.15)
1+ exp(ag) 1 + exp(0Tx;;) [ ’

The naive estimator has the explicit expression, in the special case that z;; = 0, 1,

> i Z —1 Tij RijYi
> i Zj:l zijRij(1 —Yy;)’

and the adjusted version leads to

exp(0;,) =

1 4 exp(ap + 1)

6y
aP0n) = pan) + explan + a1)

exp(dy,),

indicating, as in Example 1, attenuation or enhancement of the true effect as oy
is greater than or less than 0.

Another way to obtain an unbiased estimating equation is to introduce \;;
as a weight in (BI4), leading to the inverse probability weighted generalized
estimating equations of [Robins, Rotnizky and Zhao| (1995) and [Fitzmaurice,
Molenberghs and Lipsitz (1995). These are

m

T .
yz, Z Z] 7’.]{ 1 _|_€6 Xz])y‘7 eeTXU}

and, in the case of binary z’s, have as the solution the estimator

Doy >ty wigrigYii{1 + exp(—ag — a1Yi;)}
Doy >ty wigrig (1= Yi ) {1+ exp(—ag — 1Y)}

which may be compared with the adjusted version

eXP(ég) =

1+ exp(ag + o) Doy 2ty ijrigYij
exp(a1) +exp(ao +a1) D1, Z b wigrig(1—Yig)

exp(f,) =

If we try to obtain an unbiased estimating equation from h(y;; @) using (I.T),
the resulting expression involves a quadratic function of exp(f,) which is quite
cumbersome.
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Example 5: covariate misclassification. Now suppose that we have a single
binary covariate x;;, but misclassified, so that we observe w;; with

Pr(Wij = 1‘1’1']‘ = O) =D and PI"(VVZ'j = 0|:El'j = 1) = Po,

where pg and p; have a different meaning than in Example 3. We further assume
x;j = 1 with probability = and 0 with probability 1 — 7. The estimating function
based on (3.I1]) is easier to work with than the GEE version (3.10), so we start
with a naive estimating function replacing x;; by w;;

h(yis0) = wij[{1 + exp(0wi;) }yi; — exp(6wij)].
j=1
We then have

exp(#) — exp(6”)
1+ exp(0)

+p1(1—m)

Eo{h(Y;0")} = m{(l — po)m 1—Xp<9>}

2

which, by (3] leads to

{21 = po)m + p1(1 — )} exp(0) + p1(1 — )
{21 —po)mr+p1(1 —7)} + p1(1 — 7) exp(f)
This relationship reveals that, in special situations such as py # 1 but p; = 0 or
m =1, we have 0* = 0. In general situations with 0 <p; <1l and 0 <7 <1, we
have 0* > 0 if and only if 8 < 0.
The naive estimator is, from solving > 7 | h(y;;6) = 0, given by

exp(@) = > i 21 WigYi
" i L Wi (1 - Y)

exp(0*) (3.16)

Therefore, the adjusted estimator is
2{(1 = po)m + pr(1 = m)} 32, WisYiy — pr(1 — ) 3205 Wi
2{(1 —po)m +pr(1 = m)} 327 Wi (1 = Yy5) — pr(1 — ) 3200 Wiy

We compare this approach to that of correcting h(-) for its bias, which leads to
the estimating equation

exp(én) =

ntY S wi[{1 4 exp(Bwi) by — exp(fwi;)] — (%)

i=1 j=1

[p1(1—7){1—exp(0)}] =0

and gives the consistent estimator

exp(l) = 23 i1 21 WigYiy — mnpi(1 — )
o S S Wi (1= Yeg) — mnpr (1 - m)”
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Figure 1. Asymptotic relative efficiency of 6, relative to ,, based on the
expressions given in Theorem 2, presented as a function of 8 for three choices
of misclassification probabilities: (i) po = 0.30, p1 = 0.05 (solid), (ii) po =
0.05,p1 = 0.30 (dashed), (iii) po = p1 = 0.45 (dashed-dotted). The z;;s are
equal to 0 or 1 with probability 1/2.

Figure 1 shows the asymptotic relative efficiency of 6,, and 0, for three different
choices of the probabilities of misclassification.

4. Comparison of Estimators

In this section we compare the estimators obtained from the two approaches
described in Section 1: modifying a biased estimating equation by subtracting
its expectation, or modifying the point estimator using the relationship between
0* and 0. As shown in Appendix A, in special cases these two methods lead to
the same estimators though in general, the two do not.

