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FOR A GENERAL CLASS OF STATISTICS

Bing-Yi Jing and Qiying Wang

Hong Kong University of Science and Technology and University of Sydney

Abstract: This paper is concerned with Edgeworth expansions for a general class of
statistics under very weak conditions. Our approach unifies the treatment for both
standardized and studentized statistics that have been traditionally studied sepa-
rately under usually different conditions. These results are then applied to several
special classes of well-known statistics: U-statistics, L-statistics, and functions of
sample means. Special attention is paid to the studentized statistics. We establish
Edgeworth expansions under very weak or minimal moment conditions.
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1. Introduction

Suppose we are interested in the distribution of a statistic, T = T'(Xqy,...,
Xp), where X1,..., X, is a sequence of independent and identically distributed
(ii.d.) random variables (r.v.’s). Typically, one can use the delta method to
show that T converges in distribution to a normal distribution. The rates of

1/2 and can be described

convergence to normality are usually of the order n~
by Berry-Esséen bounds. To get a better approximation than asymptotic nor-
mality, one can develop higher-order Edgeworth expansions under appropriate
conditions.

The theory of Edgeworth expansions dates back a long way, the simplest
case being the Edgeworth expansion for the sample mean. Much effort has been
devoted to Edgeworth expansions for other classes of statistics, such as functions
of means, U-, L-statistics, and others. On the other hand, Edgeworth expansions
for their studentized counterparts have also gained much momentum, partly due
to their usefulness in statistical inference. It is worth pointing out that each of the
methods for deriving Edgeworth expansions for the above-mentioned statistics
was tailored to the individual structures of these statistics. A general unifying ap-
proach is to consider symmetric statistics, which include all the aforementioned,
as in [Lai and Wang] (1993), Bentkus, Gotze and van Zwet| (1997), and Putter
and van Zwet! (1998)) for instance.



614 BING-YTI JING AND QIYING WANG

A quick glance at the literature reveals that the moment conditions in Edge-
worth expansions for the studentized statistics are typically stronger than for the
corresponding standardized statistics; see Section 3 for more discussions. One
notable exception is the case of the sample mean, where the third moment is
enough for both the standardized mean and Student’s ¢-statistic, see [Hall (1987)
and Bentkus and Gotze (1996)), for instance. This begs the question whether the
same phenomenon is also true for U-, L-statistics, and other classes of statistics.

In this paper we address this issue. We consider Edgeworth expansions for
a very general class of statistics, and then apply them to some special cases of
interest. In particular, we consider statistics of the form 7,,/S,,, where

T =N 1/22 —I—TL 3/226 XuX)""/lm
1<j
1
S2 =1+ 27 Xi, X;) + Van,
n(n — Z<j

with Vi, and V5, as remainder terms. Omne can think of T, as the statistic of
interest and S?L as the normalizing variable. We refer to T,,/S,, as the studentized
statistic when S,, is random, and as the standardized statistic when S,, = 1.

There are several reasons to consider such a class of statistics. First, a great
many of commonly-seen statistics belong to this class. These include (standard-
ized or studentized) U-, L-statistics, and function of sample means. Second, the
approach taken in this paper unifies the treatment for both standardized and
studentized statistics. For example, if y(z,y) = 0 and Vb, is sufficiently small
in the normalizing variable S2, then the studentized statistic T},/S,, will reduce
to the standardized statistic T,,. Therefore, it is possible to derive asymptotic
results for both cases under the same set of conditions. Finally, the conditions
required for our main results are very weak, and often minimal; see Section 3.

Section 2 gives the main results of the paper. They will be applied in Section
3 to several well-known examples. Proofs and technical details are given in
Sections 4 and 5.

Throughout, we use C to denote some positive constants, independent of
n, which may be different at each occurrence. For a set B, let I ) denote an
indicator function of B. The standard normal density and distribution function
are denoted by ¢(x) and ®(x), respectively. Finally, write

EED SIS S SN SES SD S S

i<j 1<i<j<n <j<k 1<i<j<k< u 1 k i,5,k=1
J <i<y< i<j <i<j<k<n i#£] 2 i#£j# e b



A UNIFIED APPROACH TO EDGEWORTH EXPANSIONS 615

2. Main Results

Let X, X1,...,X,, be a sequence of i.i.d. r.v.s. Let a(x), B(x,y), v(z,y)
be some Borel measurable functions of x, y, and z. Let V;, = Vi (X1, ..., Xp)
(1 =1,2) be functions of {X1,...,X,}. Let

Ty =n""23 " a(X;) +n~*2Y " B(Xi, Xj) + Vin, (2.1)
j=1 1<j
1
S2 =14+ — Y (X4, X) + Vo 2.2

The dominant term in 7T},/S,, is n~'/2 > j—1 @(Xj), which converges in distribu-
tion to a normal distribution as n — oo under weak conditions. We first give

an Edgeworth expansion for T},/S,, with remainder o(n~'/2) under very weak
conditions.

Theorem 2.1. Assume the following.
(a) a(X1) is nonlattice; B(x,y) and y(x,y) are symmetric in x,y.
(b) Ba(X1) =0, Ea?(X;)=1, Ela(X1)P < oo,

E[B(X1,X2)|X1] =0, E|B(X1,X2)]? < o0,

Ey(X1,X2) =0, Ely(X1, X2)[*? < o0,
(c) P (|an| > 5nn_1/2) =o0 (n_l/z), j=1,2, where 6, >0 and 6, — 0.
Then we have sup,, |P (T,,/S, < x) — Ep(x)| =0 (n_l/z) , where

o) (z)

En(z) = ®(x) — NG (Ea®(X1) + 3Ea(X1)a(X2)B(X1, X))

z®3) ()
-~

The next corollary may be easier to use in some applications.

Ea(Xl)’y(Xl, XQ).

