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Supplementary Material

This is a supplementary technical note that contains the proofs of Theorem 1 and
Theorem 2.

Proof of Theorem 1. Let 5 = (5, 51)7, H, = diag(1, hy) and Z, = Z, — o — B (X, —
xg). Put 6 = a;lHn(B — [3), or equivalently 6 = arg ming L,(0), with

n

La(0) =) [Zi — anb" Xp][m — = 0 1(Zy < a0 X3 K1 (X ).

~

=1 Gx,(Zt)

The quasi-gradient of —L,,(#) is given by

. " R . - N
Va(0) = an Y (1 — =———1(Z; < anb" Xp)| Xne K1 (Xne).-
t=1 GXt(Zt)

We also define V,(f) to be the same as V,(#) but with G, instead of G,. To prove
the asymptotic (Bahadur) representation given in Theorem 1, we need the following

lemma whose proof is similar to the proof of Lemma A.4 given in Koenker and Zhao
(1996).

Lemma 1 Let W, (0) be a function such that for any 0 < M < oo,
(1) —0TW,(\0) > —0TW, (), YA > 1
(2) supjjg<ar [|Wa(0) + DO — Ay|[ = Op(vy),

where ||A,|| = O,(1), D is a positive definite matriz, and 0 < v,, = O(1). If 6,, is such
that [[W,(0,)|| = 0,(vs), then ||0,]| = O,(1) and 6,, = DA, + O,(vy,) + 0p(1).

We will start by showing the following :

(L1) ||[V(0) = V. (0)] — E[V,(0) — VL(0)]|| = 0,(1), uniformly in 6 over Ay := {6 :
101] < M7}

(L2) ||E[V,(8) — VL (0)]+ DO|| = o(1), uniformly in 6 over Ay, where D = f(xo, So)Ay.
(L3) [[Va(0)[] = Op(1).
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(L4) =07V, (\0) > =0TV, (6), VA > 1.
(L5) [[Va ()| = Op(an).
(L6) supygyi<ar [[Va(0) = Va(0)[] = Op(a, hi).

From now on, C' will denote a generic positive constant independent of n and 6 and
whose value may change from line to line. Put al = Gy + f1(x — x0), a2(0) = a,(6p +

91(13 — ZL’())/h1>

Proof of (L1)
For any 6 and 6 such that ||6|| < M and ||6 — || < ¢, for some M and ¢ > 0, define

o 5, o _
NG, =a,S =2 70,0 X Ky (Xp), i = 0,1,
n( ) ) a ;Gxt(zt) t( ) ht 1( ht) ?
with Z:(0,0) :== I(Z, < ak, + aﬁg(é)) — I(Zy < ak, + a%,(#)). When no confusion is

possible, we will omit 6 and 6 in all our notations. Clearly V,,(6) — V,(6) = (A%, ADT
and, by stationarity,

Var[A?] = an{nVar[GX5< )Z T K (X)) +2n2 (1—34/n)C;(6,6)}
< ai{nVar[G_!X(S(Z )Z*Kl(Xht )]+ 2”2 |C;} (0.1)

where C; = Cov (Z7[01/Gx,(Z1)| K1 (Xn1), Z5 1110541/ Gx, 1 (Zj31) K1 (Xngign))) -
Using the fact that [I(y <b) —I(y < a)| < I(b—|a—0b] <y <b+|a—b|), we can see
that

1Z7(6,0)] < I(ak, + ag(t(é) —Cua, < Zy < ay, + ag(t(é) + Ciay) = Z7(0), (0.2)
for some C > 0 and for any ¢ such that |X; — x| < hy.

By assumptions (A1) and (A2.b), since al + a2(d) —— [y, we can see that, for
T—T0

n sufficiently large and for any t € {t : |X; — zo] < M, Z; < ak, + a%, + Cia,},
Gx,(Z;) < Guy(Bo) + € < 1, for some € > 0. So, as n — oo,

Var|=———2Z; K1 (Xn)]

0y
GXt (Zt)
< CE|

5 * 172
GXf(Zt)Z K (Xht)]

< Caphy, (0.3)

where in the last inequality we have used the facts that E(K?(Xy;)) = O(h1), and, by
Taylor development, F(al 4+ a2(0) + Cian) — Fy(al + a2(0) — Cia,) < Cuay,.
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Using Cauchy-Schwartz inequality, (0.3) implies that
C;| < Var[Z;[6; /G x,(Z;)|K1(Xn;)] = o(hy). (0.4a)
Remark also that, by Assumption (A3.c), we have, for any j > j.
C5| <EIZy Z7 1161/ G, (Z0))0j41/ G xy i (Zi1) K1 (Xt ) K1 (X1
+ [E|Z;[0;/ Gx, (Z) | K1 (X))
< CE[K (Xp) K1 (Xngn)] + C[EIK (X))

< CugM.h: + CE(K (X))
_ ot (0.4b)

By applying Billingsley’s inequality, see e.g. Corollary 1.1 in Bosq (1998), as n — oo,
|C;| < Cj57". (0.4c)

