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In this manuscript, we provide detailed proofs of the existence of the unique
solution of (2.1) in Kim (2007) on Qy. Also, we prove that Qg is a measurable

subset of @ and V = U~! is measurable.

S1. Detailed proof of Theorem 1

The following theorem proves the existence of the solution of (2.1) when

Q € Qo.

Theorem 1 For a given Q € Qq, the system of equations (2.1) has a solution
mn D?.

Proof. For given Q € Qp, suppose that (1 has only finitely many jumps at
0 <z < -+ <z < 0o. We will show that the solution of the first equation of
(2.2) exists in Dy. Let ® be a mapping from D; to D defined by

S1(t 1—5:1(¢
#(5) =0~ [ a0+ [ =2l

for S; € Dy. Suppose S1 has jumps only at {z1,...,z5} U ¥o U U3(= {t; <
to < ... < t;}). Mykland and Ren (1996) proved that ¥(S;) is also in Dy and
has jumps only at {t; < t2 < ... < t;}. Hence, if we consider S; as a vector in
Q={yecl0,1]': 1>y >yp>--- >y >0}, then ® is a mapping from € to
Q. Since ® is continuous and {2 is a compact convex set, by the Brouwer fixed
point theorem (Ortega and Rheinboldt (1970) ), there exists S; € € such that
S1 = ®(S7), which completes the proof of the existence of the solution of the
first equation of (2.2). If we define So and S3 by the second and third equations
of (2.2), S = (51,52, 53) is a solution of (2.1).
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For general Q € Qp, we can make a sequence of Q, € 9y such that they
have only finitely many jumps and supco o0) (@nk(t) — Qk(t)] — 0 as n — oo
for k£ = 1,2, 3. For instance, set Qno = Q2 and Qr3 = Q3. As for )1, choose t
in (zx—1,2x) for k = 1,...,n93 + 1 such that AQq(tx) > 0, and let A, = {¢t :
AQ1(t) > 1/n}U{t1,. .., tnys+1}- Since A, has only finite number of elements, we
write A, = {0 =vp < v <vg <+ <V < Vo). Let Qni(t) = 1—22:1 wil(vj <
t) where w; = Q1(vj—1) —Q1(vj) for j =1,...,l—1 and w; = Q1(v;—1). Then, it
is easy to show that sup;c(g o) [@n1(t) — Q1(t)] — 0 as n — oo.

For given Q,, let S,, be a solution of (2.1). Since S,, are uniformly bounded
and nonincreasing functions, Helly’s selection theorem implies that there is a
subsequence S,,, such that S, converges to S € D3 pointwisely. Since Sny2
and Spr3 have jumps only at Wy and W3 respectively, they converge to Sy and
Sz uniformly. Since @y, 1 converges uniformly to @1, the first equation of (2.1)
implies that Sy, 1 converges to S; uniformly. Hence, S7 is a solution of the first
equation of (2.2); thus, S is a solution of (2.1). O

The following theorem proves that the solution is unique.

Theorem 2 For given Q € Qy, the system of equation (2.1) has a unique solu-
tion.
Proof. For given Q € Qy, suppose there are two solutions S; = (S11, S12, 513)
and So = (S21, S22, 523) in D? for (2.1). It is easy to see from the second and third
equations of (2.1), Sk2 and Sk have jumps only at Wy and W3 respectively for
k =1,2. Also, from the first equation of (2.1), ASk1(t) < 0 and Sy (t)—Sks(t) > 0
whenever AQ1(t) < 0. Since AQ;(t) < 0 for some ¢ < 2z or t > zy,, and Sk and
Skz have only finitely many jumps we have inf;¢(g ooy Sk2(t) — S3(t) > 0.

By the second equation of (2.2), Sk2(0) = 1 and hence Si3(0) < 1. Simi-
larly, by the third equation of (2.2), Si3z(co) = 0 and so Ska(co) > 0. Also, the
integration by part using (2.1), it follows

Q.(t) = Ska(t) + Sk1(t)(Sk2(t) — Sk3(t)).

Since Q.(0) = 1 and Q.(c0) = 0, we have Sk1(0) = 1 and Sk1(o0) = 0; that is,

Sk1 is a survival function for k =1, 2.
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From (2.1), we have

0 = - /too(512 — S13)d(S11 — S21) — /too[(Slz — S22) — (813 — S23)]dS21 (1)
0 = - /too S11d(S12 — Sa22) — /tOO(Sn — So1)d S22 (2)
0= - /too(l — S11)d(Shs — Sa3) + /;O(S11 ~ S1)dSas 3)
for all ¢ > 0.

