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Supplementary Material

This note contains proofs for Theorems 1-6, and their corollaries.

S.1. Proof of Theorem 1. Without loss of generality, let p, = 0.We need to
show that the prior MGF: [ et '@wIMR(,B)dﬁ

o</|X’Q(ﬁ)X+)\I\1/2 exp {—Q—;Q’(X’Q(Q)X+)\I)ﬁ + t’ﬂ}dﬁ (S.1.1)

exists for some ¢ in a neighborhood including zero. As previously, we have I(3) =
X'Q(B)X. By Corollary 13.7.4 in Harville (1997), we have,

P
[1(B) + M| =Y XY [1(B)), (S.1.2)
s=0 T
where T' = {i1,...,1s} is an s-dimensional subset of the p positive integers {1,...,p}

and the summation is over all such () subsets; and |I(B3)(1>+%)] is the determinant
of the (p— s) x (p— s) submatrix of I(3) obtained by leaving out the (i1,...,is)-th
rows and columns of I(83). Then, using (S.1.2), we have

(81.1) = /[XP:ASZ|I(5)@1M@)

s=0 T

[3ox gy
s=0 T

] : exp{ B (I(B) + ADB + t’ﬂ}dﬁ
0

IN

3 exp{ — %coﬁl(f(ﬁ) +A)B + t’ﬁ}d,@.
(S.1.3)

Now by applying the Cauchy-Binet formula, we have

p—s
|I(B)(“7m’7’5)| = Z c(ahv ey aipfs) H wijv
j=1

v(T)
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where V(T') = {i1,...,ip—s}, and c(ai,,...,a;,_,) = |X§p75)|2, with x®=)" =
(%4,,..., 24, ,) being a (p—s) x (p—s) matrix with j-th column z;; (j = 1,...,p—s);
SO that

p—s z 1
519 = | ZWZ [ 3 o) on| e { - 5B18) + AB + 5 ap
; 0
(T) J=1
p—s
= / ZAS/ PN aiy g, ) [[wie e UBRANEHBg (S.1.4)
pP—s Z]
T V(T) j=1
Now, for any s such that p — s > n, c(ai,,...,a;,_,) =0. So
(S.1.4) /Z XS ans.a, H 2 o2 B UB)TADB By g)

s=p—n T V(T)

Now, without loss of generality, taking (i1,...,%p—s) = (1,...,p— s), the finiteness
of (S.1.5) is equivalent to the finiteness of

/ Z Hw exp{—ﬂ( (ﬁ)+/\1)ﬂ+t’ﬁ}dﬁ, (S.1.6)

s=p—n j=1
as A, ¢(ag,,...,a;, ,) are constants that do not depend on 3. For any positive semi-

definite matrices A and B, |A+ B| > |A| = 2/(A+ B)z > 2’ Az. So we can simplify
(S5.1.6) as

: N i

(S.1.6) / Z H |:UJ ] eXp{_Q_c()'@ﬂ+tﬂ}d’3' (S.1.7)
s=p—n j=1

Now let v;(3) = 0;(8) =1 when j =n+1,...,p. Let us construct a p x p matrix
X* = [;;J, where @ is a (p — n) x p matrix such that X* is positive definite
(p.d.). If X is of rank n, this can always be done. Then, make the substitution
u = X*3, so that 8= (X*)"lu = |J| = [(X*)~!|. Denoting Q = (X*)~!, we have

BB = v Q'Qu. So, finiteness of (S.1.7) is equivalent to finiteness of

/ hi[lv(G(uj'))%éQ(@(w))} eXP{ - 2—iou’Q’Qu + t'Qu}du. (S.1.8)

Now, we need to find a scalar constant M; > 0 such that v/'Q'Qu > Miju'u
for all w. Since @ is p.d., a necessary and sufficient condition for this to hold is
Q'Q| > MY = | X*| < pr/Q. So the required M; > 0 exists, as | X*| is bounded
above. Next, we have,

(S.1.8) < /ﬁ[v(@( NY25(60(u ))} exp{ J\jclju’uﬂ’cgu}du

j=1

]Wl)\ 2

= ﬁ/ [U("(Uj))”%(@(uj))}e oo T duy, (S.1.9)



INFORMATION MATRIX PRIORS FOR GLMS S3

where 7/ = 'Q. Finally, make the transformation r; = 6(u;) = u; = 6='(r;). Then
(S.1.9) becomes a product of p one dimensional integrals

p MiXrp—1 —1 du

H/ |:’U(T’j)1/25(7’j):| e 20 10 (r)P 47671 (r;) d_:fj dr;

j=1 J
P 2 1/2

_ H/e—%[e*(rnﬁme*(m {d 5(_;3)} dr;, (S.1.10)
j=1 "

as 7-071(r;) = o(r;) = %. So if each integral in (S.1.10) is finite for some 7; in
J J
a open interval containing zero, the prior MGF exists. The corollaries immediately

follow.