Corollary 2.1. Assume the conditions of Theorem 211, except with S re-
placed by S2 =1+ n=3 >izjrr M Xiy Xj, Xi) + Vo, where En(Xy, X2, X3) = 0,
En(X1, Xa, X3)|3/% < co. Then sup, |P (T,/Sn) — En(x)| = 0 (n71/2), where

dC) ()
6v/n
z®3) () >
_ NG >

1=

Ep(z) =®(z) — (Ea®(X1) + 3Ea(X1)a(X2)B(X1, X2))

EO&(Xi)n(Xl, XQ, Xg)
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Remark 2.1. If y(z,y) = 0 in Theorem [Z1] we get sup, |P (T,, < z) — Epo(x)|
=o0 (n_1/2), where E,o(z) = ®(z) — 6~ 1n"1/200) (2)(Ea’(X1) + 3Fa(X1)a(Xs)
B(X1,X2)). The Edgeworth expansions for both types of statistics thus hold
under the same conditions if one can show that conditions for (X1, X2) in T},/S,,
are implied by those imposed on «(X;) and 3(X;, X2). Such examples can be
seen in Sections 3.2 and 3.3.

Remark 2.2. The underlying distribution F' of X;’s is typically unknown in
practice, so one cannot directly apply Theorem 2.1] and Corollary 2.1l since they
involve unknown quantities such as Fa?(X1) and Fa(X1)a(X2)B(X1, X2), etc.
In such situations, one could use empirical Edgeworth expansions (EEE) E,(x)
obtained by estimating the unknown quantities in F,,(z) by their empirical ver-

sions (e.g., the jackknife).

Remark 2.3. [Singh| (1981) used a second-order Edgeworth expansion for the
mean of a sample from a nonlattice distribution to show, for the first time, that
the bootstrap distribution approximates the true distribution of the standardized
statistic better than the normal approximation under a finite third moment. This
classical result has been extended by Bloznelis and Putterl (2003) to Student’s
t-statistic under the same optimal conditions. It would be of great interest to
find out whether similar results hold under the conditions for the more general
statistics considered in this paper. We hope to be able to report on this.

3. Some Important Applications

In this section, we apply the main results in Section 2 to three well-known
examples: U- and L-statistics and functions of the sample mean, which results in
second-order Edgeworth expansions under very weak, often optimal conditions.

3.1. U-statistics

Let h(x,y) be a real-valued Borel measurable function, symmetric in its
arguments, with Fh(X1, X2) = 0. Define a U-statistic of degree 2 with kernel
h(z,y) by

2
Up,=—"—)> h(X;, X))
" n(nfl)z (X, X3)

1<j

Let g(X;) = E (h(X;, X;) — 0| X), 03 = Var (9(X1)), and
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Note that n?R2 is the jackknife estimator of 403. Let the distributions of the
standardized and studentized U-statistics be, respectively,

Gunla) = P (V2= <) and Gl = (VU <),

20'g Rn o

Asymptotic normality of Gi,(x) and Gy (z) was established by Hoeffding
(1948)) and [Arvesen! (1969), respectively, provided that Eh?(X1, X2) < oo and
03 > 0. Berry-Esséen bounds for Gi,(z) were studied by many authors, see
Bentkus, Gotze and Zitikis| (1994) and references therein. Also see Wang and
Weber! (2006]) for exact convergence rates and leading terms in the Central Limit
Theorem. Berry-Esséen bounds for Ga2,(z) have been given by many authors;
see Wang, Jing and Zhao| (2000) for references. On the other hand, Edgeworth
expansions for U-statistics have also been intensively studied in recent years.
For Gi,(x), under the conditions that 03 > 0, the d.f. of g(X7) is nonlattice,
Elg(X1)|]? < 0o, and E|h(X1, X2)|?*€ < 0o for some € > 0, Bickel Gotze and vanl

Zwetl (1986) showed that

Sup |Grn(2) = Eno(2)] = o(n™""?), (3.1)

where

() 2 3
E, =&(x) — —1){Eg’(X 3Eg(X1)g9(X2)h(X1,X2) 7.
o(z) = ®(z) 63 (2% = 1) {Eg*(X1) + 3Eg(X1)g(X2)h(X1, Xa) |
Jing and Wang| (2003) weakened the moment condition E|h(X1, X2)|?>T¢ < oo to
E|h(X1, X5)|?/3 < 0o. On the other hand, under the conditions that 03 > 0, the
d.f. of g(X1) is nonlattice, and E|h(X7, X2)|*"¢ < oo for some e > 0, Helmers
(1991) showed that

sgp |Gaon(x) — Ep ()| = 0(12_1/2)7 (3.2)

sy

En(z) = ®(z)+ 20°+1)Eg®(X1)+3(2% +1)Eg(X1)g(X2)h(X1, X2) } -

Putter and van Zwet] (1998) weakened the (4+¢€)-th moment condition of Helmers
(1991)) to E|h(X1, X2)|?T¢ < .
The following result can be obtained from Corollary [2.11

Theorem 3.1. Suppose that the d.f. of g(X1) is nonlattice and 03 > 0.
(a) If E|g(X)|? < 00 and E|h(X1, X2)|?/3 < oo, then &) holds.
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(b) If E|h(X1, X2)|? < 0o, then (B2) holds.

Remark 3.1. The moment conditions E|g(X1)[> < oo and E|h(X1, X2)|?/? < 0o
are optimal for Edgeworth expansion of standardized U-statistics; see |[Jing and
Wang| (2003)). The conditions for Edgeworth expansion of studentized U-statistics
are suboptimal in the following sense: the condition E|h(X1, X2)|* < oo cannot
be weakened to E|h(X1, X2)|>7% < oo for any § > 0, but it might be weakened
to E|g(X1)|® < o0, E|h(X1, X3)|?/? < 00, and E|h(X1, X2)h(X1, X3)|3/? < 0.

