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Abstract: This article considers the problem of choosing optimal designs when both
blocking and foldover techniques are employed. Based on a general decomposi-
tion structure, the treatment and block split wordlength patterns of the combined
blocked design under a general foldover plan are defined. They are proved to be
independent of the choice of the block foldover plans. It is shown that, for an initial
unblocked design, a pair of blocking and foldover plans has minimum aberration
for the combined blocked design if and only if the foldover plan has minimum aber-
ration without consideration of blocking plans and the blocking plan has minimum
aberration without consideration of foldover plans. The clear effects in the com-
bined blocked designs are also characterized. Based on these theoretical results,
a catalogue of optimal blocking and foldover plans in terms of the aberration and
clear effect criteria is tabulated.
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1. Introduction

Two-level fractional factorial (FF') designs are commonly used in experimen-
tal investigations. An FF design is called regular if any two effects are either
orthogonal or aliased. This simple aliasing structure makes regular FF designs
popular in practice. In order to break the aliasing in two-level designs, a stan-
dard strategy is to augment a foldover design of the same size by exchanging
the signs of one or more columns of the initial design. A foldover plan refers to
the collection of columns whose signs are exchanged in the foldover design. For
detailed discussion on this technique, refer to Wu and Hamadal (2000]), and Box,
Hunter and Hunter| (2005)).

Typically, a classic foldover plan is to exchange the signs of all columns. This
plan is usually called a full foldover plan, by which we can increase the resolution
of the resulting combined design, consisting of the initial design and the foldover
design, from III to at least IV. Based on the minimum aberration (MA) criterion
(Fries and Hunter! (1980))), ILi_ and Mee (2002) and [Li and Lin! (2003) presented
all optimal foldover plans for regular two-level designs with small runs. Recently,
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Ye and Li (2003) provided some theoretical insight into the relationships between
an initial design and the resulting combined design under a general foldover plan.

Blocking, a fundamental technique in design of experiments, can effectively
improve the efficiency of an experiment by eliminating systematic variations due
to inhomogeneities of experimental units. How to block a design in an optimal
way is a problem of practical importance. For a given blocked regular two-level
design, [Li and Jacroux! (2007) searched by an algorithm the optimal treatment
foldover plans under two proposed optimality criteria, but provided no theo-
retical insight. Our research focuses on the optimal plans for regular two-level
designs when both blocking and foldover techniques are employed. Some general
theoretical properties are obtained and described.

The paper is organized as follows. Section 2 reviews the blocking schemes of
regular two-level designs and the related optimality criteria. Section 3 introduces
a general decomposition structure of a blocked regular two-level foldover design.
In Section 4 the treatment and block split wordlength patterns of the combined
blocked design are defined under a general foldover plan. The relationships be-
tween the treatment and block wordlength patterns of an initial design and its
combined blocked design are obtained in Section 5. The clear effects in the com-
bined blocked designs are also characterized. Based on these theoretical results,
a catalogue of optimal blocking and foldover plans in terms of the aberration
and clear effect criteria is tabulated and compared for 8, 16, 32 and 64-run initial
designs in Section 6. Section 7 concludes with some remarks.

2. Blocked Regular Two-level Designs and Related Optimality Criteria

A regular FF 2"7P design D is determined by p aliasing relations, which
generate p treatment defining words. The group formed by these p defining
words is called the treatment contrast subgroup, denoted by G;. Every element
in Gy is called a word. The number of letters in a word is called its length.
Specifically, the identity I is a word of length 0. For i = 1,...,n, let A;(D) be
the number of words of length ¢ in G;. Then the vector

Wt(D) = (Al(D)’aAn(D)) (2'1)

is called the treatment wordlength pattern (TWP) of D. Since A;(D) = A2(D) =
0, for simplicity, only A;(D)’s (i > 3) of the TWP are displayed in this paper.
For any two 2"7P designs D1 and Ds, D is said to have less aberration than
Dy, denoted by W;(Dy) < Wi(Da), if A,(D1) < A,(D2), where r is the smallest
integer such that A,(D;) # A,(D3). If there exists no other design with less
aberration than D1, then D is said to have MA. Hereafter, all other MA criteria
are defined analogously based on the relevant wordlength pattern vectors.
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Arranging the 2P design D into 2* blocks is equivalent to selecting k inde-
pendent interactions vy, . .., vy of the (n—p) independent factors as the k blocking
factors by, . .., by, referred to as a blocking plan. We call v1b1, ..., vibg the k block
defining words. This blocked design is formally denoted by (2777 : 2%) design DP.
The group formed by the p treatment defining words together with the k£ block
defining words is denoted by Giyp. Let Gpor = Grap \ G¢. Based on the usual
assumptions that the block-by-treatment interactions are negligible and that the
interactions between block factors are as important as the main effects of block
factors, every element in G represents a treatment effect confounded with a
block effect. For i = 1,...,n, let A%(DP) be the number of words containing i
treatment letters in Gpge. Then the vector

Wy (D") = (AY(D°), ..., An(D) (2.2)

is called the block wordlength pattern (BWP) of the blocked design D®. For con-
venience, we rewrite Al(D?) = A;(D) and W;(D?) = Wy(D). For a given design
D, an MA blocking plan sequentially minimizes the components in Wb(Db). A
catalogue of the MA blocking plans for some two-level designs with small runs
can be found in [Sun, Wu and Chen| (1997).

Since there are two wordlength patterns for blocked FF designs, one should
combine the components of the two wordlength patterns into one combined
wordlength pattern according to an ordering scheme. Then an MA blocked design
sequentially minimizes the combined wordlength pattern. Along these lines, sev-
eral different combined wordlength patterns have been proposed by [Sitter, Chen
and Feder (1997)), |Chen and Cheng (1999)), [Zhang and Park| (2000) and |Cheng
and Wul (2002). For detailed illustrations and comparisons on these criteria, refer
to[Ai and Zhang| (2004]). Although the orderings are different, it is essential that
the number Aé’ is always put behind the number A! for i = 1,...,n, based on
the popular effect hierarchy principle (Wu and Hamadal (2000, Sec 3.5)).

As argued in [Chen, Sun and Wu| (1993), when there is no design with resolu-
tion V or higher, the MA criterion does not always lead to the best designs. To
address this problem, Wu and Chenl (1992) introduced the concept of clear effect.
A main effect or two-factor interaction (2fi) is called clear if it is not aliased with
any other main effect or 2fi. For blocked designs, a main effect or a 2fi is clear if,
in addition, it does not confound with any block effect. For detailed discussion,
refer to Mukerjee and Wu| (2006)).

3. General Foldover Structure of A Blocked Regular Two-level Design

As in [Mukerjee and Wul (2006), an FF 2"P design D and its (277 : 2F)
blocked design D?, whose levels are denoted by the elements 0 and 1 in GF(2) =
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{0,1}, can be expressed as D = R(C) and D’ = R(C, B), where C and B are,
respectively, (n —p) x n and (n —p) X k matrices indicating the treatment factors
and the blocking factors, and R(C) denotes the row space of a matrix C' over
GF(2). Moreover, rank(C') = n — p, rank(B) = k, and no column of C' belongs
to the column space of B. Note that |[Chen and Hedayat| (1996) called the matrix
C the factor representation of design D.

Now a foldover plan can be denoted by a (n+ k)-dimensional row vector £ =
(€1, £%) with elements 0 or 1, where & and £° represent the foldover plans of the
treatment factors and blocking factors, respectively. For convenience, the factors
corresponding to 1 are called foldover factors with respect to the foldover plan &,
while those corresponding to 0 are referred to as unfoldover factors. Without loss
of generality, we assume that, for a blocked regular (2777 : 2%) design D?, the first
(n — p) columns are independent columns and the remaining p + k columns are
additional columns, i.e., linear combinations of the first (n — p) columns. Then
the factor representation of design D’ can be expressed as (C, B) = (I,C1, B),
where I is the identity matrix of order (n—p) and C} is an (n—p) x p matrix. This
split structure is called the standard factor representation of Db. For a foldover
plan & = (£, €%), the combined blocked design, denoted by D, consisting of the
initial design and its foldover design, can be described as

(I 4 B) ( I B)
D" =R =R , (3.1)
g & ¢ 0f_, & &

where &8 = (&, b)), &b = ¢4 — €1Cy and €% = ¢° — ¢ B. Therefore we only need
to consider the foldover plans of the treatment factors of the form & = (&, &%)
with £! = 0. These foldover plans are called the core foldover plans by [Li_and
Lin! (2003). Any other foldover plan must generate the same combined design as
one of the core foldover plans does. In particular, when ¢ is a null vector, called
the null foldover plan, the combined blocked design reduces to two replicates of
the blocked design DP. For simplicity, only & is displayed hereafter to represent
the foldover plans of the additional treatment factors.