Let 0 < k, — oo. From (0.4) it follows that > 7, [C)] < Z;;l |C;| + Z?Zj*ﬂ |C;| +
> ik 41 1Cil = o(h1) + O(k,hi) + O(k, ™). This together with (0.1) and (0.3) leads
to Var[A%] = o(1) + O(k,h1) + O(h{*k:="), which converges to 0 whenever k,, = h]*,
with (v —1)7! < s < 1. We deduce that A2 —E[A%] = 0,(1). The same procedure can

also be applied to show that A}, — E[A}] = 0,(1), hence, we conclude that
1Va(0) = Va(0)] — EVa(0) = Va (@]l = 0,(1). (0.5)

On the other hand, using (0.2), as n — oo,

[BV(0) - V0| < CaBY 7 Z RN (05b)
1V,(6) = V@) < Oy 3 S0 2008 (X, (0.50)

Note that the right part of the inequalities (7.5b) and (7.5¢) do not depend on 6.
Moreover, following the same treatment as we have done above, see (0.3),

O¢ ~
- 7* <
Ela, Et G (7)) ZI K1 (Xn)] < Cu

Therefore, by letting ¢ — 0, we get
IE[Va(8) = Va(B)]]] = 0p(1) 1Va(8) = Va(B)]] = 0p(1)- (0.5d)

The desired uniform consistency given in (L1) follows from (0.5) by using a chaining
argument as in Hallin et al. (2005).
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Proof of (L2)
First note that, by definition of V,,(#),
E[V,(0) — V,(0)] = na,E[b(0, X)X K1 (Xne)],

where b(6, 2) = Fy(al) — Fy(al + a2(9)).

By Taylor development, we have that, for some 0 < 1 < 1, b(6,z) = —a2(0) f.(a! +
na?(#)). This implies that

E[V,(0) — Va(0)] = —hi "EB[X0 X}, fx, (ak, + nak, (0) K1 (Xu)]6.
To complete the proof observe that, by Assumption (A2.a) and (A2.b),

sup [ fulag +naz(0)) — fur(B)| — 0, and

[10]|<M,|z—zo|<h

1 r—120\" T —1 |
hy ( hi 0> Kl( hi 0) Jol@)dz — fo(zo)ui, ©=0,1,2.

Proof of (L3)
Remark that V,,(0) = (V2(0), V.1(0))T, with

Vi(0) = a, Y [r = I(Z, < ak,)5,/Gx,(Z)) X3 K1 (Xi), i =0, 1.
t
We have that

T — 2o

ha

BV2(0)] = nay [ (r — Fu(ab)Ka(* ) fola)do.
By first and second order Taylor development of t — F,(t) and x — Q,(x), respectively,
we can see that, for some 0 < ny, 1y < 1,

T — Fy(a;) = Fo(Qr(z)) — Fulay)
= [Qx(z) — ai]fmmi + M (Qr() — ai))
=27z — 20)*Qr(z + M2z — 20)) fu(ay, + M (Qr(z) — ay)).

By assumption (A2.a) and (A2.b) and the fact that nh? = O(1) (see assumption (i) in
the statement of the theorem), we deduce that E[V(0)] = nanh?(us/2)Qx (x0) f (0, Go)+
o(1) = O(na,h3) + o(1) = O(1). Now, we need to show that V(V?2(0)) = O(1).
This can be done by first noticing that Var{[r — I(Z, < aX,)6:/Gx,(Z)|K1(Xn)} <
CE[K?(Xpt)] = O(hy) and then by following a similar treatment as we have done above
for Var(A?) in the proof of (L1). So, this shows that V?(0) = O,(1). Similarly one
can also verify that V,!(0) = O,(1). From this we conclude that V,(0) = O,(1).

Proof of (L4)

Using the fact that 5t/éXt(Zt) and K;(X}p:) are nonnegative quantities, it is easy to
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check that , for a given 6, A — —9‘7”()\9) is a nondecreasing function which implies the
desired result.

Proof of (L5)
(L5) is a direct application of the following result :

Lemma 2 For any random vectors X; € RP and (A, B;,C))T € R3, t =1...,n, let
en = arg mingeRp Zt[At — eTXt][T(' — BtI(At < QTXt)]Ct. ]f Bt and Ct Z O, Xt 18
continuous and ||0,|| < oo then, with probability one

1> Xilm = BuI(A, < 6;X)]Cil| < pmax||B,CX,|
t

The proof of this lemma follows along the same lines as in the proof of Lemma A.2 in
Ruppert and Carroll (1980).

Proof of (L6)

Since K is nonnegative,

o) = VO < o S (S22 oy T
nhy <= hy teAn(0)  Gx,(Z)Gx,(Zy)

where A, (0) = {t: |X; — xo| < hy and Z; < Gy + 51(Xy — x0) + anHTXht}.