Remark 3.2. If h(z,y) = (z + y)/2, then /n(U, — 0)/R,, reduces to Student’s
t-statistic. From Theorem [B.1] the moment condition for Edgeworth expansions
of error size o(n~1/?) for Student’s t-statistic is E|X;|*> < oo, which is optimal;
see [Halll (1987).

Proof of Theorem [B.Il Part (a) can be proved by applying Theorem [2.1]
directly. We prove part (b). Similar to (As) in [Callaert and Veraverbeke! (1981))
(also see [Serfling (1980))), we may write

Vn(Un—0)  n(Un —0)/(205) _ T
R, R,/ (204) S,
where T, and S? are defined as in Corollary 2.1l with
a(X;) = 05" 9(X;),
ﬁ(leX) = _1 [h(XhX) —0— g(XZ) - g(X])] )
n(Xi, Xj, X)) = 0—2 [h(XZ,X ) — 0] (X, X3) — 6] — 1,

Vi =n"*(n=1)7" Y B(Xi, X)),
2<]
— 202 Z ) n(n — 1)0—2 )
" (n= 1)(gn — 22 (A, X3) =) (n— 2)2g (Un —0)

By the properties of conditional expectation, it can easily shown that
Ea(X;)a(X2)B(Xi, X)) = 0 Eg(X1)g(X2)h(X1, Xa), i 1<izj<2,
Eo(X;)n(X1, X2, X3) = 0,°Eg®(X1), ifi=1,
=0, Eg(X1)g(X2)h(X1,X2), ifi=23.

In view of these estimates and the relations ®?)(z) = —z¢(x) and ®®)(z) =
(z2 — 1)¢(z), one can apply Corollary 211 to obtain

En(z) = ®(z)+ 6{ — == {(22°+1)Eg’(X1)+3(2* + 1) Eg(X1)g(X2)h(X1, X2) } .
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On the other hand, condition (a) of Corollary 21 can be easily checked. Then
Theorem Bl follows from Corollary 2ZZTif we can show P (|V;n| > n~2(log n)~1)
= o(n~1/?) for j = 1,2, but this follows from Lemma E.I] below.

3.2. L-statistics

Let X1,..., X, bei.i.d. r.v.s with distribution function F'. Denote the empir-
ical distribution by F,(z) = n~1 > j=11(x;<z)- Let J(t) be a real-valued function
on [0,1] and T(G) = [2J(G(z)) dG(z). Then T(F,) is called an L-statistic; see
Serfling (1980). Write s At = min{s,t}, s V¢ = max{s,t}, and

o2 = o2(J, F) = //J(F(s))J(F(t))F(s/\t) [1— F (s Vt)] dsdt,

A natural estimate of 02 is 52 = 02(J, F,,). Let the distributions of the standard-

ized and studentized L-statistic T'(F,,) be, respectively,

L) — P (x/ﬁ(T(Fn) ~T(F) _ x) o
L) — P (ﬁ(T(FnA ~T(F) _ ) |

Asymptotic normality of Li,(x) and La,(x) holds if E|X1|? < oo, 02 > 0,
and some smoothness conditions on J(t); see [Serfling] (1980). Berry-Esséen
bounds were given for them by [Helmers (1977)), van Zwetl (1984), [Helmers,
Janssen and Serfling| (1990), Helmers| (1982), and [Wang, Jing and Zhao| (2000).
Also see Wang and Weber for exact convergence rates and leading terms in the
Central Limit Theorem. On the other hand, Edgeworth expansions for Li,(x)
were given by [Helmers (1982), [Lai and Wang] (1993), among others. Edgeworth
expansions for Lo, (z) were studied by [Putter and van Zwetl (1998)) under some
smoothness conditions on J(¢) and the moment condition E|X1|3>T¢ < oo for some
€ > 0. The next theorem shows that this moment condition can be weakened.

Theorem 3.2. Assume the following.

(a) J"(t) is bounded on t € [0, 1].

(b) 02 >0 and [[F(t)(1 — F(t))]*/3dt < c.

(c) the d.f. of Y = [ J(F(s)) (I1x,<s) — F(s)) ds is nonlattice.

Then we have

Lin(z) — Eno(x)| = o(n™?) and sgp‘LG(:ﬁ)—Eﬂ(x) =o(n %), (3.3)

sup
X
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where Epg(z) = ®(z) 4+ 6~ 1o 3n1/2 (—3a1<b(1)(:c) + az®®) (z)) and

g

Here, Jo(t) = J(F(t)),
o = o2 / J(@)F(2)[1 — F(x)|dz,
ar= [ [ [ B () (e} 61,2 + Ty Ka(e. . )] dodydz,

0 —///Jg Vo) [Jo(=)Ks(@, . 2) + 3J5(2) Kz, 2) Ka(y, 2)] dadyd:,
Ki(z,y,2) =[F(x AyAz) — F(x ANy)F(2)] [(1 - F(x Vy)]
+F(x Ay)F(zVy)[F(z) —1],
Ky(z,y,2) =F(x Ay)[1 = F(xVy)][FyAz) - F(y)F(2)],
Ks(v,y,2) =F(x ANy ANz) = F(x)F(y A z) — F(y)F(z A 2)
—F(2)F(z Ny) +2F(z)F(y)F(2),
Ky(z,y) = F(z Ny) — F(x)F(y).

(
) —

Remark 3.3. Note that [[F(t)(1 — F(t)]'/3dt < oo is weaker than E|X;[3+¢ <
oo for every € > 0. To see thls ﬁrst apply Markov’s inequality to get F'(¢){1 —
F(t)} < E|X1>7¢/|t|>T¢. Then,

/ (PO — PO} 3dt < / Ldt + / (PO — PO}t
<1 51
<2+ (E]le3+€)1/3/| [t~/ dt < oo
t|>1

Proof of Theorem We only prove the second relation in (B.3)), the first
can be done similarly. erte

To(t) = J(F, Z(s t,F) = F(s At)(1 = F(s V1),
E XUX =0 // JO JO X Ss/\t)I(Xj>s\/t) - Z(‘S?tvF)) deta

o(Xi, Xj, Xp) =0~ / Jo(s)Jo(t) [I(Xigt) — FO)] Iix,<sntyI(x,>svt) dsdt.