Thus, for a (2"~ : 2¥) blocked design with the standard factor representation
Db = R(1,C1, B), a vector z = (21,23, 21') with a similar dimensional partition
is a word of the combined blocked design under a treatment core foldover plan &4
and a block foldover plan £ if and only if z is a word of D? and &hzo + €02 =0
(mod 2). We will show in Section 4 that the treatment and block wordlength
patterns of the combined blocked design are both independent of the choice of
€% when the implicit blocking factor is included.
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Example 1. Consider a (262 : 22) blocked design D’ in which the six treatment
factors consist of the four independent columns 1, 2, 4, 8 and the two additional
columns 3 and 12, and the two blocking factors are columns 5 and 10. Note that
the related FF design is denoted by 6-2.3 in [Chen et all (1993). This blocked
design can be expressed as D* = R(I,Cy, B), where

1100\ 1010\
Clz and B = .
0011 0101

The overall defining contrast subgroup G4, of design DP is expressed as R(S),
where

11001000

00110100

10100010

01010001

in which a row vector represents a word. Its treatment and block wordlength
patterns are, respectively, W;(D?) = (2,0,0,1) and W,(D®) = (0,3,6,3).

Under the treatment core foldover plan & = (1,1) and the block foldover
plan £° = (1,0), the combined blocked design is a blocked (26~ : 22) design D%*,
whose Gyyp consists of the row vectors in R(W) whose sum of the 5-, 6- and
7-components is 0 modulus 2. It is easily checked that Gy is of the form R(S*)
with

11111100
S*=101101010

01010001

Consequently, the treatment and block wordlength patterns of D% are, respec-
tively, Wy(D%) = (0,0,0,1) and Wy(D%) = (0,1,4,1).

4. Treatment and Block Split Wordlength Patterns

For a pair of treatment and block foldover plans (&5, £%), let 7, = wt(&h) and
r, = wt(€), where wt(u) is the number of nonzero elements of the vector w.
Then after permutations of treatment factors and blocking factors, a combined
blocked design can be decomposed as follows:

. I Cn Ci2 Bi B
o, ol 1T of 1T )’

P—Tt k—rp
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where 0, and 1, are the r-dimensional column vectors of zeros and ones, re-
spectively. For the blocked design D’ = R(Cy,Cs, By, Bs), both the treatment
factors and blocking factors are split into two parts according to whether it is
folded or not. Let A;, j,.j,.5,(DP) be the number of words in the overall defining
contrast subgroup Gyip of Db that consist of i; factors in I U Cy1, 42 factors
in C19, j1 factors in By and jo factors in Bs. A collection of these numbers
is called the split wordlength pattern of D°. Let Al . (D) = A; iy0,0(D") and

11,09
A?l,ig (Db) = Zjﬁ-ngl Ail,iz;jhh (Db) The matrices [At (Db)] and I:A?l,ig (Db)]

01,0
are called, respectively, the treatment and block split wlf);dlength patterns of D°
under the foldover plan (&, £?).

Because of the sequential nature of a foldover plan, the combined design has
been explicitly classified into the initial design and the foldover design, i.e., there
exists an additional blocking factor which takes the value 0 for the first half and
1 for the other half. This blocking factor is called the implicit blocking factor.
In this way, the combined design is blocked into 2¥*1 blocks. Its design matrix

has the form

b I Ci1i Ci2 Bt By 0,
pr=pr( 0 CF . (4.1)
o, 0, 17 of 171

Hereafter, we always consider the combined blocked designs with the implicit
blocking factor in the last column.

As before, let Aj, iy.i1 42,55 (D®*) be the number of words in the overall defining
contrast subgroup of D% that consist of i; factors in I U Cy1, o factors in Cia,
j1 factors in By, js factors in Bs, and j3 factor in the last blocking factor. It can
be easily checked that

1 o
b* b
Aiviziji jorgs (D7) = 5 {1 + (_1)12+]2+]3}Ai1,i2;j17jz(D )- (4.2)
Thus, the treatment and block split wordlength patterns of D can be expressed
in terms of those of D’ as follows:

AL, (DY) = A iyo00(DP) = 5|1+ (1)) 4L, (DY), (4.3)
Ai?1,i2 (Db*) = Z Ai1,i2;j1,j2,j3 (Db*)

J1+j2+j3>1

1

- Z Z Ai177"2;.j17j2:j3 (Db*) + A’L'lfiz;(),o’l(Db*)

Jit+j22>1j3=0

1 7

- Z Ai17i2§j17j2 (Db) + 5 [1 - (_1) 2:|Ai17i2;010(Db)

Jit+j2>1

1 )

= AL (D) g1 (1A (D), (4.4)

11,12 11,82
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Let £ be the set of all nonnegative even numbers. Then the following two
relationships follow from formulas (£3) and (4.4]), respectively.

Theorem 1. The treatment and block split wordlength patterns of the blocked
design D® and its combined blocked design D** under a foldover plan have the
relationships

Agl,lg( ) - 1Z2€€A11,12( ) (45)
A i (D™) = A2 4, (DY) + Al 1, (D) = Lizee Af, 4, (DY), (4.6)

11 12 11, i2

where 11 takes on the value 1 or 0 depending on whether the condition [-] holds
or not.

Note that the above treatment and block split wordlength patterns of D** are
both independent of the numbers j; and jo. This implies that they are indepen-
dent of the split structure of the blocking factor columns and so are independent
of the choice of the block foldover plan £°. In view of this, we hereafter only need
to consider the treatment core foldover plans and simply call them foldover plans
without consideration of the block foldover plans.

5. Characterization of Optimal Blocking and Foldover Plans

From Theorem 1, we can get the treatment and block wordlength patterns
of the combined design D*:

ADY )= > AL (D)= > AL (DY), (5.1)

i14i0=1 i0€&,i2<1
ADP) = 3T AL (D) = AYDY) + AYDY) - ALDY).  (5.2)
11+i2=1

In order to compare and select optimal blocked designs, one usually arranges
the treatment and block wordlength patterns into a combined sequence based on
some ordering scheme and then sequentially minimizes this sequence among all
blocked designs with the same parameters. For a fixed blocked design DP°, if
there exists a foldover plan for which the corresponding combined blocked design
has MA, then it is called a minimum aberration foldover plan for the combined
blocked design D?. We have the following conclusion.

Theorem 2. For a given blocked design D®, a foldover plan has minimum aber-
ration for the combined blocked design D if and only if it sequentially minimizes
AYDY) fori=3,... k.

Although the orderings of the treatment and block wordlength patterns vary
with the optimality criteria, the validity of our results only requires that Aﬁ(Db*)
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is always put ahead of AY(D%). Since all the optimality criteria reviewed in
Section 2 satisfy this requirement, all the results in this section hold true for
these criteria.

Note that for p = 1, there are only two distinct ways to generate a combined
design: the null foldover plan and the foldover plan. Because the combined design
under the foldover plan is the 2™ full factorial design, it is an optimal foldover
plan. Theorem 2 implies that for a fixed initial blocked design, its MA foldover
plan is the MA foldover plan for the unblocked case. Therefore, we need only
consider the MA foldover plans for the unblocked cases, some of which can be
found in [Li and Linl (2003]).

For a given 2"7P FF design D, a blocking plan is said to have MA if it se-
quentially minimizes the block wordlength pattern W (D®) of the blocked design
DP®. For the FF design D and a fixed foldover plan &, a blocking plan has MA if
it sequentially minimizes the block wordlength pattern W (D) of the combined
blocked design D*. By noting that the last two terms on the right side of (5.2)
are fixed in this case, we have the following conclusion.

Theorem 3. For a 2" P FF design D with a fized foldover plan, a blocking plan
has MA if and only if it has MA for D without consideration of the foldover
plans.