For ease of notation we consider the case that ¢ is a scalar. Assume subse-
quent quantities, such as inverses and derivatives, all exist. As before, 6}, is the
estimator obtained from (L.2Z). Now let 6, denote the estimator obtained from
(CI). Applying Taylor series expansions to H,(6*) and H,(6,) around 6* and
0, respectively, and using (L) gives

Hn(0)
H,(6%)

4 op(%), and , = 0 g’;g + op(%).

n

0, =0 — K (6)

Now we examine approximations to the denominators H',(6*) and H’ () . Let
u(f) be the score function (0/00)log f(y;0) and Jph(Y;6) denote the derivative
of h(Y;0) with respect to 6. Then we find

H,,(0%) = Eo{H},(07)} + Op(i) = Ep{0p-h(Y;07)} + Op(

L
7 /)
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F,(0) = B T,(0)} + 0, 72)
= E{04h(Y:0)} + Oy =)
— By {u(®)h(Y:0)) + op(\/lﬁ) by unbiasedness of (Y 6)
= ~Ep{ul0)h(¥:0)} = Ep{u(0)}Ea{h(Y:0)} + Oy =)
— By {u(®)h(Y:0)} + op(\/lﬁ) by unbiasedness of u(6),
leading to
b= KO g T Byt O O
By the definition of §*, we have
/h(y; %) f(y; k(67))dy = 0. (4.2)
Differentiating ([@Z) with respect to 8%, we obtain
[ otz £0i0)dy + [ iy 6050 (67)y =0,
and hence,
KO = e ) (43)
Expanding h(y; 0*) in (@2) around 6, we obtain
[0+ @ - 0)0uh(a:0) + 06"~ O} f(wiO)ay =0, (44
leading to
H(0) = —(0" — 0)Ep{0sh(Y:0)} + o(6" — 6). (4.5)

Here o(6* — 6) denotes the remainder in the Taylor’s expansion in (4.4]), which
can be expressed as a polynomial in 6* — 6. Substituting (£3) and (@3] into

(1)) yields
R H,(60%) Ha(6) = H(6) |

oo =00 = B @y 07~ Be(u@h(v:0)) T P )
) Ha(0) - (0 — O)Epsh(Y:0)} + (6" — )
= B lu)h(Y 0] Eo{u(0)h(Y:0))

+0,(—=)
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Ho(0%)  Hu(0) _ (0" — g)Lol0h(Y:0)}
Ep{u(0)h(Y;6%)}  Eg{u(0)h(Y;0)} Ep{u(6)h(Y;6)}
Fo(6* — ) + O, (—).

NG

Further examining the terms in square brackets by Taylor expansion, we have
Hy,(07) = Hn(0) + (6" — 0)H,,(0) + (6" — 0),
Eg{u(0)h(Y;6%)} = / h(y; 0%) f(y; 0)dy
/’wmwﬁv@ﬁmy
+/UWH%m@ﬂﬂw:ﬂﬂw0Mmm—ﬂ%+dm—0)
= Ep{u(0)h(Y;0)} + (0" — 0)Eg{u(0)0ph(Y;0)} + o(0" — 0).
Therefore,

H,,(6") _ H,(0) H g
Eo{u(0)h(Y;6%)} E@{U(@)h(Y;Q)}{1+(9 O)Hn(e) + o(0 9)}

Ed{u®)oh(Vi0)}
By {u(O)h(V:6)} *“9‘94

H, (6) (LHQ adﬂ“” Eq{u(0)9sh(Y:0)}

~ By {u(0)h(Y:0)) Ho(6)  Eg{u(@)h(Y:6)}

1= (0" —0)

+o(* — 9))
As a result, we obtain
S H (6) Hy(0)Eg{u(0)0ph(Y;6)}
On = On = (67 = 0) (Eg{u(e)h(Y; 0)}  [Ee{u(0)h(Y;0)}]2

Eo{0ph(Y;0)} . .
 Bo{u(@)h(Y; 9)}) o0 —0)+ Op(%)- (4.6)

Equation (4.6) as a formal expansion shows that the difference between estimators
6, and 6, depends on the estimating function h(Y;0) and its derivative, the
correlations of these two functions with the score function, and the asymptotic
bias 0* — . The term o(6* — 0) is only useful if there is some measure by which
the asymptotic bias is small. In problems with missing or misclassified data, as
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in our examples, this bias will be determined by the missing or misclassification
mechanism.