From Lemma B of [Serfling (1980 - 265) we have T'(F,)—T(F) = — [[Ki(Fn(x))
—Ki(F(x))]dz, where K (t fo u)du. We now can write

Vi(T(Fy) —T(F)) _ Va(T(F,) —T(F)) /o _ Ty +n "?ES(X1, X))

5 /o - S ’
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where T, and S? are defined as in Corollary 21l with

a(x;) =0~ [ (e [I<X.<t) ~ F(0)] d,

8 X5) = =0~ [ Jy(0) vz = F(O) [T, F0)]
13, X, Xe) = €(X, X, >+¢<Xz,X Xy,
Vial < 3/2\2 ~Bp X)) [+t [ 10~ Foar

Vén - an + Q2n + Q?ma

where the Q);,,’s are

Qun = 20~ / /  I($)(Fals) — F(s))] Jo(t)Z(s,t, Fu)dsdt,
Qun =0~ / / n(5) — Jo(8)] [Jn(t) — Jo(8)] Z(s,t, Fy)dsd,
Q3n—n 32 Xk +§0(XjanvXk)+90(Xkan?X/€)]

J#k

1,=2 //F(s/\t) [1— F(sVt)]dsdt.

Conditions (a) and (b) in Corollary 2] can be easily checked. Let us check
condition (c). It suffices to show that

P ([Vin| = n~"2(1logn) ™) = o(n""/?),
P (1Qinl = n72ogn) ™) = o(n™2), forj=1,2,3,  (34)

For illustration, we only prove (B.4]) for j = 1. Others can be shown similarly.
Noting that Z(s,t, Fy) < [Fa(s)(1 — Fu(s)]Y2 [Fu(t)(1 — F,(£))]/?, we have

|Qin| < 0™ SUp\Jo )Jo(y \// N2Z(s,t, Fy,)dsdt
< Co? / (F )2ds / FY2(0)(1 - Fa(t) 2t
= Q6n Q?na say. (3.5)

Using the inequality E|F,(t) — F(t)|* < Cn=*2F(t)(1 — F(t)), we get

EQE, = ///E {(Fu(s) — F(s)*(Fp(t) — F(1))*(Fu(v) — F(v))?} dsdtdv
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3

< </ (E|Fn(8) - F(S)|6)1/3 d8>3 < Cn_3 </ F1/3(8)(1 _ F(S))1/3d8>
Similarly, we can show BQ%, < ([ FY2(s)(1 ~ F(s))/%ds)’. Therefore,

P (\Q1n| > n*1/2(10g n)*1> < <n1/2 log n) 3/2 E|Q1n|3/2
< 32573 (n1/2 log n)3/2 (Ean)l/Q (EQ;;”>1/2
< Cn¥/4(log n)?*/? ( / (F(H)(1 — F(t)]1/3dt>3
=o(n"1/?).

Finally, we can apply Corollary 21to get sup, | P (T},/Sp <) — Epn(z)| =o0(n~1/?),
From this, and using the similar method as in proof of Theorem 2.1 we can get

sup
xT

Sn

b (Tn _i_n*l/QEﬁ(XlaXl) < x) _ n_1/2¢(1‘)Eﬁ(X1,X1) — E,(z)

= o(n~1?).
This reduces to ([B.3]) after some tedious but routine calculations.

3.3. Functions of the sample mean

Let Xi,...,X, be iid. r.v.s with EX; = g and Var(X1) = 02 < oo; let
f be differentiable in a neighborhood of p with f’(u) # 0. The asymptotic
variance of /nf(X) is a]% = (f'(w)* 0% Write X = n 23" X; and 62 =
n~t>" (X; — X)2. A simple estimator of a]% is | f/(X)|> &, and the jackknife
variance estimator of 0]20 is

3}20 — n; 1 Z <f(f(j)) —f(Y))Q, where XU = nil (;Xz —Xj> :

j=1

Write the distributions of the standardized and studentized f(X), respectively,
as

bto)—p (LUEI0D ) gy p (VDI )

Asymptotic properties of Hy,(z) have been well studied (see Bhattacharyal
and Ghosh! (I978) for instance). On the other hand, Miller| (1964)) showed that
8}20 is a consistent estimator of aj% and hence proved that Hs(x) is asymptotically
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normal. ApplyingBai and Raol (1991)), Edgeworth expansions for Hi,,(x) with er-
ror size o(n~/2) hold under the minimal moment condition E|X;|*> < co. [Putter
and van Zwet! (1998) gave Edgeworth expansions for Ha, (x) under E| X1 [3*¢ < oo
for some € > 0. The next theorem gives the optimal moment condition.

Theorem 3.3. Assume that f(S)(ZL') is bounded in a neighborhood of p and
(1) #0, E|X1|? < 00, and the d.f. of X1 is nonlattice. Then we have

(z) — E‘n(:n)‘ ~0 (n—1/2) . (3.6)

sup |Hyp(z) — E‘no(m)’ =o0 (n_1/2) ,

where p = E(X1 — p)3/0, b=2"taf"(u)/f'(u), and

Euala) = B(2) + 5% (1= -+ 6(2 = o)),
En(z) = ®(x HZ;EF)(Q 24+ 1)p+6b).