As for the optimal blocking and foldover plans, which together ensure that
the combined blocked design of an FF design has MA, by combining Theorems
2 and 3 we have the following result.

Theorem 4. For a 2" P FF design D, a pair of blocking and foldover plans has
MA for the combined blocked design D if and only if the foldover plan has MA
for the design D without consideration of the blocking plans, and the blocking
plan has MA for D without consideration of the foldover plans.

Next we consider the problem of efficient enumeration of the number of clear
effects in the combined blocked designs. First, we consider a 2”77 FF design
D. Let C = (I,C) be its factor representation and ¢ = (0]_,,&4) be a core
foldover plan. Because a vector z is a word of a 2"7P design D = R(C) if and
only if C'z = 0, z is a word in the treatment defining contrast subgroup of the
combined design if and only if z is a word in the defining contrast subgroup of
design D and &£z = 0. Thus, we can get the treatment defining contrast subgroup
of the combined design from the defining contrast subgroup of design D and then
search for the clear effects without consideration of the blocking factors.

Furthermore, a treatment effect is confounded with a block effect in the initial
blocked (2777 : 2%) design D* = R(C, B) if and only if a word z = (21, 29) with
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n and k dimensional partition appears in Gyg; of DY, Based on the relationship
between the words of the blocked design D® and the combined blocked design
DY the following conclusion can be obtained.

Theorem 5. A treatment effect is confounded with a block effect in the combined
blocked design D if and only if it is confounded with a block effect in the initial
blocked design DP.

Let M be the 2"P x (k + 1) submatrix of design D consisting of the k
blocking columns and a treatment effect column under consideration, which is
a main effect or a two-factor interaction. [Ai and Hel (2006) showed that the
treatment effect is not confounded with any block effect if and only if the number
of null row vectors of M is exactly 27"P~%=1 This can be used to efficiently
identify whether a treatment effect is confounded with block effects and to screen
out the clear treatment effects in the combined blocked design D%*.

6. Optimal Blocking and Foldover Plans for 8, 16, 32 and 64-run De-
signs

In this section, we present some optimal blocking and foldover plans for given
2P FF designs.

As in [Chen et al. (1993) and Mukerjee and Wul (2006), we put the column
set of the factor representation of saturated designs in Table 1 in Yates order. To
save space, we represent a 2" P design as a collection of columns from the factor
representation matrices in Table 1. For example, the factor representation matrix
consists of the first 4 rows and 15 columns for the 16-run saturated design. Let
1,2, 3, and 4 be the four independent factors. Then all interactions are denoted as
their products. A column z = (21, 29, 23, 24)’ with z;’s being 1 or 0 corresponds to
an effect of the form 1127233474, Search starts with the initial 2”7P designs given
in the catalogue of [Chen et al. (1993). In the tables, the notation n — p.j under
the column “Design” is the same as in [Chen et al.. Their factor representations
are given by a subset of n columns, consisting of (n—p) independent columns and
p additional columns. Only the latter are presented in the second columns of each
table. Under the “Additional Col.” of each design, the optimal core foldover plan
is displayed. The optimal blocking columns are indicated in the third column of
each table.

For ease of comparison and selection of optimal FF designs, the treatment
wordlength pattern (TWP) and the block wordlength pattern (BWP) of the
optimal combined blocked design are listed in the fourth and fifth columns, re-
spectively. Note that only some initial components of TWP and BWP are given
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for the sake of brevity. The numbers of clear main effects and clear 2fi’s, denoted
by ccy and ccg, are given in the sixth column.

In order to compare combined blocked designs in terms of their aberration,
we adopt the following combined wordlength pattern for illustration:

We = (A}, A§, A5, AL AL AS AL AL, A AL ). (6.1)

This wordlength pattern was suggested by [Zhang and Park| (2000) and [Cheng
and Wul (2002). These designs are rank-ordered according to (6.1]). The rank
of each design is given in the last column. Certainly, other criteria based on
different combined wordlength patterns can be adopted to rank-order designs.
In selecting and recommending good combined blocked designs, we use the
following five criteria: TWP, BWP, cci1, cco, and rank, which are given in the
last four columns of the tables. Suppose ¢ criteria are under consideration. An
FF design D is called inadmissible if there exists another design D; such that D,
is at least as “good” as D for all q criteria and better than D for at least one of
the criteria. Otherwise, D is admissible. Here we use TWP, BWP, ccy, cco, and
rank as the criteria to consider admissibility. Only admissible initial designs are
provided in the tables. The complete tables are available upon request.

Example 2. Revisit the 2672 FF design D in Example 1. It is known from [Li
and Linl (2003) that the MA treatment core foldover plan is £ = (1,1). On the
other hand, the MA blocking plan for D in 22 blocks will select columns 5 and 10
as the two blocking factors, denoted by by = (5,10). Thus, the pair of blocking
and foldover plans by and & is simply the optimal plan for the combined blocked
designs with consideration of the implicit blocking factor. Here the optimal
combined blocked design is a (26~! : 23) blocked design D*. Furthermore, it is
independent of the choice of the block foldover plans. Thus, D% has the form

b I, Ci: B 04
D™ =R .
ol 11 of 1
Based on the overall defining contrast subgroup R(S) of the blocked design D°

in Example 1, we can easily obtain its treatment and block split wordlength
patterns as

|41, (D] =

0
0
0 and [A?17i2(Db)] =
0
1

o o o o o
o o N o 9@
_ o N o o
o o o o <
o o v oo =
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Now, by applying formulas (51) and (52, it can be shown that the TWP and
BWP of design D% are (0,0,0,1) and (0, 3,8, 3), respectively.

To judge whether a main effect or 2fi is clear, we need to check if the treat-
ment effect is aliased with any other main effect or 2fi, and then to check if the
treatment effect is confounded with a block effect. Based on R(S), we can easily
obtain the treatment defining contrast subgroup of the combined blocked design
DY as G4(D") = R(1}). Apparently, none of the main effects or 2fi’s are aliased
with other main effects or 2fi’s.

Next, by Theorem 5 we need only check if the number of null row vectors
of M, a submatrix of design D’ consisting of the two blocking columns and the
treatment effect column under consideration, is exactly 2472~ = 2. By following
this process for every main effect and 2fi, we obtain cc; = 6 and ccy = 12.

7. Concluding Remarks and Further Work

In this paper, based on a general decomposition structure of both blocking
and foldover plans, we show that, for a 2P FF design D, a pair of blocking and
foldover plans has MA for the combined blocked design D if and only if the
foldover plan has MA for design D without consideration of the blocking plans
and the blocking plan has MA for D without consideration of the foldover plans.
We also show that a treatment effect is confounded with a block effect in the
combined blocked design D" if and only if it is confounded with a block effect
in the blocked design D°.

Note that all of these minimum aberration results hold true for any aber-
ration criterion for blocked designs which orders Aﬁ? behind A!. This greatly
simplifies the search from the joint pairs of blocking and foldover plans to two
separate searches for optimal blocking and foldover plans respectively.