The theory of estimating functions summarized in the introduction gives
the result that under regularity conditions, \/ﬁ(gn — ) is asymptotically nor-
mal with mean zero and 7 co/matrix T'~1(0)2(0){T'"1(0)}", where T'(§) =
Ep{Oh(Y;0)/06T}, 2(0) = Ep{h(Y;0)hT(Y;0)}, and h(Y;0) = h(Y;6) —
Ep{h(Y;6)}. Consequently, the asymptotic relative efficiency between estima-
tors 571 and 5n can be obtained using Theorem 2. In general, neither estimator
will outperform the other uniformly. In Appendix B, we give an example to
illustrate this point.

5. Discussion

In this paper we investigate issues concerning misspecification of estimating
functions and establish some asymptotic properties. This gives a means for de-
veloping consistent estimators by modifying estimators obtained from convenient
estimating functions that may not be unbiased. This may be particularly useful
in understanding the bias induced by missing or mismeasured data. Starting
from a manageable estimating function, we can apply Theorem 1 to obtain a
consistent estimator, and Theorem 2 to choose among alternatives.

For incomplete longitudinal data, Rotnitzky and Wypij (1994) provide an
algorithm for determining k(6*) when the responses and covariates follow a dis-
crete distribution, and illustrate this under an assumed model for missing data.
This could be used to check if k(6*) is monotone, which is needed for the appli-
cation of the delta method in Theorem 2. Their Figure 1 is consistent with the
results of our Examples 1 and 5, showing positive or negative asymptotic bias
in the naive estimator. As they note, their method does not give a means for
constructing a bias adjustment.

As pointed out by a reviewer, in our examples the parameters governing the
response are all assumed to be of interest. If some components of the parameter
f in the estimating equation are considered to be nuisance parameters, then
the extension of the results here using constrained estimators for the nuisance
parameters should be relatively straightforward.

The parameters governing the missing data or misclassification processes, on
the other hand, are indeed nuisance parameters in this setting, and have been
treated as known. This allows us to focus the discussion on the parameters of
primary interest, and is useful for certain situations, especially for sensitivity
analyses to assess the impact of different degrees of missingness or misclassifica-
tion on estimation of the parameters of interest. If the values of these nuisance
parameters are not known, they must be estimated, either from additional data
sources or from a specification of a model for the missing data. For instance,
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estimation of the misclassification parameters can be directly undertaken if there
is a validation subsample, treated for example in [Carroll et all (2006). Another
widely used approach to estimation of the missing data parameters is to fit a
logistic regression to the missing data, which is appropriate under missing at
random or missing completely at random mechanisms; see, e.g., |[Diggle and Ken-
ward (1994). With data missing not at random, the issue of nonidentifiability
may arise and sensitivity analyses can be a useful alternative to provide insight
into the possible effects on estimation of the parameters of interest (Fitzmaurice,
Molenberghs and Lipsitz| (1995))). It would be interesting to incorporate a gen-
eral theory of nuisance parameter estimation into the biased estimating equation
framework but this is beyond the scope of this paper.

The current development could also be used as a convenient tool for indirect
likelihood inference, reviewed in [Jiang and Turnbull| (2004). The formulation of
an indirect likelihood requires an intermediate statistic that has an asymptot-
ically normal distribution, and our results provide a theoretical basis for this.
Another extension of this work concerns partial misspecification of models. It
may be possible to develop a hybrid inference method by combining the devel-
opment here with the pairwise likelihood techniques discussed in [Cox and Reid
(2004). More convenient and efficient inference procedures may be generated to
preserve robustness of estimating functions and efficiency of likelihood-related
formulation.
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Appendix A

Suppose we start with a biased estimating function )" ; h(y;;6) and create
an unbiased estimating function as at (LI]):

n

H,(0) =n~"Y h(y;0) =n"'Y h(yi;0) — Eo{h(Y;0)}.
=1

i=1

Denote by 0, the root of H, (8) = 0. We know, under regularity conditons on h
and the underlying family of distributions, that 6,, is consistent for # as n — oc.
If h(y;0) = h1(0)ha(y) + h3(0), where hy(¢) is a p x p non-singular matrix,

and hy(y) and hs(f) are p x 1 vectors, then 6,, is identical to the adjusted
estimator outlined at ([L4) and (LA, as