Proof. We only prove the second relation in ([B.6]), the first can be done similarly.
Applying Taylor’s expansion to f(X) — f(u) and n&fc, we get

Valf(X) = f(@)) _ To+n"'?
Gy S,

where T}, and S?2 are defined in (ZI]) and (ZZ), with

a() =BG, X) = Da(Xa(X,),
Y Xi, Xj) = a*(Xy) + a®(X;) — 2+ 2bo a(Xi)a(X;) [a(Xy) + a(X;)],
Vial < 3/212 — )=o) |+ ovalX -l

n

|V2n\§CZ’Y*M\k Z )2+ X — Z

k=2 =1 =1

C n
POl 2 - 0 | S (X X))
i=1 i)
Conditions (a) and (b) in Theorem [2.1] can be easily checked. Condition (c) can
be verified by applying Lemmas in the Appendix. Applying Theorem
21 we get

sup = o(n"1/?), (3.7)

x

P(% ) B

n
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where E,(z) is given in Theorem 211 It follows from (3.7)), and a similar method
to the one used in the proof of Theorem 2.1] that

P <W < :c) - \;’ﬁ@(l)(x) ~ En(2)| = o(n172).

Theorem B3] then follows from &) (z) = —zp(z), @) (z) = (2 — 1)¢(z), and

sup
xX

Ea®(X1) =p, Fa(X1)a(X2)B(X1,X2) =2b, Ea(X1)y(X2,X1) = p+2b.

4. Proof of Theorem [2.7]

4.1. Some useful lemmas

Lemma 4.1. Let g(x1,...,xzx) be symmetric in its arguments. Assume that
o\ L
Unlg) = (k) S gXa Xy
1<i1 < <ip<n

is a degenerate U-statistic of orderm, i.e., Eg(x1, ..., Tm, Xmi1,..., Xg)=0.
(a) IfE|g(X17 R 7Xl€)|p < 00,

E|Un(g)|P < C nmHDA=P) - for 1 <p <2,
E|Un(9)l" < C 0= "V for p > 2.

(b) If Elg(X1,...,Xk)|2 < 0o, then P (|Un(g)| > Cn=Y?) = o(n=1/2) for m > 1.
(c) If Blg(X1,...,X1)|*? < oo, then

P ([Un(g)] = Cn*/2(10gn) ™) = o(n™"/2),  for m =0,
P (|Ua(g)] = Cn=31) = o(n™12), for m=1,
P (|Un(g)| > Cn~ 2 (log n)*l) = o(n~Y?), for m=2.
(d) If BElg(X1,..., X1)|? < oo, then for allm >0 and k > 0,

P ([U(g)] = Cn™ 4 (logn)™*) = o(n™"2),

The proof of (a) can be found in Theorems 2.1.3 and 2.1.4 of [Koroljuk and Borovs-
kichl (1994)). Others can be shown by (a) of the present lemma and Markov’s
inequality.

Lemma 4.2.
(a) If E|X1| < oo, there exists a 6, — 0 such that P (| X| > 6,y/n) = o(n=1/2).
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(b) If EX1 = 0 and E|X1|*/? < 0o, there exists a 6, — 0 such that P (1X]| > 4,)
= o(n~1/?).

(c) I]CE|X1|3/4 < 00, then P (‘X’ > Cn) = 0(n—1/2).

(d) If EX; =0, EX? =1, and E|X;|? < 00, then Supx221010gnp(‘X| > |z|n~1/2
/3) = o(n=1/?).

Proof. To prove (a), let 63 = max{E|X1|I(‘X1‘Zn1/4), (2n_1/2E|X1|)3}. Since
E|X;| < oo, we have ¢, — 0 and

P(|X]| = 6.v/n)
<nP(|X;| > n?)

1 | EIX|
+P n3/2 ‘ ) (XJI(IXj|§n3/2) - EXjI(lXj|§"3/2)> ‘ 2 On = nl/2
j=1

- 3
<n 1/2E|X1|I(|X1|2n3/2) + W <EX12](|X1|§711/4) + EXIQI(nl/4<|X1‘§n3/2)>
n

8

~1/2 2 —1/2 _ ~1/2

SO(TL )+n(E|X1|)2EXII(‘X1‘§"1/4)+85nn —O(TL ) .

This proves (a). Similarly, we can prove (b) and (c¢). We prove (d) next. From

Chapter V of[Petrovi (1975), sup, (1-Hz|3) ’P (vVnX <z) —@(w)’ < Cn~2E|X 3.

From this and the inequality

1—®(z) < L oo 2 for z>1 (4.1)

— Pz e —_— roxz>1, .
T Vor T 14z

we have P (v/nX >|2|/3) < 1 — &(|z|/3) + Cn~Y2(logn)™! = o(n~'/?) for

n >3 and #? > 10log n. Similarly, P (y/nX < —|z[/3) = o(n~?) for n > 3 and

22 > 10logn. We have proved (d).

The proof of the next lemma can be found in [Jing and Wang| (2003)).

Lemma 4.3. Let V,(z) and Wy(z,y) be real Borel-measurable functions and
Wy (z,y) be symmetric in its arqguments. Assume the following.
(a) the d.f. of V,,(X1) is nonlattice for sufficiently large n.

(b) EVn(Xl) =0, EVnQ(Xl) =1, SUP;,>1 E‘Vn(Xl)’ZS < 00.
(c) E[Wn (X1, X2)|X1] =0, sup,>9 E|W, (X1, X5)[?/3 < .
Then,

n

P(ﬁ > ValX;) + # > WX, X;) < g:) — B, (2)

j=1 i<j

=o(n~7%),
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where L,(z) =n {E® (x —n~Y2V,(X1)) — (z)} — @ (2)/2 and

dC) ()
2y/n

The next lemma may be of independent interest.

Ep(z) = ®(2) + Lan(z) — BV (X1)Vi(X2) Wi (X1, Xa).

Lemma 4.4. Let &(x), ¢i(z,y), and V, = V,(X1,..., Xy) be real Borel mea-

surable functions in their arguments, and pj(x,y) = p;(y,z). Assume the fol-

lowing.

(a) The d.f. of &1(X1) is nonlattice and E&1(X1) =0, E&(X1)2 =1, B|& (X))
< 0.

(b) E&(X1) =0, Blé&(X1)*? < oo, Elé(X1)P/* < co.