Finally, it should be mentioned that all the previous results are based on the
assumption that the implicit blocking factor that takes O for the initial design
and 1 for the foldover part is included and its effect is significant. Otherwise,
some results may not hold. The most important is that, in the latter case, the
block split wordlength pattern in Theorem 1 may depend on the choice of the
block foldover plans, although it can be similarly expressed in terms of the initial
blocked design. Some further work in this direction is in progress.
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Appendix
Table 1. Factor representation matrices for 8, 16, 32 and 64-run two-level
designs.
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21
1 0 1 0 1 0 1 O 1 O 1 0 1 0 1 o 1 0 1 0 1
o0 1 1 0 O 1 1 0 0 1 1 0 0o 1 1 O O 1 1 0 O
o o0 o0 1 1 1 1 O O O O 1 1 1 1 o 0 0 o0 1 1
0o 0o 0 0 o0 o o 1 1 1 1 1 1 1 1 O O O O 0 O
o o o 0o 0 0O 0O0o 0O0 OO O OO 1T 1T 1 1 1 1
o 0o o 0o 0 06 OO0 0O 0 o0 0o o0 o o o0 o0 o0 0o
22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42
o 1 0 1 0 1 0 1 0o 1 o0 1 O 1 O 1 O 1 O 1 O
1 1 0 0 1 1 O O 1 1 o o 1 1 0o O 1 1 0 0 1
1 1 0 0 O O 1 1 1 1 0O 0 0 0 1 1 1 1 0 0 O
o o 1 1 1 1 1 1 1 1 o 0 0 o o O O o0 1 1 1
$tP 11 1 1 1 1 1 1 1 O O O O O O O O O O O
o o0 o0 o O0O O0O o o 0 o 1 1 1 1 1 1 1 1 1 1 1
43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60 61 62 63
1 0 1 0 1 O 1 O 1 O 1 0 1 0 1 o 1 0 1 0 1
1 0 0 1 1 0 0 1 1 0 0 1 1 0 O 1 1 0 0 1 1
0 1 1 1 1 0 O 0 0 1 1 1.1 0 O O O 1 1 1 1
i 1 1 1 1 O O O O O O o o0 1 1 1 1 1 1 1 1
o o0 o o o 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

Note: The factor representation matrix consists of the first 3 rows and 7 columns for the 8-run
saturated design, consists of the first 4 rows and 15 columns for the 16-run saturated design,
consists of the first 5 rows and 31 columns for the 32-run saturated design, and is the whole
matrix for the 64-run saturated design. Independent columns are numbered 1, 2, 4, 8, 16 and
32 in bold face.

Table 2. Optimal blocking and foldover plans for 8-run (2"7? : 2) designs.

Design  Additional Col.  Blocking Col. TWP BWP
Foldover plan (Ag, AL (All’7 ey AZ) ccy, ce Rank
4-1.1 7 3 00 0201 4,4 3
1
4-1.2 6 3 00 0120 4,5 1
1
5-2.1 35 6 010 0240 5,4 1
11
6-3.1 356 7 0300 0380 6,0 1
111
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Table 3. Optimal blocking and foldover plans for 16-run (2"~ : 2) designs.
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Design Additional Col. Blocking TWP BWP
Foldover plan Col.  (AL,...,AL) (A8,...,A%) cci,cco Rank

5-1.1 15 3 000 0110 5 9 3
1

5-1.2 7 11 000 0021 5 10 1
1

6-2.1 711 13 0100 0042 6, 9 1
10

6-2.2 313 6 0010 0132 6, 14 4
11

6-2.3 312 5 0001 0141 6, 14 3
11

7-3.1 71113 14 03000 0074 7, 6 1
100

7-3.2 3514 9 01200 0164 7, 14 4
111

7-3.3 3510 12 02010 0163 7, 8 5
111

84.1 7111314 3 06000 04016 8 0 6
1100

842 35914 15 03400 011016 8, 12 1
1111

845 3569 14 05020 01106 8, 3 2
1111

846 3567 9 07000 01104 8 6 3
1110

9-5.1 3591415 6 06800 04816 9, 8 5
11110

9-53 356914 15 010040 02148 9, 2 2
11110

9-54 356910 13 09060 02149 9, 0 1
11111

10-6.1 35691415 10 018080 041612 10, 0 4
111101

10-6.2 35691013 14 0160120 031913 10, 0 2
111110

10-6.3 35691012 7 0150150 032013 10, 0 1
111111

11-71 35691013 14 15 0260240 042520 11, 0 2
1111100

11-7.2 356791012 11 0250270 042619 11, 0 1
1110111

12-82 35679101112 13 0380520 053428 12, 0 1

11101101
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Table 4. Optimal blocking and foldover plans for 16-run (277 : 22) designs.

Design Additional Col. Blocking Col. TWP BWP
Foldover plan (AL, ... ALY (AY,... AY) ce1,cca Rank

5-1.1 15 35 000 0330 5 7 3
1

5-1.2 7 313 000 0241 95, 8 1
1

6-2.1 711 313 0100 0382 6, 8 2
10

6-2.3 312 5 10 0001 0383 6, 12 1
11

7-3.1 71113 35 03000 09016 7, 3 5
100

7-3.2 3514 69 01200 05126 7,12 1
111

7-3.3 3510 69 02010 05125 7, 8 2
111

7-3.5 356 79 03000 05124 7, 4 3
111

841 7111314 35 06000 0120 32 8§ 0 5
1100

842 35914 6 10 03400 091216 8, 10 4
1111

8-4.3 351012 611 05020 071810 8, 4 1
1111

844 35615 79 03400 081611 8 8 3
1110

9-5.1 3591415 6 10 06800 01216 32 9, 8 4
11110

9-5.2 35101215 611 09060 092718 9, 0 1
11111

9-53 356914 710 010040 0102418 9, 2 3
11110

10-6.1 35691415 7 10 018080 0133232 10, 0 2
111101

10-6.2 35691013 711 0160120 01236 30 10, 0 1
111110

10-6.3 35691012 711 0150150 193639 9, 0 3
111111

11-71 35691013 14 711 0260240 0154848 11, 0 1
1111100

11-7.2 356791012 11 13 0250270 1124857 10, 0 2
1110111

12-81 356910131415 711 0390480 01864 72 12, 0 1
11111001

12-82 35679101112 13 14 0380520 1156384 11, 0 2
11101101
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Table 5. Optimal blocking and foldover plans for 32-run (2"~? : 2) designs.

Design  Additional Col. Blocking Col. TWP BWP
Foldover plan (A%,..., ALY (A4%,...,A%)  cci,ce2 Rank

6-1.1 31 7 00000 0020 6, 15 1
1

7-2.1 727 13 00100 0023 7, 21 5
10

7-2.2 7 25 11 00010 0032 7, 21 2
11

7-2.3 711 29 01000 0006 7, 15 7
10

7-2.5 328 13 00001 0033 7, 21 1
11

8-3.2 71121 25 01020 0044 8, 22 3
011

8-3.3 71119 29 02000 00012 8, 16 9
110

8-3.4 71113 30 03000 00011 8, 13 10
100

8-3.5 3 13 22 25 00210 0045 8, 28 1
111

8-3.6 3530 15 01020 0054 8, 22 4
111

8-3.7 31321 26 01101 0036 8, 22 5
110

9-4.1 7111929 30 02400 00412 , 24 4
1100

9-4.5 71113 14 19 06000 0048 , 8 9
1100

9-4.8 312 21 26 31 01420 0068 9, 30 1
1110

10-5.1 71119 29 30 5 04800 02412 10, 22 10
11000

10-5.4 7111314 19 21 06080 00812 10, 17 4
00111

10-5.8 35142225 31 02840 00816 10, 33 1
11111

11-6.1 7111319 21 25 14 0100160 001315 11, 10 5
101100

11-6.2 7111314 19 21 25 0100160 001216 11, 9 4
011010

11-6.3 3514 22 25 31 10 041480 02820 11, 32 10
111111

11-6.6 3510 23 27 28 13 0512714 011021 11, 27 6
111000

11-6.7 359222629 14 07878 001318 11, 22 1
111100

11-6.10 35914 18 29 31 061084 0110 20 11, 24 7
111111

12-7.1 7111314192125 22 0160300 001722 12, 5 4
1010100

12-7.2 7111314192122 25 0150320 0016 24 12, 0 3
0101110

12-7.3 35914 2226 29 17 011141512 011623 12, 20 6
1111100

12-7.5 3510 12 22 27 29 15 010181012 021229 12, 20 9
1111110

12-7.6 351012 22 25 31 17 010161216 021228 12, 18 8
1111110

12-7.7 356 1523 25 30 10 0102088 021229 12, 28 10
1110000

12-7.8 359141722 26 28 012131215 001726 12, 17 1
1111111

12-7.9 35914 15 22 26 29 012141212 001627 12, 17 2
1111000

12-7.10 35914 18 20 31 24 010181012 011526 12, 19 5
1111111
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Table 5. (Cont’d).