Proof of Corollary 1.2. To see that Corollary 1.2 holds, take A = 0 in (S.1.3),
then the expression reduces to only the term with s = 0. Continue the proof until
Eqn (S.1.7), where, instead of augmenting the matrix, delete the last n — p rows to
get a square p X p matrix. The condition then follows.

S.2. Proof of Theorem 2. Starting with (S.1.1) in the proof of Theorem 1,

we have

sy = [ [;A > |I<ﬂ><“~~is>|} Cexp { — - BU(E)+ DB + t’ﬂ}dﬂ
> [ [AS|I</3><“~--J‘S> ] e { - B U(B) + AN+ t’ﬂ}dﬁ, (5:2.1)

for every s = 0,...,p. So finiteness of (S.2.1) necessitates finiteness of each integral
/)\s/2|l(ﬁ)(“""7"s) 3 eXp{ — 2—;ﬂ’(1(ﬂ) +AB + t’ﬂ}dﬁ. (S.2.2)

In practice, it is sufficient to check the non-existence of (S.2.2) for any s =0,...,p,

to disprove existence of the prior MGF.

Proof of Corollary 2.1. To see that Corollary 2.1 holds, take A = 0 in (S.2.1),
and thus the only non-zero term is the s = 0 term. Continuing the proof the same
way, the necessary condition is the finiteness of the same integral, with s = A = 0.

S.3. Proof of Theorem 3. This proof follows along the same lines as the
proof of Theorem 1, with the likelihood term added, and setting w; = 0 (for i =
n+1,...,p), so that Zf:nﬂ ¢~ 1w, [y:0; — b(0;)] = 0.

S.4. Proof of Theorem 4. Existence of MGFs for specific models are shown

through application of Theorems 1-3 below.

e Binomial with canonical link. Here b(6) = log(1 + %), so b (8) = ﬁ
Thus the sufficient condition (3.3) is satisfied.
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e Binomial with probit link. For the probit link, the link function is given by

) To check if the sufficient

8(n) = log [ ®(n) ], so that 071(n) = ‘I)_l(l+e7,

1-2(n)

condition (3.3) holds, we need to check finiteness of

e AM e’ e’ er/?
il 1 o B (S | VIR S d
/_ooexp[ 2, | (Her)] o (He’“)]HeT '

= /exp {— ;—]\fz + T2:| <I>(z)¢[§2) <I>(z)]dz7

which is finite, since ——2G) s bounded.
®(2)[1-2(2)]

e Poisson with canonical link. b(f) = ¢’ = b"(0) = ¢’. E(e(1/?17)%) exists,
so the sufficient condition (3.3) is satisfied.
e Poisson with identity link. Here 6(n) = log(n) = 0~ () = " = £61(r) =

.
o0 AM 27 "2 o0
Now, e 2 e tdr = e
—o0 0

e’
The existence of (S.4.1) is equivalent to the existence of E [e“/au_l} when

u1du.

(S.4.1)

u ~ Gamma(p, o), where the shape parameter p = % and the scale parameter

a = Q—M Ifr <0 F {e“/au_1 < E(u™!), which exists for any p > 1
co

(by Corollary 2.1 of Piegorsch and Casella (1985)). If 7 > 0, the existence of

(S.4.1) is equivalent to the existence of E(u™") where u ~ Gamma(2, % —7),
which exists as long as 7 < T So (S.4.1) exists for any 7 € (—o00, 3M), so
0 co

the sufficient condition (3.3) is satisfied.
e Gamma with canonical link. Here, b(0) = — log(—#), so b”(@) = 55. The
suﬂiment condition would be satisfied by the existence of [~ e BT ATl g —

Jo e >0 2eg WV u~Ydu, which does not exist for 7 > 0, since in that case, with

u ~ Exponential(3X), E(u=te™") > E(u~!) = oco. Since the sufficient con-
dition (3.3) fails, we then check if the minimum necessary condition holds,
by taking p = 1 and checking the (p — 1)-th term in the integral. Since
a11(B) = 2%vx = z;”—;;g = %, the integral in the necessity condition (3.4) for
the prior MGF reduces to

/ B2 200 ﬁ2+/\)dﬂ*e zLO/ B2 —5 B dﬁ 0,

since the second negative moment of a Gaussian distribution is infinite. Hence
the necessary condition fails.
e Gamma with log link. With the log link, n = log(u), or log(—1/6) =
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which implies that 6=1(n) = —log(—n). So the integral in (3.3) reduces to

AM 3
o0 AM ) 1\ "2 °r 1 % (1\"2
/0 exp{Q—CO(logr) +T(10gr)}<;> dr:/o [—Tlogr] <;) dr

which is infinite, and hence the sufficient condition does not hold. It is straight-
forward to check that the necessity condition (3.4) holds. Hence from these
conditions we cannot determine whether the prior MGF exists. We will return
to this model in Section 3.2 and show that the prior MGF does exist here due
to a special result.