For n sufficiently large and for any € such that ||0]|| < M, using the fact that K
has a compact support, assumption (A1) and (A2.b), one can find a neighborhood
J C J of 29 and an € > 0 such that, if t € A,(0) then X, € J, Z, < fo+ ¢ <
T, and Gx,(Z;) < G, (By) + € < 1. On the other hand, by Theorem 3.1(II) in

El Ghouch and Van Keilegom (2008), we have that

A

sup  sup |Go(s) — Gu(s)| = Op(h(%)a

zeJ s€[0,80+¢]

whenever Assumptions (A3) and (A4) and Assumptions (i) and (iv) given in the
statement of the theorem are fulfilled. To conclude the proof, one can easily check
that, by Assumptions (A2.a) and (A3.c),

1 - )(Z — X9
— K = 1).
nh ; 1 ( h ) Ort1)

Now that we have shown (L1)-(L6), we continue with the proof of Theorem 1. (L1),
(L2) and (L6) imply that

[1Va(6) + DO = Vi (0)]] < [[Va(8) = Va(O)I] + [1(Va(6) = Va(0)) = E(Va(8) = Va(0))]]
+ [[E(Va(0) = Va(0)) + DO|
= 0,(1) + Op(a, " h), (0.6)
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uniformly over {6 : ||f|| < M}. This together with (L3), (L4), (L5), (iii) (see statement
of the theorem) and Lemma 1, implies that ||0|| = O,(1), which, by (0.6), leads to

= D™V, (0) + Op(ay, " hg) + 0,(1)
= Agl/f(an ﬁO)[an Z etji'ht[(l()(ht) + Bn] + Op(arglh(%) + Op(l)a

where ¢, is defined in the theorem and B, = (B2, B!)?, with

n

, 0 ’ ,
B:l = Qp ;[I(Zt < Qﬂ-(Xt)) — [(Zt < a%(t)]mXitKﬂXht)? for i = 0,1.

To get exactly the asymptotic expression given in Theorem 1, and so to conclude the
proof, we still have to show that B, = (a;*h?/2)(ug, us)” Qx(x0) f (20, Bo) + 0p(a; ' h3) +
0p(1). This can be done by checking that, for i =0, 1,

E(B,) = na,E{ P (Qn (X)) — Fx, (a, )] X5 K1 (Xne) }
= a," 11 /2[Qx(x0) f (o, Bo)uivz + o(1)], (0.7a)

and Var(Bi) = o(1), (0.7b)

(0.7a) and (0.7b) can be proved by following the same treatment as we have done above
for E[V(0)], see the proof of (L3), and for Var[A!], see the proof of (L1), respectively.

Proof of Theorem 2. In order to establish the asymptotic normality, it suffices, by
Theorem 1, to show that

A, =ay, Z 6tXhtK1(Xht) i N<Oa fo(l“o)((?fo» 50)911) :
t=1

By the Cramer-Wold device, this is equivalent to showing that for any linear combina-
tion T A, = N (0, fo(zo)¢ (o, Bo)cT Q). First note that E(e,|X;) = 7—Fx, (Q~(X:)) =
0, and

B(ef1) = Bl 171 < Qu(X)IX] = 7 = (X0 @r(X0)

On the other hand, by assumption (A2.a) and (A5), we have that

i [ o @uta) (F50) a6 (S5 ) ol = GoCoon o) utoaben i =0.1,2

This implies that Var[e,c? X K1 (Xne)] = ha[fo(20)Ce (20, Bo)cT Qe + o(1)]. Now, by
stationarity, Var[cTA,] = 1/(nhy) {nVar[etch(htKl (Xne)] +2n >0 (1 - j/n)C’f},
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where C;r = Cov(elcTXthl (Xh1), ej+1cT)~(h(j+1)K1 (Xh(j+1)))- Using Assumption (A3.c)
(with j, = 1), we can easily see that ;" < CE[K(Xp1) K1 (Xn(+1))] = O(h7), for any
j > 1. So, by an appropriate choice of k, — 0 and using Billingsley’s inequality,
Yo lCf] < Zfll Cil 4+ > ok 11 |1C5 | = O(knh?) + O(ky ™) = o(h1). Thus, we have
shown that E[cT A,] = 0, and Var[c' A,] — fo(xo) (w0, Bo)cf Qe

It remains to prove that ¢! A,, is asymptotically normal. This can be done by using
the well known small-blocks and large-blocks technique and then by verifying the stan-
dard Lindeberg-Feller conditions exactly as was done, for example, in Masry and Fan
(1997). Details are omitted.

References

Bosq, D. (1998). Nonparametric Statistics for Stochastic Processes. New York:
Springer.

El Ghouch, A. and I. Van Keilegom (2008). Nonparametric regression with dependent
censored data. Scand. J. Statist. 35, 228-247.

Hallin, M., Z. Lu, and K. Yu (2005). Local linear spatial quantile regression.
Technical report TR0552, Interuniversity Attraction Pole-Network in Statistics.
http://www.stat.ucl.ac.be/IAP /publication_tr.html.

Koenker, R. and Q. Zhao (1996). Conditional quantile estimation and inference for
ARCH models. Econometric Theory 12, 793-813.

Masry, E. and J. Fan (1997). Local polynomial estimation of regression functions for
mixing processes. Scand. J. Statist. 24, 165-179.

Ruppert, D. and R. J. Carroll (1980). Trimmed least squares estimation in the linear
model. J. Amer. Statist. Assoc. 75, 828-838.