Design Additional Col. Blocking Col. TWP BWP
Foldover plan (AL, ..., AY) (A%,..., Ab) cc1,ce2 Rank

13-8.1 71113 14 19 21 22 25 26 0230560 00 22 32 13, 0 2
01011100

13-8.2 35914 17 22 26 28 15 018 20 24 28 012133 13, 11 6
11111111

13-8.3 359 14 1522 26 29 17 018 20 28 24 012132 13, 19 7
11110100

13-84 35914 1522 26 28 17 018 20 24 28 012034 13, 11 5
11110100

13-8.5 359141517 22 26 28 020 18 22 30 002235 13, 16 1
11110100

13-8.9 3591518 20 24 31 14 015 27 21 27 012136 13, 15 3
11101111

13-8.10 3569 14 17 26 29 22 01724 18 32 012134 13, 13 4
11110110

14-9.1 711 13 14 15 17 22 26 28 28 0330960 0028 44 14, 0 1
111110000

14-9.2 35914 15 17 22 26 28 23 028 27 42 54 012744 14, 12 5
111101100

14-9.3 35914 15 17 22 23 26 28 0 31 24 40 56 00 28 46 14, 15 2
111101100

14-9.4 35915 18 20 24 30 31 14 0 22 40 36 56 0226 46 14, 8 7
111011101

14-9.5 359 14 15 18 20 24 31 19 022 41 36 52 022645 14, 8 8
111101111

14-9.7 359 14 15 18 20 24 30 19 0 22 40 36 56 022547 14, 8 6
111101110

14-9.9 356914 17 22 26 27 28 0 24 36 36 60 012748 14, 11 3
111101010

14-9.10 356 9 14 15 17 26 29 22 027 32 3264 012745 14, 7 4
111101110

15-10.1 7 11 13 14 19 21 22 25 26 28 31 04501600 00 35 60 15, 0 1
1111001100

15-10.2 359 14 15 17 22 23 26 28 27 041 36 72 96 013458 15, 13 5
1111011000

15-10.3 359 14 15 17 22 23 26 27 28 045 32 72 96 0 0 35 60 15, 14 2
1111011010

15-10.4 356 9 14 17 22 26 27 28 15 033 54 60 108 023361 15, 6 6
1111010101

15-10.5 356 9 14 15 17 22 26 29 27 03748 56 112 02 32 58 15, 4 7
1111011010

15-10.6 356 9 14 15 17 22 26 27 28 0364861112 013463 15, 7 4
1111011010

15-10.7 3 59 14 18 20 23 24 27 29 31 03344 96 72 032864 15, 14 8
1111111111

16-11.1 7 11 13 14 19 21 22 25 26 28 31 3 060 0 256 0 080 192 16, 0 10
11110011000

16-11.2 359 14 15 17 22 23 26 27 28 29 05748120160 014276 16, 14
11101110100

16-11.3 356 9 14 15 17 22 26 27 28 23 0477298192 024180 16, 4 3
11110110101

16-11.5 3 59 14 18 20 23 24 27 29 31 28 05164102192 014282 16, 3 1
11110110110

16-11.6 359 14 18 20 23 24 27 29 31 6 045 60 160 120 05 34 72 16, 14 9
11111111110

16-11.9 356 9 10 14 15 17 22 26 29 23 05352136144 033872 16, 17 5
11111011000

17-12.1 359 14 15 17 22 23 26 27 28 29 6 07664192256 0816 176 17, 16 5
111101101010

17-12.2 356 9 14 15 17 22 23 26 27 28 29 064 96 156 320 0 2 50 104 17, 2 1
111101101101

17-12.5 356 9 10 14 15 17 22 23 26 29 27 096 0348 0 0348 67 17, 2 4
111110110101

18-13.1 3569 14 15 17 22 23 26 27 28 29 10 0 84 128 240 512 0 8 32 184 18, 0 5
1111011011010

18-13.2 356 9 10 14 15 17 22 23 26 27 28 29 0126 05320 0359 85 18, 0 2
1111101101010

18-13.3356 7910111718 192829 30 31 0 78 144 228 528 0 3 60 132 18, 0 1
1110110110100
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Table 6. Optimal blocking and foldover plans for 32-run (2"~? : 22) designs.

Design  Additional Col. Blocking Col. TWP BWP
Foldover plan (AL, ..., AL) (Al{7 ceey AZ) cci,cc2 Rank

6-1.1 31 313 0000 0141 6, 14 1
1

7-2.1 727 11 21 00100 0165 7, 20 7
10

7-2.3 711 13 19 01000 0076 7, 15 2
10

7-2.5 328 13 22 00001 0077 , 21 1
11

8-3.1 71129 1319 01200 011010 8, 21 5
100

8-3.2 71121 13 19 01020 011010 8, 21 1
011

8-3.4 71113 14 17 03000 01108 8, 12 6
100

8-3.5 31322 724 00210 02810 8, 26 8
111

8-3.8 31221 526 00210 02810 8, 26 8
111

9-4.1 71119 29 527 02400 04820 9, 20
1100

9-4.3 7112125 6 26 03040 021415 9, 18 3
0110

9-4.6 31321 26 6 25 01420 021417 9, 28 1
1110

9-4.9 35930 15 18 03040 021415 9, 19
1111

9-4.10 3510 28 12 23 02311 0214 16 9, 22
1111

10-5.1 71119 29 30 59 04800 061224 10, 20 9
11000

10-5.3 711131921 922 06080 031923 10, 14 4
00110

10-5.6 313212530 6 26 03740 041823 10, 26 6
11111

10-5.8 35142225 10 21 02840 0416 28 10, 29 5
11111

10-5.9 35142326 921 03642 031926 10, 24 1
11100

11-6.1 71113 19 21 25 3 28 0100160 0426 34 11, 10 5
101100

11-6.2 71113141921 922 0100160 04 25 36 11, 9 4
011010

11-6.3 3514222531 710 041480 06 23 36 11, 30 9
111110

11-6.4 3514222629 918 061084 052436 11, 22 7
111100

11-6.6 3510232728 15 17 051274 052437 11, 23 6
111000

11-6.7 359222629 14 17 07878 0426 37 11, 20 1
111100

11-6.8 359222628 14 17 08848 04 2538 11, 16 3
111110

11-6.9 359142226 1518 07966 042539 11, 20
111110

12-7.1 7111314192125 328 0160300 053450 12, 5 3
1010100

12-7.3 35914222629 15 17 011141512 06 3252 12, 18 5
1111100

12-7.5 351012222729 718 010181012 073052 12, 17 8
1111110

12-7.6 3510 12 22 25 31 15 17 010161216 082461 12, 16 9
1111110

12-7.7 356 1523 25 30 918 0102088 082461 12, 25 10
1110000

12-7.8 35914 17 22 26 6 27 012131215 053454 12, 16 1
1111111

12-7.10 359 14 18 20 31 15 23 010181012 06 3156 12, 18 4
1111111
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Table 6. (Cont’d).

Design  Additional Col. Blocking TWP BWP
Foldover plan Col. (Aé7 RN At7) (All’7 e AZ) cci, cca Rank

13-8.1 7111314 19 21 22 25 3 28 0230560 0644 72 13, 0 2
01011100

13-8.2 3591417 22 26 28 6 27 018 20 24 28 074274 13, 10 5
11111111

13-8.3 35914 15 22 26 29 617 018 20 28 24 074372 13, 18 6
11110100

13-8.5 359141517 22 26 6 27 020 18 22 30 0644 75 13, 15 1
11110100

13-8.9 35915182024 31 14 19 015 27 21 27 074277 13, 15 3
11101111

13-8.10 3569 14 17 26 29 10 22 017 24 18 32 074275 13, 12 4
11110110

14-9.1 7111314 1517 22 26 28 328 0330960 07 56 100 14, 0 2
111110000

14-9.2 35914 15 17 22 26 28 6 27 0 28 27 42 54 0 8 54 101 14, 11 5
111101100

14-9.3 35914 15 17 22 23 26 6 27 0 31 24 40 56 07 56 102 14, 14 1
111101100

14-9.4 3591518 20 24 30 31 619 0 22 40 36 56 09 52 105 14, 8 6
111011101

14-9.9 3569 14 17 22 26 27 10 23 0 24 36 36 60 0 8 54 105 14, 11 3
111101010

14-9.10 3569 14 15 17 26 29 10 22 027 32 32 64 0 8 54 102 14, 6 4
111101110

15-10.1 7 11 13 14 19 21 22 25 26 28 35 0450 160 0 0210 312 15, 0 10
1111001100

15-10.2 359 14 15 17 22 23 26 28 6 27 041 36 72 96 09 68 136 15, 12 2
1111011000

15-10.3 359 14 15 17 22 23 26 27 6 10 045 32 72 96 01825218 15, 14 9
1111011010

15-10.4 3569 14 17 22 26 27 28 10 23 0 33 54 60 108 01066 140 15, 6 4
1111010101

15-10.6 3569 14 15 17 22 26 27 10 23 0 36 48 61 112 09 68 141 15, 7 1
1111011010

15-10.7 359 14 18 20 23 24 27 29 717 0 33 44 96 72 01263132 15, 12 7
1111111111

15-10.10 356 9 14 15 17 22 23 26 727 045 32 72 96 09 68 132 15, 12 3
1111011011

16-11.1 7 11 13 14 19 21 22 25 26 28 31 35 060 0 256 0 0240 416 16, 0 10
11110011000