Inverse Gaussian with canonical link. Here b(f) = —(—26)/2 = b"(0) =
—(—260)73/2 and 0~'(r) = r. So the prior MGF would exist if the integral

M2 3 M 3 1
/ e 20" T dr = / e 20 u+7—fu7175du (5.4.2)
0 0

were finite. Now (S.4.2) is greater than E(u~%/%) for an exponential distri-
bution with mean %\‘/’[ when 7 < 0, and hence is infinite. Next we check the

necessity condition for p = 1. a11(8) = 2'/2373/2 and the integral to check
necessity is

o0 oo
[ty [ e g,
0 0
oo oo
T (T 4 Ay, 1/4 7 (T A
</ use G ttmmg)n Ty, = / v et (B T VY < oo
0 0

So the sufficiency condition (3.3) is not satisfied, but the necessity condition
(3.4) is satisfied, so that we cannot directly determine whether the prior MGF
of B exists.

Posterior MGF existence. The existence of the posterior MGFs can be
checked in the same way as the prior MGF's, and are shown below.

— Binomial with canonical link. The posterior MGF exists, as the sufficient
condition (3.5) is satisfied: [ exp [%T2+(T+¢1wy)r}

Q.

er
(1+er)¢*1w+1 <

— Gamma with log link. Prior MGF existence is shown in Section 3.2. The
posterior MGF also exists, as

o 1 ;TN({ 1 7—+27¢’1w71 00 5
/ [ﬁ} <—> e~ Yy </7’_7_5+0‘6_0‘”’d7’ < 00
o L7°® r 0

(S.4.3)

for 7+ 2 —a < 1, by Corollary 2.1 of Piegorsch and Casella (1985). (For
a gamma model, ¢~' = a,w = 1.) A special case is the exponential
model, with o = 1. In this case, it can be seen that the posterior MGF
exists, as the integral (S.4.3) is finite for 7 < 3.
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— Poisson with canonical link. The sufficient condition (3.5) would be sat-
_AM 2

isfied by the finiteness of the integral [~ e™ 2" FrrEvr=et gr that is, if
E(elmtv)r—¢") exists for a Gaussian distribution with variance 37 - Since
0<e’ <1, B(emvr=—<") < B(el™¥)7) < 0o, and the posterior MGF
exists.

S.5. Proof of Theorem 5.

Upper bound

From (3.7), 7' = (14+1/co)X'X + A col, and since both are positive semi-definite,

= |27

\%

(14 1/co) X' X | + | A colp|-

When p > n, |(1+ 1/co)X’X| = 0. Also, from (S.5.1), |Z| < (£)". So as p — o0,
|E| — 0if cg < A
Lower bound

by p
= = |(1+1/CO)X'X+)\/COIP|:(5)

since |A + BC| = |A||I}, + CA7!B|. By Hadamard’s inequality,

n2 < (%)pﬁ{zﬂXHCO;lm;mk)Q]. (5.5.2)

k=1

co+1
A

I, + bo.dl

Now let ¢ be chosen such that xixy <3 (for 1 <i,k <n). Then,

p 1 2n
(85.2) < (%) n”(l—i—coj\_ x%)

()
=3 > <T> 7 . (S.5.3)

From (S.5.2) and (S.5.3) it is easy to see that lim, . |X| = 0 if ¢ < A. However,
if ¢o > A, and n is fixed, then lim, . |X| = oo, which proves the corollary.

S.6. Proof of Theorem 6. Bias = F {E(mY) — B] = (XX'X — I)3, where
~1
— | cotl A
= {%X’X + EIP} :
Part 1: Average bias. This is given by

p
% > bias(B,) = J(SX'X -1)8
=1

1 Aco A -1
= ———|\J + J’<XX+—I> ] .
p(co—i—l){ co+1 +1 B

(S.5.1)
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Now, let 3 = BJ, where B = diag(|31],...,|8p|), and J denotes a p-dimensional
vector of ones. Now,
XX 421 _lB = [X'X +—"—1 _1|B| < |aflp (S.6.1)
Co 1 P - C()+1 P - A A

since | X'X + +1I | > |=2=1I,|. So (S.6.1) implies that

co+1

J' <X’X + %1p> BJ <
Co

il ;\r L J'BJ, so finally,

1 1 A
|| average bias ||< (1 + 2 + “0 ) Z 1Bil = Z |83

pleo + 1) co+1

Part 2: Bound on determinant of bias matrix. Let D = ¥ X’'X — I. Then,

D = [(coX'X+X'X+ M eo(X'X)— T =—[coX'X + X'X + M]"H(X'X + ).

|X'X + |
D| = <1
So, 1D lcoX'X + X'X + M|~

which again shows that || DB ||?>= 8'D'DB < B'B.
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