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This note contains proofs for Theorems 3.1 and 3.2.

Appendix
In the appendix, C > 0 denotes a generic constant that may vary from line

to line. Denote by Z+ = {0, 1, 2 · · · , }. For v = (v1, · · · , vp)′ ∈ (Z+)p, x ∈ Rp,
write xv = Πp

i=1x
vi
i , v! = Πp

i=1(vi!). For a vector x = (x1, · · · , xd)′ ∈ Rd, let
‖x‖1 =

∑d
i=1 |xi| denote the l1 norm of x. Write cv = DvH(µ)/v!. The following

three statements correspond to the equations (4), (5) and (6) in the paper and
are needed in our proofs.

cov∗(f̃t, f̃s) ≈ O(1/k) + l‖wl‖−2
1

l+(t−s)∧0∑

h=1+(t−s)∨0

wl(h)wl{h− (t− s)} (1.1)

×{1 + O(1/k)}.

H(X̄N ) = H(µ) +∇′N−1
N∑

t=1

(Xt − µ) + RN . (1.2)

H
(
X̄∗

N

)
= H(µ) +∇′(X̄∗

N − µ) + R∗
N . (1.3)

Proof of Theorem 3.1: (i) We apply a Taylor expansion to H(X̄∗
N ) around µ and

write H(X̄∗
N )−H(µ) = J0N + J1N + J2N , where

J0N =
∑

‖v‖1=1

cv(X̄∗
N − µ)v, J1N =

∑

‖v‖1=2

cv(X̄∗
N − µ)v,

J2N = 3
∑

‖v‖1=3

(v!)−1(X̄∗
N − µ)v

∫ 1

0
(1− w)2DvH{µ + w(X̄∗

N − µ)}dw.
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In the sequel, we shall show

E{Nvar∗(J1N )} = O(1/N), (1.4)

E{Nvar∗(J2N )} = O(1/N2), (1.5)

E{Ncov∗(J0N , J1N )} = O(l/N), (1.6)

E{MlNvar∗(J0N )} = σ2
F + B1l

−2 + o(l−2). (1.7)

If (1.4)-(1.7) hold, then by the Cauchy-Schwarz inequality, we get

NE|cov∗(J0N , J2N )| ≤ NE1/2{var∗(J0N )}E1/2{var∗(J2N )} = O(1/N) = o(l−2)

and NE|cov∗(J1N , J2N )| = O(1/N3/2) = o(l−2) under the assumption that l =
o(N1/3). Thus the conclusion follows.

To show (1.4), we note that for every ‖v‖1 = 2, there exist v1, v2 ∈ (Z+)m,
‖v1‖1 = 1, ‖v2‖1 = 1 and v = v1 + v2. Then we have (X̄∗

N − µ)v = (X̄∗
N −

µ)v1(X̄∗
N − µ)v2 and

var∗
{
(X̄∗

N − µ)v
}

=
1

N4
var∗




N∑

t1,t2=1

(Xt1 − µ)v1(Xt2 − µ)v2{f̃t1 f̃t2 − E(f̃t1 f̃t2)}



=
1

N4

N∑

t1,t2,t3,t4=1

(Xt1 − µ)v1(Xt2 − µ)v2(Xt3 − µ)v1(Xt4 − µ)v2 (1.8)

×cov∗(f̃t1 f̃t2 , f̃t3 f̃t4).

It is straightforward to show that uniformly in (t1, t2, t3, t4),

cov∗(f̃t1 f̃t2 , f̃t3 f̃t4) =
N4

k4‖wl‖4
1

k∑

j1,j2,j3,j4=1

l∑

h1,h2,h3,h4=1

wl(h1)wl(h2)wl(h3)wl(h4)

= cov∗{1(Sj1 = t1 − h1, Sj2 = t2 − h2), (1.9)

1(Sj3 = t3 − h3, Sj4 = t4 − h4)} = O(1).