16-11.3 3569 14 15 17 22 26 27 28 10 23 047 72 98 192 0 11 82 186 16, 4 1
11110110101

16-11.6 3 59 14 18 20 23 24 27 29 31 6 10 04560 160 120 01572176 16, 12 7
11111111110

16-11.9 3569 10 14 15 17 22 26 29 727 05352136144 01376176 16, 15 5
11111011000

17-12.1 359 14 15 17 22 23 26 27 28 29 6 10 076 64 192 256 02432400 17, 16 5
111101101010

17-12.2 3569 14 15 17 22 23 26 27 28 10 18 064 96 156 320 02156321 17, 2 4
111101101101

17-12.3 3569 10 14 17 22 23 26 27 28 15 18 09503540 01398208 17, 0 1
111110101010

17-12.5 3569 10 14 15 17 22 23 26 29 727 096 0348 0 01496202 17, 2 3
111110110101

18-13.1 3569 14 15 17 22 23 26 27 28 29 10 18 084128 240 512 02464424 18, 0 5
1111011011010

18-13.3 35679101117 18 19 28 29 30 12 20 078 144 228 528 02185363 18, 0 3
1110110110100

18-13.4 3569 14 15 18 21 23 24 27 28 31 10 19 0 108 0 552 0 018 108 270 18, 0 2
1111011011100

18-13.5 3569 10 14 17 22 23 24 27 28 29 15 21 011305470 015116 277 18, 0 1
1111101011101

19-14.1 3569 10 14 15 17 22 23 26 27 28 29 1318 0164 0 748 0 02497408 19, 0 5
11111011010101

19-14.2 356 79101117 18 19 28 29 30 31 12 20 0 100 192 336 832 0 24 97 472 19, 0 4
11101101101001

19-14.5 356910 13 14 17 22 23 24 26 29 31 15 19 0136 0 816 0 018135350 19, 0 1
11111001011010

20-15.1 356910 14 15 17 18 22 23 26 27 28 29 7 25 0188 0 1128 0 025130472 20, 0 4
111110111010101

20-15.4 35691014 15 17 18 22 23 26 27 28 31 711 01750 1155 0 024 143 441 20, 0 2
111110111010100

20-15.5 356910 13 14 15 17 18 22 23 26 27 28 725 0176 0 1148 0 023144 448 20, 0 1
111110011101010

21-16.1 356910 14 15 17 18 22 23 26 27 28 29 31 7 11 0220 0 1608 0 027163552 21, 0 5
1111101110101010

21-16.4 356910 13 14 17 19 22 23 24 26 28 29 31 15 20 0210 0 1638 0 021189546 21, 0 1
1111100100110010

21-16.5 356910 13 14 15 17 18 21 22 23 24 26 29 7 27 0209 0 1644 0 024180534 21, 0 2
1111100111001101
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Table 7. Optimal blocking and foldover plans for 32-run (277 : 23) designs.

Design  Additional Col. Blocking Col. TWP BWP
Foldover plan (A%,... ALY (A%,...,AY) cei,ccz  Rank

6-1.1 31 31221 0000 0383 6, 12 1
1

7-2.1 727 51119 00100 05127 7, 16 4
10

7-2.2 725 3921 00010 05127 7, 16 1
11

7-2.3 711 31317 01000 05126 7, 12 6
10

7-2.5 328 5918 00001 0699 7, 15 8
11

8-3.1 71129 31317 01200 0816 13 8, 16 7
100

8-3.2 71121 31317 01020 0718 14 8, 17 1
011

8-3.5 313 22 51117 00210 0718 15 8, 21 5
111

8-3.7 31321 510 19 01101 0718 14 8, 17 3
110

9-4.1 7111929 5918 02400 012 16 36 9, 16
1100

9-4.8 312 21 26 611 18 01420 09 27 26 9, 23 1
1110

9-4.10 3510 28 6917 02311 09 27 25 9, 19 2
1111

10-5.1 7111929 30 359 04800 017 24 42 10, 16 9
11000

10-5.8 35142225 710 18 02840 013 3248 10, 24 3
11111

10-5.9 3514 23 26 69 18 03642 012 36 43 10, 21 1
11100

11-6.1 7111319 21 25 3524 0100160 025 0 160 11, 6 10
101100

11-6.3 3514 22 25 31 69 18 041480 019 36 74 11, 24 8
111110

11-6.4 3514 22 26 29 6917 061084 0 16 45 68 11, 19 3
111100

11-6.6 3510 23 27 28 611 18 051274 017 40 77 11, 21 7
111000

11-6.9 35914 2226 6 10 17 07966 015 48 67 11, 18 1
111110

12-7.1 711131419 21 25 31217 0160300 030 0 239 12, 3 10
1010100

12-7.2 71113 14 19 21 22 3525 0150320 0 18 64 96 12, O 2
0101110

12-7.4 35914 22 26 28 6 10 17 012131215 019 60 102 12, 13 4
1111100

12-7.6 351012 22 25 31 61117 01016 1216 021 50 120 12, 16 5
1111110

12-7.7 3561523 25 30 7918 0102088 02248 117 12, 20 7
1110000

12-7.9 3591415 22 26 610 17 012141212 0186499 12, 14 1
111100

12-7.10 35914 18 20 31 611 19 010181012 019 60 104 12, 18 3
1111111

13-8.1 711131419212225 3917 0230560 0 36 0 342 13, 0 10
01011100

13-8.3 359141522 26 29 6 10 18 018202824 03135232 13, 16 9
11110100

13-8.4 35914 15 22 26 28 6 10 17 0182024 28 02280145 13, 8 1
11110100

13-8.5 359141517 22 26 611 18 020182230 03036235 13, 14 8
11110100

13-8.8 3591518 20 24 30 6 10 19 016 26 18 30 02375 154 13, 12 2
11101110

13-8.9 3591518 20 24 31 61117 015272127 02660 180 13, 13 3
11101111
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Table 7. (Cont’d).

Design Additional Col. Blocking TWP BWP
Foldover plan Col. (Ag’,...,A’;) (AI{,...,AZ) ccy, cca Rank

14-9.1 71113 14 15 17 22 26 28 5917 0330960 0420 478 14, 0 10
111110000

14-9.2 35914 1517 22 26 28 61118 028 27 42 54 0 36 42 337 14, 13 8
111101100

14-9.7 359 14 15 18 20 24 30 6 10 19 0 22 40 36 56 026 100209 14, 8 1
111101110

14-9.9 3569 14 17 22 26 27 71019 0 24 36 36 60 031 72 261 14, 10 4
111101010

15-10.1 7 11 13 14 19 21 22 25 26 28 359 04501600 049 0 648 15, 0 10
1111001100

15-10.2 359 14 15 17 22 23 26 28 71018 041 36 72 96 0 42 49 470 15, 14 8
1111011000

15-10.3 359 14 15 17 22 23 26 27 610 18 045327296 0 42 49 466 15, 14 9
1111011010

15-10.7 359 14 18 20 23 24 27 29 61019 03344 96 72 033112292 15, 8 2
1111111111

15-10.9 359 14 15 18 20 23 24 30 61019 05101440 030125264 15, 0 1
1110111111

16-11.1 7 11 13 14 19 21 22 25 26 28 31 359 0600 2560 0 56 0 864 16, 0 9
11110011000

16-11.2 359 14 15 17 22 23 26 27 28 6 10 18 057 48 120 160 0 49 56 636 16, 15 8
11101110100