Ep{h(Y;0")} = hy(6") Ep{ha(Y)} + h(67),
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showing that Eg{ha(Y)} = —{h1(9*)}_1h3(9*) Since 0 = (1/n) >, h(y;; 5;1) =
hy(6;) Soiy ha(yi) +hs(6;,), K () = —{hi(0;)} " hs(0;,), where K(6) = Ep{hy(Y)}.
On the other hand, n=t 3" [ha(y;) — Ea{h2(Y;)}] = 0 is solved by 6,,, show-
ing that the two estimators are identical, provided K(-) is a vector of monotone
functions.

As an example to show that the methods lead to different estimators in
nonlinear situations, suppose Y; = (Y1, Yi2) is a binary vector with independent
components and E(Y;;) = p. Let

M+ Yi2

h(yi; 1) = Trum 1;
K

we have E,{h(Y;;u)} = 2u — p? — 1, and hence

By = Ly B2 o2y
! n— 1+yn
has the solutions
1 — 1 1 — 1 & i
=1 + = - iz
2n <~ 1+ya 2nZ:11+yzl — 1+uya

Detailed examination indicates that for consistency we need to take the positive
square root if g > 2/3 and otherwise the negative square root. Using the biased
estimating equation we get the preliminary root

e = v/ (L4 ya)

fin 2ic /(L +ya)
and, combining this with E, {h(Y;;p*)} = (0 + p)(1 — p/2) — 1, gives fi, =
(1/2){2— ik /132 + 4%, — 4}. For example if the four pairs (1,1), (1,0), (0,1)
and (0, 0) have equal frequencies n/4 in the sample, then fi,, is 2/3 or 1/2, whereas
fin, is 3/4 or 1/2.

Appendix B

This example illustrates the discussion of relative efficiency at the end of
Section 4. We consider a simple case with independent binary variables Y;; and
Yio,i=1,...,n. Let u = E(Y;1) = E(Yi2) be the parameter of interest. Consider
an artificial case in which the function h(y;; p) is specified as h(y;; 1) = ying1 (@) +
yieg2(1) + g3(c) for some functions gi(-)(k = 1,2,3) and a constant ¢. This
function is not unbiased in general, as E, {h(Y;u)} = p{g1(n) + g2(n)} + g3(c).
Thus p* is the point satisfying

{1 (p*) + g2(p*)} + gs(e) = 0. (B.1)
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It is easily seen that (I.4]) is given by

_ *®\ 93(0)
1= ROC) = = 0 + ) (B.2)

To obtain the estimator fi,, let

n

Wy ) = hiyi; 1) — p{g1 () + g2(1)} — gs(e)  and Ho(p) =n~" Y hlyis p)-
i=1

Direct calculations lead to
I'(u) = Bu{ b= —{g1(n) + g2(p)},

S(p) = B {h2(Yis )} = u(1 — ) {g? (1) + g3 (u)}-

Therefore, avar(fi,) = I'=2(u)X(p).
Regarding the estimator [i,,, direct calculations lead to

( 1)

On(Yi; )
o

Alp) = Ep{—"—

B(p) = Eu{h” ( i 1)}
= 1{gi () + g5(10)} + g5 (c) + 212 g1 (1) g2 (1) + 2p{ g1 (1) + g2(11) }g3(c).

b= u{gr () + g5 (1)},

Therefore the asymptotic variance of i, is

* 2
wvar(z,) = { L A2 5

It is readily seen that by choice of the functions gi(-) and constant ¢, we
can make this smaller or larger than the asymptotic variance of ji,. For exam-
ple, with ¢1(t) = t and go(t) = 0, then avar(u,) = pu(1 — ) and avar(p,) =
—(u3/g3(c))[2g5(c) it + p3 — g3(c))in combination with (B.2)). Given a value of y,
choosing a function g3(-) and a constant ¢ satisfying g3(c)(2u — 1) + g2 > 0 and
g3(c)(1—p) + g3(c)(1 = 2p)p? — p® > 0 results in avar(fi,) < avar(fiy,). In partic-
ular, choosing g3(c) = —1 leads to a more efficient estimator fi,, asymptotically

if u<(v5-1)/2.
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