Hence it follows from Assumption 3.2 (with r = 4) that

E[Nvar∗{(X̄∗
N − µ)v}] ≤ C

N3

N∑

t1,t2,t3,t4=1

|E{(Xt1 − µ)v1(Xt2 − µ)v2(Xt3 − µ)v1

(Xt4 − µ)v2}| ≤ C

N3

N∑

t1,t2,t3,t4=1

{|cov(Xv1
t1

, Xv2
t2

)cov(Xv1
t3

, Xv2
t4

)|

+|cov(Xv1
t1

, Xv1
t3

)cov(Xv2
t2

, Xv2
t4

)|+ |cov(Xv1
t1

, Xv2
t4

)cov(Xv2
t2

, Xv1
t3

)|
+|cum(Xv1

t1
, Xv2

t2
, Xv1

t3
, Xv2

t4
)|} = O(N−1).
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Thus (1.4) holds. Under Assumption 3.1, we have that

var∗(J2N ) ≤ CE∗{‖X̄∗
N − µ‖6(1 + ‖µ‖2κ + ‖X̄∗

N − µ‖2κ)}, (1.10)

which implies (1.5) by Lemma 0.1. Next, to show (1.6), we write

cov∗(J0N , J1N ) =
∑

‖v1‖1=1

∑

‖v2‖1=1

∑

‖v3‖1=1

cv1cv2+v3

×cov∗{(X̄∗
N − µ)v1 , (X̄∗

N − µ)v2(X̄∗
N − µ)v3}.

Note that for any three random variables X, Y, Z, cov(X,Y Z) = E[{X−E(X)}{Y−
E(Y )}{Z−E(Z)}]+E(Y )cov(X,Z)+E(Z)cov(X, Y ). Then for each (v1, v2, v3),
we have cov∗{(X̄∗

N − µ)v1 , (X̄∗
N − µ)v2(X̄∗

N − µ)v3} = W1N + W2N + W3N , where

W1N = E∗[{(X̄∗
N − µ)v1 − E∗((X̄∗

N − µ)v1)}{(X̄∗
N − µ)v2 − E∗((X̄∗

N − µ)v2)}
{(X̄∗

N − µ)v3 − E∗((X̄∗
N − µ)v3)}],

W2N = E∗(X̄∗
N − µ)v2cov∗{(X̄∗

N − µ)v1 , (X̄∗
N − µ)v3},

W3N = E∗(X̄∗
N − µ)v3cov∗{(X̄∗

N − µ)v1 , (X̄∗
N − µ)v2}.

Write W1N = N−3
∑N

t1,t2,t3=1(Xt1−µ)v1(Xt2−µ)v2(Xt3−µ)v3CF (t1, t2, t3), where

CF (t1, t2, t3) := E∗[{f̃t1 − E∗(f̃t1)}{f̃t2 − E∗(f̃t2)}{f̃t3 − E∗(f̃t3)}]

=
N3

k3‖wl‖3
1

k∑

j=1

l∑

h1,h2,h3=1

wl(h1)wl(h2)wl(h3)

×E[{1(Sj = t1 − h1)− P (Sj = t1 − h1)}{1(Sj = t2 − h2)

−P (Sj = t2 − h2)}{1(Sj = t3 − h3)− P (Sj = t3 − h3)}].

It is not hard to see that |CF (t1, t2, t3)| ≤ Cl uniformly over (t1, t2, t3). So
|E(W1N )| ≤ ClN−3

∑N
t1,t2,t3=1 |cum{(Xt1 − µ)v1 , (Xt2 − µ)v2 , (Xt3 − µ)v3}| =

O(l/N2) under Assumption 3.2. Similarly, we have

W2N = N−3
N∑

t1,t2,t3=1

(Xt2 − µ)v2(Xt1 − µ)v1(Xt3 − µ)v3E∗(f̃t2)cov
∗(f̃t1 , f̃t3)

and |E(W2N )| ≤ CN−2. The same argument yields |E(W3N )| = O(N−2) under
Assumption 3.2. Therefore (1.6) holds.

It remains to show (1.7). Let Yt = ∇′(Xt − µ). Then

MlNvar∗(J0N ) =
Ml

N

N∑

t,s=1

YtYscov∗(f̃t, f̃s). (1.11)
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In view of (1.1), the above expression is the same as the TBB variance estimator
(PP (2001)) except for the mean correction, so (1.7) basically follows from the
argument in the proof of Theorem 1 in PP (2001). We omit the details.