16-11.3 3569 14 15 17 22 26 27 28 71118 0477298 192 0 43 98 506 16, 4 5
11110110101

16-11.5 359 14 18 20 23 24 27 29 31 71018 05164102192 0 43 98 502 16, 5 6
11110110110

16-11.6 359 14 18 20 23 24 27 29 31 6710 0 45 60 160 120 133145392 15, 9 10
11111111110

16-11.8 3569 10 14 17 22 23 26 29 71118 07102260 039 126 402 16, 2 3
11111010101

16-11.9 3569 10 14 15 17 22 26 29 71118 053 52 136 144 041120 416 16, 11 4
11111011000

16-11.10 356 9 10 14 17 22 26 29 31 71118 06502360 037140 372 16, 1 1
11111010010

17-12.1 359 14 15 17 22 23 26 27 28 29 61018 076 64 192 256 0 56 64 848 17, 16 5
111101101010

17-12.2 3569 14 15 17 22 23 26 27 28 71018 0 64 96 156 320 050 112 678 17, 2 4
111101101101

17-12.3 3569 10 14 17 22 23 26 27 28 71119 09503540 045147 542 17, 0 1
111110101010

17-12.5 3569 10 14 1517 22 23 26 29 71118 09603480 046 144 538 17, 2 3
111110110101

18-13.1 3569 14 15 17 22 23 26 27 28 29 71018 084 128 240 512 057 128896 18, 0 5
1111011011010

18-13.3 356791011 17 18 19 28 29 30 12 1320 0 78 144 228 528 150 162 776 17, 0 3
1110110110100

18-13.4 3569 14 1518 21 23 24 27 28 31 71019 0108 05520 045216612 18, 0 1
1111011011100

19-14.1 3569 10 14 15 17 22 23 26 27 28 29 71118 01640748 0 059192928 19, 0 4
11111011010101

19-14.2 356791011 17 18 19 28 29 30 31 12 13 20 0 100 192 336 832 1 57 185 1008 18, 0 5
11101101101001

19-14.5 3569 10 13 14 17 22 23 24 26 29 31 71118 013608160 051252784 19, 0 1
11111001011010

20-15.1 356910 14 1517 18 22 23 26 27 28 29 71119 0188011280 0 62 256 1073 20, 0 2
111110111010101

20-15.4 356910 14 1517 18 22 23 26 27 28 31 71119 0175011550 1552791037 19, 0 4
111110111010100

20-15.5 35691013 14 1517 18 22 23 26 27 28 71119 01760 1148 0 0 59 280 1012 20, O 1
111110011101010

21-16.1 35691014 1517 18 22 23 26 272829 31 71119 02200 1608 0 162318 1297 20, 0 4
1111101110101010

21-16.4 356910131417 192223242628293171118 02100 16380 063343 1218 21, 0 1
1111100100110010

21-16.5 3569101314 151718 2122232426297 1119 02090 1644 0 158 346 1244 20, 0 3
1111100111001101
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Table 8. Optimal blocking and foldover plans for 64-run (2"~ : 2) designs.

Design  Additional Col. Blocking Col. TWP BWP
Foldover plan (AL,... ALY (A%,...,A%) cei,ccz  Rank

7-1.1 63 7 00000 0011 7, 21 1
1

8-2.1 15 51 21 00010 0012 8, 28 1
11

9-3.1 727 45 51 00210 0015 9, 36 4
100

9-3.3 727 43 53 00200 0006 9, 36 3
110

9-3.5 7 25 42 53 00030 0009 9, 36 1
111

10-4.1 7 27 43 53 13 00420 0028 10, 45 2
1100

10-4.2 7 25 42 53 62 00331 0027 10, 45 1
1110

10-4.6 711 29 45 51 01400 0009 10, 39 8
1010

10-4.7 7 25 42 52 63 01060 00014 10, 39
1110

11-5.1 711 29 45 51 62 01740 00213 11, 49 5
10100

11-5.3 7 11 29 46 49 60 01642 00312 11, 49 3
10001

11-5.4 7 11 21 46 56 54 01562 00215 11, 49 4
01101

11-5.5 711 29 45 49 62 024414 00212 11, 43 6
11001

11-5.7 7 11 21 38 57 58 01464 00314 11, 49 1
01110

11-5.10 711 13 30 46 49 03700 00211 11, 40 10
10010

12-6.1 7 11 29 45 51 62 14 021280 00813 12, 54 4
101000

12-6.6 711 19 37 57 63 29 028108 00420 12, 54 1
011110

12-6.9 711 21 25 38 58 60 037106 00322 12, 48 5
011010

13-7.1 7 11 21 25 38 58 60 31 041416 12 00822 13, 54 2
0110110

13-7.3 7 11 19 29 37 59 62 41 0312248 00820 13, 60 1
0110101

13-7.4 7 11 19 29 37 41 60 50 05131315 00723 13, 48 6
1010110

13-7.8 7 11 19 37 41 60 63 29 06121018 00624 13, 48 9
0011110

13-7.9 7 11 19 29 37 41 47 30 0610 18 12 004 32 13, 42 8
1100100

14-8.1 711193037 414960 63 0820 22 28 008 34 14, 46 5
10101100

14-8.3 711131921 253560 63 011122828 00544 14, 40 8
01101010

14-8.4 711131419 21 2554 41 016 7 30 26 00539 14, 30 10
01011100

14-8.6 7111929 30374149 60 0819 22 30 00834 14, 46 4
10100110

14-8.7 71119 30 37 41 52 56 47 0716 36 20 00 10 28 14, 49 1
11000110

14-8.8 711131921 415463 25 0818 24 30 001129 14, 52 3
10011110

14-8.10 7111929 37414749 55 0815 34 22 00929 14, 43 2
10101100
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Table 8. (Cont’d).

Design  Additional Col. Blocking TWP BWP
Foldover plan Col. (A%,..., AY) (A%,...,A%) cer,cca Rank

15-9.1 7 11 19 30 37 41 49 60 63 29 012 30 34 51 001339 15, 45 4
110110000

15-9.3 711 19 29 37 41 47 49 55 59 011 22 60 36 0012 38 15, 39 1
101011000

15-9.5 711 13 14 19 21 22 25 58 37 0 23 10 56 40 006 54 15, 27 10
010111000

15-9.6 7 11 13 19 21 35 37 57 58 60 012 27 38 54 001048 15, 45 2
011011010

15-9.10 7 11 13 14 19 21 25 35 60 63 017 16 48 48 006 60 15, 38 9
001111010

16-10.1 7 11 13 19 21 35 37 57 58 60 14 0 17 40 56 96 00 16 53 16, 41 3
0110110100

16-10.2 7 11 19 29 37 41 47 49 55 59 62 0153010060 001550 16, 30 1
0110101100

16-10.5 7 11 13 14 19 21 22 25 35 60 63 0 25 20 80 80 00780 16, 33 14
0101110100

16-10.6 7 11 13 14 19 21 22 25 26 60 35 033 12 96 64 00772 16, 29 15
1111001100

16-10.7 7 11 13 14 19 21 35 37 57 58 60 0 17 36 64 96 0012 66 16, 41 2
0011111010

16-10.8 7 11 13 14 19 21 25 35 60 63 22 0 19 32 66 96 0019 50 16, 44 6
0011100110

16-10.10 7 11 13 14 19 21 22 35 37 57 58 0 21 24 80 80 00784 16, 27 8
0011110100

16-10.14 7 11 19 37 41 47 49 55 59 62 29 02001600 000 120 16, 0O 7
0111011001

17-11.1 711 13 14 19 21 35 37 57 58 60 22 0235490162 0019 72 17, 34 1
00111010100

17-11.2 7 11 19 29 37 41 47 49 55 59 62 13 0204016096 012055 17, 15 6
01101011001

17-11.3 711 13 19 21 25 35 37 41 49 63 62 02535136 120 01 1560 17, 30 7
00110111001

17-11.7 711 13 14 19 21 22 35 37 38 57 58 02832128 128 008 112 17, 16 2
00111011100

17-11.10 7 11 13 14 19 21 22 25 26 35 60 63 03624 128 128 00 8 104 17, 32 5
11110011000

18-12.1 7 11 13 14 19 21 22 35 37 57 58 60 38 030 72 140 264 0 0 22 96 18, 24 1
001110111100

18-12.2 7 11 13 14 19 21 22 35 37 38 57 58 60 03264152256 0016 116 18, 16 2
001110111000

18-12.3 7 11 13 14 19 21 22 25 26 35 60 63 33 040 48 160 256 0 2 12 98 18, 32 5
111100110000

19-13.1 71113 14 19 21 22 35 37 38 57 58 60 63 040 96 200 416 00 25 124 19, 12 1
0011101110000
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Table 9. Optimal blocking and foldover plans for 64-run (277 : 22) designs.