(¢) Blpj(X1,X2)|X1) = 0, j = 1,2; Elp1(X1, X2)[*? < o0, Elp2(X1, X2)[*?
< 00.

(d) P(|Vn] = o(n=1/2)) = o(n=1/2).
Let 65 = &(X;) +n71(X;) and ¥nij(w) = 01(Xi, Xj) + an™200( X5, X),

1 « = 1
i=1 j=1

1<J
Ex(z) = @(z) — 67 'n 20 (2) (B (X1) + 3E& (X1)&1(X2)p1 (X1, X))
+n" V2203 (1) BEy (X)) (X).

Then, sup, |P (K,(z) < z(1+V,)) — Ex(z)| = o(n~?) as n — oo, .
Proof. Without loss of generality, we assume that
lp2(X;, X;)| < 4n?  for all 4, j. (4.2)

For, if not, we can define

903(Xi7Xj) = @2(Xi,Xj)I(‘<p2‘§n2) — E¢2(Xi’Xj)I(|gog|§n2)a
s X
Vnij(2) = 01(Xi, Xj) + —=pa(Xi, X;).

NG

Then we have

1 1 - .
32 Z Vnij(x) = 32 Z Ynij(x) + 2Ry, say.

1<j 1<j
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Write (5721 = E’(pg(Xl,XQ)‘3/2I(|§D2|27L2). Since F [gOg(Xl, XQ)’XI] = 0, we have

<1R*\ > ) = ( ’Z p2(X;, X;) 904<Xi7Xj)]‘ > jnﬁ)

1<J

< 4\/ﬁén 1E|QOQ(X1, X2)|I(|g02|2n2)

< (4\/5(5;1)71_1E‘902 (Xl, X2)|3/2I(|<p2|2n2)

< 45nn*1/2.
It is easy to show that &, — 0 and that p4(z,y) is a symmetric function sat-
isfying E(pa(X1, X2)|X1) = 0, Elpa(X1, X2)[*/? < 00, and |p4(X;, X;)| < 4n?.
Therefore, if ({.2]) does not hold, we can replace p2(X;, X;) by pa(X;, X;), and
Vi, by V,, — R}.

For simplicity, take V,, = 0. Clearly, this will not affect the result since

V,, only makes contribution of size o(n~1/2) to the Edgeworth expansion. Write

(X)) = LX) (1ea(x;)1<n/(1122))s E3(X5) = &3( X)L (jes(x;)|<n2/(11a2))s Snj =
£ (X;) +&65(X )/n and

= LNy L TN
Kn(x) - \/’ﬁ ;gl(X]) + n jz;gnj 3/2 ;wnm
Then we have
sup |P (K, (x) < z) — Eg(x)|
< s |P(Ku@) <o) - Bx(a)|+ swp |P(K}(x) <) - Bx(a)|

z2>10logn z2<10logn
b s |P(KA() < a) - P(Kala) < )
22<10logn

=P+ P, + Ps, say.

It suffices to show that P; = o(n~'/2) for i = 1,2, 3.
(i) First, we prove P = o(n~'/2). Write P, = P;" + P;", where

Pr= s |P(Ka(x) <) - Br(o)]
x>(10logn)1/2
< sup P(Ky(x) >z)+ sup |1 — Ex(x)]
x>(10logn)1/2 z>(10logn)t/2

< s <fzgl _§)+p(ij§:;1<mz;)

z>(101logn)1/2

+§:1£P( 3/221#7”] ) sup |1 — Ex(z)|

i<j z>(10logn)1/2

W\H
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= o(n12),

where the last equality follows from Lemmas B.IH4.2 and the inequality (4.1]).

Similarly, we can show that P, = o(n~'/2). This proves P; = o(n~'/?).
(ii) We show that P3 = o(n~'/?) next. Clearly
Py < sup |P (K, (z) <) - P(Ky(z) < o)
z2<1
+  sup P (Ky(z) >z, o # Spj» for some 7)
1<x2<10logn

+  sup P (Kj(z) >w, oy # Spj» for some 7)
1<z2<10logn
=: Qpo + Q1 + Qo say.

First consider §2,9. It is easy to see that

n2
P (snj # i) <P <]§2(X1)’ > 1 nx2> (’f?)(Xl)’ > : +$2>

o Lt fal + Jaf?
= n3/2

(Blea(X0) P Leaxiznsreasy
Bl (X0) P e xp i 1007) ) -(43)
It follows from ([E3) that Qn0 < supyecy D27y PG # Srj) = o(n=1/2).
Next we investigate ,1. Without loss of generality, we assume that z > 1.
Then in view of (£3]) and independence of X}, we obtain

1 & x " .
sup P(%Z&(Xk) > 3 g # Gpj» for some ])
k=1

1<x2<10logn

n n
L x
= o P(i §(Xk) > 5, Snj # <*'>

jz—; 1<x2<10logn \/ﬁ ; 3’ nj

< éz{\lﬁgl(x

n

) 4 Z sup P(\}ﬁ ifl(Xk) > %v Snj 7 §:Lj>

j=1 1<x2<10logn

D=

k]

1 & T
— o(n-1/2 .
=o(n%) + sup P(— &1(Xy) > —)P(g £ )
]z::l 1<x2<10logn \/ﬁ ; 6 nj nj
Py

= o(n1/%),

where we used the inequality: P(n~ Y231, &(X;) > z/6) < Cz 2 for all
K
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1 < j < n. From this and Lemmas E.IHE2] we get

1 T 1 — 1
Qpy < sup P<ng¢nij(x) > §> +P(n;§n]‘ > §)

x2>1
n

1 * .
Jn Zfl(Xk) > 2/3, Snj # Sy for some ])
k=1

= o(n~Y?). (4.4)

+ sup P(
1<z2<10logn

Similarly, we can show Q,2 = o(n~'/2). Thus, we have shown P3 = o(n~1/2).