(ii). Following the proof of Part (i), the result follows from the following
statements:

var{Nvar∗(J1N )} = O(N−2), (1.12)

var{Nvar∗(J2N )} = O(N−4), (1.13)

var{Nvar∗(J0N )} = B2l/N + o(l/N), (1.14)

since if (1.12)-(1.14) hold, then by the Cauchy-Schwarz inequality and (1.4)-(1.7),

var{Ncov∗(J0N , J1N )} = O(1/N), var{Ncov∗(J0N , J2N )} = O(N−2)

and var{Ncov∗(J1N , J2N )} = o(l/N).
To show (1.12), we note from (1.8) that for each v = v1 + v2, ‖v1‖1 = 1,

‖v2‖1 = 1,

var[var∗{(X̄∗
N − µ)v}] =

1
N8

N∑

tj=1,j=1,··· ,8
cov{(Xt1 − µ)v1(Xt2 − µ)v2(Xt3 − µ)v1

(Xt4 − µ)v2 , (Xt5 − µ)v1(Xt6 − µ)v2(Xt7 − µ)v1(Xt8 − µ)v2}
×cov∗(f̃t1 f̃t2 , f̃t3 f̃t4)cov

∗(f̃t5 f̃t6 , f̃t7 f̃t8).

By Theorem 2.3.2 in Brillinger (2001), the major summand that involves the
covariance of Xts can be expressed as linear combinations of product of cumulants
up to the 8-th order. Assumption 3.2 (with r = 8), in conjunction with (1.9),
implies that var[var∗{(X̄∗

N −µ)v}] = O(N−4), which results in (1.12). According
to (1.10) and Lemma 0.1, we have

var{Nvar∗(J2N )} ≤ CN2E{E∗‖X̄∗
N − µ‖6 + E∗‖X̄∗

N − µ‖6+2κ}2 ≤ CN−4.

Finally, (1.14) follows from (1.11) and the argument in Theorem 2 of PP (2001).
The proof is complete.

♦

Proof of Theorem 3.2: Let ΣF =
∑∞

k=−∞ cov(X0, Xk). Since
√

N(X̄N − µ) →D

N(0, ΣF ), we have
√

N{H(X̄N ) − H(µ)} →D N(0, σ2
F ) by the delta method.
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Let Φ(x) be the standard normal cumulative distribution function. By Polyā’s
theorem,

sup
x∈R

|P [
√

N{H(X̄N )−H(µ)} ≤ x]− Φ(x/σF )| = o(1) as N →∞.

Then the first assertion follows if we can show that

sup
x∈R

|P ∗[
√

N{H(X̄∗
N )− E∗(H(X̄∗

N ))} ≤ x]− Φ(x/σF )| = op(1) as N →∞.

Recall the notation Yt = ∇′(Xt − µ). Based on (1.3), we have

H(X̄∗
N )− E∗{H(X̄∗

N )} = N−1
N∑

t=1

Yt{f̃t − E∗(f̃t)}+ R∗
N − E∗(R∗

N ).

Since
√

NE∗|R∗
N | = op(1), which is to be shown below, it suffices in view of

Lemma 4.1 of Lahiri (2003) to show that

√
Ml/(kl)

N∑

t=1

Yt{f̃t − E∗(f̃t)} →D N(0, σ2
F )

in probability. Note that

(kl)−1
√

Ml

N∑

t=1

Ytf̃t = (kl)−1
k∑

j=1

l∑

h=1

wl(h)

√
l

‖wl‖2
YSj+h,

which is identical to the bootstrap sample mean delivered by the TBB applied
to the series Yt (PP (2001)) except for a mean correction. Thus the remaining
proof basically follows the argument in the proof of PP’s (2001) Theorem 3. We
omit the details.

By Slutsky’s theorem, the second assertion follows from
√

N [E∗{H(X̄∗
N )} −

H(X̄N )] = op(1). In view of (1.2) and (1.3), it suffices to show that
√

NE∗|R∗
N | = op(1), (1.15)

N−1/2
N∑

t=1

Yt{E∗(f̃t)− 1} = op(1), (1.16)

√
NRN = op(1). (1.17)

The assertion (1.15) is true since

E{E∗|J1N |} ≤ CE{E∗‖X̄∗
N − µ‖2} ≤ C/N,

E{E∗|J2N |} ≤ CE[E∗{‖X̄∗
N − µ‖3(1 + ‖µ‖κ + ‖X̄∗

N − µ‖κ)}] ≤ CN−3/2,
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where we have applied Lemma 0.1. Further, since E∗(f̃t) = N/(N − l + 1) when
l ≤ t ≤ N − l + 1, and is bounded, (1.16) follows. Finally, a Taylor expansion of
H(X̄N ) around µ yields

RN = 2
∑

‖v‖1=2

(v!)−1(X̄N − µ)v

∫ 1

0
(1− w)DvH{µ + w(X̄N − µ)}dw.