Design ~ Additional Col. Blocking TWP BWP
Foldover plan Col. (AL, ... AL (All’, R AZ) cci,cca  Rank

7-1.1 63 7 25 00000 0033 7, 21 1
1

8-2.1 15 51 21 42 00010 0045 8, 28 1
11

9-3.1 727 45 14 49 00210 0069 9, 36 4
100

9-3.3 727 43 13 51 00200 004 14 9, 36 3
110

9-3.5 7 25 42 11 52 00030 0069 9, 36 1
111

9-3.6 711 53 22 45 01002 00413 9, 30 5
011

10-4.1 7 27 43 53 13 51 00420 00818 10, 45 2
1100

10-4.2 7 25 42 53 13 54 00331 00916 10, 45 1
1110

10-4.5 7 11 29 49 19 45 01222 00817 10, 39 4
1101

11-5.1 711 29 45 51 14 49 01740 011221 11, 48 7
10100

11-5.7 7 11 21 38 57 13 55 01464 001324 11, 49 1
01110

11-5.8 711 21 41 51 25 47 02444 001224 11, 43 3
01100

12-6.1 7 11 29 45 51 62 14 17 021280 021629 12, 52 9
101000

12-6.4 7 11 21 41 54 56 26 37 037106 011533 12, 47 4
100110

12-6.6 71119 37 57 63 13 35 028108 0117 32 12, 53 1
011110

12-6.7 711 19 29 37 59 30 41 028124 0116 32 12, 53 2
011010

12-6.10 7 11 13 19 46 49 21 42 04688 011532 12, 44 8
001110

13-7.1 7 11 21 25 38 58 60 31 40 041416 12 0218 46 13, 52 7
0110110

13-7.3 711 19 29 37 59 62 6 41 03122438 0220 44 13, 60 6
0110101

13-7.6 7 11 19 30 37 41 52 29 47 05111911 012047 13, 47
1100100

13-7.7 711 13 19 37 57 63 21 35 05121516 012245 13, 50 2
0101110

14-8.1 7 11 19 30 37 41 49 60 29 35 08 20 22 28 022561 14, 46 8
10101100

14-8.3 711 13 19 21 25 35 60 14 49 011122828 012761 14, 39 2
01101010

14-8.4 711 13 14 19 21 25 54 22 41 016 7 30 26 012756 14, 29 3
01011100

14-8.5 711 13 14 19 21 22 57 26 37 0158 3224 00 28 62 14, 25 1
01011100

14-8.7 7 11 19 30 37 41 52 56 15 50 0716 36 20 0224064 14, 49 4
11000110

14-8.8 711 13 19 21 41 54 63 25 35 0818 24 30 022561 14, 50 6
10011110

15-9.1 7 11 19 30 37 41 49 60 63 535 012303451 033278 15, 44 9
110110000

15-9.3 7 11 19 29 37 41 47 49 55 5 59 011226036 032886 15, 38 7
101011000

15-9.6 711 13 19 21 35 37 57 58 14 49 012273854 023382 15, 45 4
011011010

16-10.1 7 11 13 19 21 35 37 57 58 60 14 22 017 40 56 96 0 3 41 104 16, 40 8
0110110100

16-10.2 7 11 19 29 37 41 47 49 55 59 5 35 0 15 30 100 60 0 4 40 101 16, 28 15
0110101100

16-10.5 711 13 14 19 21 22 25 35 60 26 37 025208080 0142108 16, 32 3
0101110100

16-10.6 7 11 13 14 19 21 22 25 26 60 28 35 033129664 0142100 16, 28 4
1111001100

16-10.7 7 11 13 14 19 21 35 37 57 58 22 41 017366496 0241110 16, 41 5
0011111010

16-10.8 7 11 13 14 19 21 25 35 60 63 22 37 019326696 0338106 16, 43 10
0011100110

16-10.9 711 13 14 19 21 22 35 57 60 25 38 019326696 0142114 16, 35 1
0011110100

16-10.10 7 11 13 14 19 21 22 35 37 57 25 38 021248080 0142112 16, 26 2
001111

0100
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Table 10. Optimal blocking and foldover plans for 64-run (2”77 : 23) designs.
Design  Additional Col. Blocking TWP BWP
Foldover plan Col. (Ag, S, AY) (Al{, ceey AZ) cci,cco Rank
7-1.1 ?3 72542 00000 0077 7, 21 1
8-2.1 15151 32041 00010 02810 8, 26 1
1
9-3.1 7 27 45 112235 00210 021418 9, 34 4
9-3.5 7 %5 42 31349 00030 021418 9, 34 1
9-3.6 '(7) %1 53 51941 01002 0214 17 9, 30 5
10-4.1 ’{ %70463 53 131734 00420 0416 30 10, 41 8
10-4.2 7 %5 4(? 53 112238 00331 0319 29 10, 42 1
111
10-4.7 7 25 42 52 112239 01060 0319 28 10, 36 2
1110
10-4.9 g %112& 45 62535 01220 0319 28 10, 38 3
11-5.1 7 11 29 45 51 141736 01740 052441 11, 44 7
10100
11-5.2 7 25 42 52 63 112239 01464 04 2545 11, 45 1
11100
11-5.4 7 11 21 46 56 6 25 43 01562 042643 11, 47 3
01101
11-5.7 7 11 21 38 57 91937 01464 04 2643 11, 45 2
01110
11-5.8 711 21 41 51 6 25 35 02444 04 2544 11, 41 5
01100
12-6.1 7 11 29 45 51 62 141736 021280 06 3261 12, 48 7
101000
12-6.4 7 11 21 41 54 56 62542 037106 053463 12, 43 4
100110
12-6.6 g %11119 137057 63 92138 028108 05 3464 12, 49 1
12-6.7 71119 29 37 59 6 24 41 028124 05 34 64 12, 53 2
011010
13-7.1 '6 % 1201 1251 %8 58 60 131933 04141612 074288 13, 49 4
13-7.3 '(7) % 16) 12%317 59 62 62441 0312248 06 44 92 13, 60 1
1
13-7.6 711 19 30 37 41 52 102338 05111911 064490 13, 42 2
1100100
13-7.7 711 1319 37 57 63 92138 05121516 064490 13, 47 3
0101110
14-8.1 ’{ (1)1 1(5)) 301 %7041 49 60 52535 08202228 0952119 14, 45 8
14-8.5 71113 14 19 21 22 57 32537 01583224 0756118 14, 24 2
01011100
14-8.7 7 11 19 30 37 41 52 56 151835 07163620 0756126 14, 48 1
11000110
15-9.1 I %10119 13%36704(1) 49 60 63 62542 012303451 01255177 15, 37 10
15-9.3 711 19 29 37 41 47 49 55 52535 011226036 09 68 166 15, 36 1
101011000
15-9.4 71113 14 19 21 35 41 63 122238 0151848 48 09 68 162 15, 32 2
001111100
15-9.5 '(7) %1013 114 %902(1) 22 25 58 52635 023105640 09 68 154 15, 24 4
15-9.6 7 11 13 19 21 35 37 57 58 122238 012273854 01066 161 15, 41 5
11011010
15-9.10 7 611113 1141 %)9 2(1) 25 35 60 122237 0171648 48 09 68 160 15, 36 3
16-10.1 '6 % 651191 201138 37 5758 60 142238 017405696 0 12 81 210 16, 37 5
16-10.7 7111314 192135375758 122238 017366496 0 11 82 216 16, 40 1
0011111010
16-10.11 711 1319 21 35 41 50 61 62 5 27 42 02401430 01182209 16, 16 3
110000 10
16-10.15 7 %10 (?11% 1 28 85 44 55 61 3 28 37 02401410 01182209 16, 13 2
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