(iil) Finally, we prove P, = o(n~/2). Write

Yai(7) = §1(X;) + % (i — Esns) »

o) = EYA@),  Ola) = s (1= ).
La(y)=n {E<I> (y - \/%> - <I>(y)} - %W)(y),
and define
Ria) = 7= §:j )+ @)
Fult) = 000) + £20) ~ 57 L B0 Voo o),
Bi0) = 00) ~ 57 O (Y 0) + 35 (1) Vol s

Then we have

P< swp swl|P(Ki@) <y) - Eay)|+  sup  sup|Ea(y) - E;(y)]
z2<10logn ¥ z2<10logn ¥

+ sup  [E;(0n(z)) — Ex(2)]
22<10logn
=: I1p + Iop + I3y, say.
Thus, P, = o(n~"/?) follows if we can show

Lin=o(n™Y%),  forj=1,23. (4.5)

Under condition (b), we obtain that for all 22 < 10logn,

BE(X1)] < Blea(X0) ey (xoom/ 102y = ( w|€ ') , (4.6)
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a—3/2
* (0% « n
EI&(X1)|* < Blé(Xq)] I(§Q(X1)|§\/ﬁ)+<1+ﬂ> El&(X1)| ! Lgs(x1)1>v/m)
n a—3/2 )
:0<1+$2> , for a > 3. (4.7)
Similarly, we have
n2 a—3/4 5
E‘gS(Xl)‘ =0 <1—’_$2> s for o > - (48)
Recalling < = &(X;) + n~1E5(X;), it follows from (L6)—(ESR) that for 22 <
10logn,
Bl = | B + LB 0| = o (L1, (4.9)
* * 1 *
Elen| < Bl&(X1)| + —Elg(X1)] = O(1), (4.10)
LAY 2 (o2 BE(X) L+]a]
(1) B2 <2 (B2 + S50 ) —o (F2E)

(21) misu <o (ELY (mesxor + Leigoar) =om. @2

By using (£9)—(@I2), together with Holder’s inequality, we get that if 22 <
10logn, then

o2(z) = 1+ %E&(Xl)@(Xl) o <1 ;'{”') , (4.13)
7l (@) = 1= Z=EG (X)6a(X) +o (1 j%”“") , (4.14)
EY}(x) = E&(X1)? +0(1),  E|Yu(z)f =0(1), (4.15)

EYn1(2)Yno(z)tni2(z) = E&(X1)E1(X2)p1 (X1, X2) + o(1). (4.16)

We only check (4I6) below, others can be checked similarly. Let py;(xz) =
an~1/? ( — Eg ) It follows from (&I2) that F|u,1(z)|*> = o(1). Then,

EYn1(2) Y2 (2)bni2(x) = B (X1)61(Xa)p1 (X1, Xo) + By + By
where, by noting independence of X}, and (413,

|B1| < |E{&(X1)pna (@) 4 pn1 (2) Yoz ()} @1(X1, Xo)]
<3 (Blua (@) (Bl6 (XD + BV @) (Blea(x0, x0)[#2)
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—o(1),
| Bo| < E|Yn1(2)Yn2(2)p2(X1, X2)| < (E|Yn1(2)[)
=0(1).
This proves (4.10).

We turn back to the proof of [@H). To show I3, = o(n~/?), it suffices to
show

o3 2/3
/ <E’SO2(X1,X2)|3/2>

xq’@)(%) -1/2

sup | @(On(z)) — P(z) — TE&(XQ& (X2)| = o(n™/?), (4.17)
z2<10logn n

sup  |0®) (0,(z)) — @@ (m)’ = O(n~Y?), (4.18)
22<10logn

sup EY?)% @) _ g, (x0)? = o1), (4.19)
22<10logn O-n(m)

Lo EYn1(x)Y,;2((3;)¢n12(a:) — E6(X1)61(X2)p1 (X1, Xa)| = o(1). (4.20)
22<10logn On\T

Clearly, (AI8)—(#20) follow easily from (L.I3)—(@I6). Now let us check (ZI7).
Using (E9) and (EI4), we have that, for all 22 < 10logn,

X

on(T)

0, (z) = (1-E¢)) == (1 - xﬂE&(XQ&(Xg)) +o <1 + x2> .

¥a ¥
Hence, for sufficiently large n, we have z/2 < 60,(x) < 3z/2. From these and
Taylor’s expansion, there exists 1/2 < § < 3/2 such that for all 22 < 10logn,
On(z) — )2
D(0u(x)) = B(2) + (Bu(x) — )ox) + 2L =D 5

_ 2%()
N
where f(x) is a polynomial in z. Since ®®)(z) = —x¢(x), @IT) is shown. Thus,
I3, = o(n=1/?).
Next we show that I, = o(n~/2). Note that

sup |En(y) — E5(y)|

= ®(x)

B (X1)&(X1) +o(n™ ) f(2)(3).

. ~ Yu(@) ) CLle@(y . EYa®) g0
{E‘I’ (y ﬁonm) @@)} AV TR
C

C
3 4

noy

= sup
Yy
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where the last inequality follows from Theorem 3.2 of [Hall (1982). It follows from
(@I3) that for sufficiently large n and all 2% < 10 logn,

w

% < Jou@)| < 5. (4.21)

It follows from (&) that for sufficiently large n and all 2 < 10 logn,

Yo (2)] = |€1(X1) + % (i1 — Bsjy)

<L+ |G (X)] + [(X)[V? + (XY = w(X1),  say.(4.22)

Noting ([E2I)) and Ex3(X1) < 0o, we get for sufficiently large n,

Ip= sup sup|E,(y) — Ey(y)]
22<10logn ¥

1
—-1/2 3 4
<cn xQSsltéllaogn<E\Yn1(m)! Ly @ty + 5 BV m (@)l I(|Yn1(£l:)|§nl/4)>

_ 1 _
<Cn'? (EH?)(Xl)I(H(Xl)an/“) + WEKS(XD) =o(n~'/?).