Under Assumption 3.1 on H(·), it is straightforward to derive that max{|DvH(x)| :
|v| = 2} ≤ C(1 + ‖x‖κ+1), so

E(|RN |) ≤ CE{‖X̄N − µ‖2(1 + ‖µ‖κ+1 + ‖X̄N − µ‖κ+1)} ≤ CN−1,

by Lemma 3.2 of Lahiri (2003). Thus (1.17) holds and this completes the proof.
♦

Lemma 0.1. Assume Xt ∈ Lr+δ, δ > 0 for r > 2, r ∈ N and ∆(b(r + 1)/2c; 1) <

∞. Then E{E∗‖X̄∗
N − µ‖r} ≤ CN−r/2.

Proof of Lemma 0.1: It suffices to show that for any vj , j = 1, · · · ,m, where
vj is a m-dimensional unit vector with j-th element being 1 and 0 otherwise,
E{E∗|(X̄∗

N − µ)vj |r} ≤ CN−r/2. Denote by Zt = Zt(j) = (Xt − µ)vj . Under our
moment and mixing assumptions, by Lemma 3.2 of Lahiri (2003), we have

E

∣∣∣∣∣
N∑

t=1

Zt

∣∣∣∣∣

r

≤ CN r/2. (1.18)

Let Hj :=
∑l

h=1 wl(h)
∑N

t=1 Zt{1(Sj = t− h)− P (Sj = t− h)}. Note that

E∗|(X̄∗
N − µ)vj |r = N−rE∗

∣∣∣∣∣
N∑

t=1

Ztf̃t

∣∣∣∣∣

r

≤ CN−rE∗
∣∣∣∣∣∣

k∑

j=1

Hj

∣∣∣∣∣∣

r

+CN−r

∣∣∣∣∣∣

k∑

j=1

l∑

h=1

wl(h)
N∑

t=1

ZtP (Sj = t− h)

∣∣∣∣∣∣

r

= CN−r(V1 + V2).

It is easy to see that

|E(V2)| ≤ CE

∣∣∣∣∣
N∑

t=1

Zt

∣∣∣∣∣

r

+
C

N r
E

∣∣∣∣∣∣

k∑

j=1

l∑

h=1

wl(h)
N∑

t=1

Zt1(t− h < 0 or t− h > N − l)

∣∣∣∣∣∣

r
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which is bounded by CN r/2 in view of (1.18). Regarding V1, we apply Burkholder’s
inequality and get

V1 ≤ CE∗
∣∣∣∣∣∣

k∑

j=1

H2
j

∣∣∣∣∣∣

r/2

≤ C




k∑

j=1

E∗2/r |Hj |r



r/2

≤ Ckr/2−1
k∑

j=1

E∗|Hj |r,

whereas by (1.18),

E∗|Hj |r ≤ CE∗
∣∣∣∣∣

l∑

h=1

wl(h)
N∑

t=1

Zt1(Sj = t− h)

∣∣∣∣∣

r

+
C

N r

∣∣∣∣∣
l∑

h=1

wl(h)
N−l+h∑

t=h

Zt

∣∣∣∣∣

r

≤ (N − l + 1)−1
N−l∑

g=0

∣∣∣∣∣
l∑

h=1

wl(h)Zg+h

∣∣∣∣∣

r

+
C

N r

∣∣∣∣∣
l∑

h=1

wl(h)
N−l+h∑

t=h

Zt

∣∣∣∣∣

r

.

By a variant of Lemma 3.2 of Lahiri (2003), E|∑l
h=1 wl(h)Zh|r ≤ Clr/2. Thus

we can derive |E(V1)| ≤ Ckr/2lr/2 and E{E∗|(X̄∗
N − µ)vj |r} ≤ CN−r/2. The

conclusion is established.
♦