Finally we use Lemma 3 to show that Iy, = o(n~'/?) by taking V,,(X;) =
Yoi(x)/on(x), Wn(Xi, Xj) = ¥nij(x)/on(x). First, we check condition (a) of
Lemma [£3l By Theorem 1.3 of Petrovl (1995), a d.f. with the characteristic
function f(t) is a nonlattice d.f. if and only if for every fixed number sy #
0, we have |f(so)] < 1 or, equivalently, if and only if sups<;<;, [f(t)] < 1
for any tg > 0 and 6 > 0. Hence, to show that V,,(X;) is nonlattice uni-
formly for 2 < 10logn for sufficiently large n, we only need to prove b, =:
SUP,2<101og n SUPs<|t|<to !EeitV"(Xj)‘ < 1 for sufficiently large n and each § > 0.

Noting that sups< <y, ‘Eeit&l(xl)‘ < d <1, and from (£I0) and (414, we have

b, < sup sup |EeVn(Xs) _ peta(Xa)l 4 gqup | Bett(X)
2<10log n 9<|t|<to s<ltl<to
<tp sup E|Vp(X;)—&(X1)|+d
z2<10logn
x
<ty sup (‘0 ()™ — 1‘ +—=FE|s; — E§*1|> +d
z2<10logn " \/ﬁ " "

=d+o(l) <1, for sufficiently large n.

Condition (a) of Lemma 3] also holds here.
To check condition (b) of Lemmal43] it is easy to see that EV,,(X1) = 0 and
EV2(X1) = 1. For 2% < 10log n, from ([@Z1)— 22)), we have sup,, E|V,,(X1)[? <

Q.
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To check condition (c) of Lemma 3] it is easy to see that E[W,, (X1, X2)|X1]
= 0. For 22 < 10logn, by Minkowski’s inequality and the assumptions, we get

Czb/3
0
01’5/3
nl/2

which, together with ([{.21), yields sup,,~o E|W, (X, X;)%3| < .
Hence, applying Lemma (4.3 we have that, for all sufficiently large n,

ILi,= sup sup|P (I’(:}L(x) < y) — En(y)‘ — O(n—l/Q)'
z2<10logn ¥

E|nij(z)* 3| <CElp1(Xi, X;) [P+ Elo2 (X, X)) °I{ g2 (Xi, X;)| < 4n?}

<CE|p1(Xi, X;)”® + Ele2 (X, X;)P? < C,

Then, P, = o(n~/?). The proof of Lemma @4 is complete.

4.2. Proof of Theorem 2.1

Without loss of generality, we assume Vj, = 0. It will be clear that this
assumption does not affect the proof of the main results since their contributions
to the Edgeworth expansion is only of size o(n~1/2). Let v;(z) = E~ (z, X1) and
ya(z,y) = v(x,y) — 7 (x) —y1(y). It is easy to show that

1< 1
S2 =1+ - D X))+ e > (X0, Xj) =14 Zy+ Ry, say. (4.23)
j=1

i<j

Noting that 1+ u/2 — u?/6 < (14 u)"/? < 1+ u/2 + u?/6 for |u| < 1/9, if
| Zn + Rn| < 1/9, we have

1 1 1 1
L+ 5(Zn+ Rn) = (Z2+R2) < S, <1+ 5(Zn+Ra)+ 5 (Z2+ R2) .(4.24)

3 3
Put A, (s) = Z,/2+ (n — 1/2n)R,, + sZ2. Then from (23] and (@24, we have
P(js:zﬁac) <P<§Z§x,]2n+Rn| g;) + P(|Zy + Ry| > %)
gp(Tngx{HAn(;H;:H?}) + P(1Z0 + Ryl z%)
<P (Tn <w {1 + An(%) + n_3/5}>
+P(|Zn + Ry| > %) +P ( % + Z’% > n_3/5> . (4.25)

Similarly, we get

P(T,/Sn <x)>P <Tn <z {1 + A”(_é) _ n—3/5}>
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1 R, R? 3
_ > ) ono_Tinl s 735 .
P(|Z, + Ry| > 9) P( o™ 3 ‘ >n > (4.26)
Using Jensen’s inequality, we can easily see that F|vy;(X1)|*/? < oo and E|y(X7,
X5)[>/? < co. Since 2R, is a degenerate U-statistic of order 1, it follows from

Lemmas A.TH4.2] that

1 1
P(|—R,+-R?
<‘2an 3R"

2078 ) < PR 2 1)+ PR 2 07509) = ofn™72)

1 1 1
P(|Zn+ Rn| > =) < P(|Za] > =) + P(|Rul > == ) = o(n/?).
(120 + Bnl 2 5) < (' |_18)+ (|R|_18) o(n”""%)
In view of these inequalities, ({20 and (£26]), Theorem 2.1 follows if
sup [P (T, < @ (14 An(s) + 4n)) — En(@)] = o(n~'/?), (4.27)

where |A,| <n~%/5 and |s| < 1/3. To prove [@21), let

o) == (33 + 29205
NG

An elementary calculation shows that

Ynij (@) = B(Xi, Xj) — <23V1 (Xi)m (X5) + ;’Yz(Xi,Xj)> .

P(T, <z(1+An(s)+ A,))
1 O T o 1
= P<\/ﬁZa(Xj) + gZan + sz"”(m) <z(l —I—An)).
7=1 J=1 1<J
It is easy to check that conditions of Lemma [£.4] are satisfied with |s| < 1/3,V,, =
n=%5, and with £ (X;) = a(X;), &(X;) = —n(X;)/2, &(X;)) = —s77(X;), and

e1(Xi, Xj) = B(Xi, Xj),  p2(Xi, Xj) = — (25’71(Xi)71(Xj) + ;’72(Xi7Xj)> -

So ([A27) follows from Lemma [£4] and the relation Fa(X1)y1(X1) = Fa(X))
7(X1, X2).
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