Suppose S11 # S21. Then, without loss of generality, we can find 0 < ¢; <
to < oo such that S11(t) = Sa1(t) for t < t1, S11(t) < So1(¢) for all ¢t € (¢1,t2)
and S11(t2) > Sa1(t2). Note also such ¢; and ty are outside Wo3. We will show
(S12 — S22) — (S13 — So23) must change the sign on (¢, t2). First, suppose (S12 —
Sa2) — (S13 — S23) is positive on (t1,t2). Then, from (1), d(S11 — S21) > 0 on
(t1,t2). If this is true, then

t

Su(t) — Sgl(t) = / d(Sll - 521) Z O,
t1+

which contradicts the assumptions that Si1; < S2; on (t1,%2). Second, Suppose
(S12 — S22) — (S13 — Se3) is negative on (t1,t2). Since ty € Wa3, we can find § > 0
such that it has the negative sign on (¢1,t2 + d). Then,

to+
S11(t) — S21(t) = Su1(t2) — Sa(t2) — / d(S11 — Sa1) > 0,

which is again a contradiction. Hence, (S12 — S22) — (S13 — S23) must change
the sign on (t1,t2). Since we assume that Syi(t) < So9i1(t) for all t € (t1,t2),
from (2) and (3), we have d(S12 — S22) < 0 and d(S13 — S23) > 0 on (t1,t2).
Since S11(t) = S21(t) on ¢t < ¢y, the first equation of (1) implies that (S12(t1) —
Sa2(t1)) — (S13(t1) — Sa3(t1)) = 0. Hence, for t € (¢1,12), it follows
t
(S12(t) — S22(t)) — (S13(t) — Sa3(t)) = / d(S12 — S22) — d(S13 — S23) <0,

t1
which contradicts that fact that (S12 — S92) — (S13 — So23) must change the sign
on (t1,t9). Hence, S1;1 should be the same as Ss1. The uniqueness of Siy and Sk
easily follow from the second and third equations of (2.2). O

S2. Measurability of Qg
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Theorem 3 For given Dy, Qg is a measurable subset of Q

Proof. It is clear that Q; x Qg2 X Q3 are measurable subsets of Q. Hence,

Let Qg4 be the set of all discrete probability measures on [0,00) x {1,2,3}.
By Proposition 2.2.4 of Ghosh and Ramamoorthi (2003), Qg4 is measurable with
respect to the weak topology. Since the Skorohod topology is stronger than the
weak topology, Qg is also measurable with respect to Bg.

Let Gy = {Q1: Q1(2x) — Q1(Zk—1)} x Q2 x Q3 and Hy = {Q1 : AQ1(z1) =
0} x Qg x Q3. Note that the o-field on D[0,00) generated by the Skorohod
topology is equivalent to the o-field generated by the finite dimensional sets
(i.e (Q1(t1),...,Q1(tx))). See Pollard (1984) Theorem 6, p127. Hence, G}, are
measurable since o(Q1(2x), Q1(2k—1)) X Q2 x Q3 are measurable. Also, Hj, are
measurable since Hy = lim,,o{Q1 : Q1(2k) — Q1(2x — 1/n) = 0} x Qg X Q3 are
measurable.

Finally, we can write

Qo = Q1 x Qo2 x Qoz[ | Qa[ ) (ﬂZi?’frl(Gk N Hk))

and hence Qp is measurable with respect to Bg. U

S3. Measurability of V

Theorem 4 The mapping V from (Q, BQ) to (D?, BD?) nduced by the integral

equations (2.1) is measurable.

Proof. We will show that the induced mapping is continuous. Suppose Q,, be
a sequence converging to Q on Qp. Let S,, = V(Q,,) and S = V(Q). The Helly’s
selection theorem yields that S,, converges to S pointwisely. In turn, this implies
that 5,2 and S,,3 converges to Sy and S3 uniformly since they have finitely many
jumps with the same support. Hence, it suffices to show that S,; converges to
S1 with respect to the Skorohod topology.

By definition of the Skorohod topology, there exists a sequence of non-
negative continuous increasing functions A,(¢) on [0,7] for any given 7" > 0
such that Qn1(An(t)) — Qi(t) and A\,(t) — ¢ uniformly on t € [0,7]. Let

A () = Quk(Mn(t)). for k = 1,2,3. Then, it is easy to see from (2.1) that
SA () = Snk(Mn (1)) for k = 1,2,3 are the unique solution of (2.1) with Q;}. Now,



A BERNSTEIN-VON MISES THEOREM FOR DOUBLY CENSORED DATA 5

since Q) converges to Q uniformly on [0, 7], similar arguments used in the proof
of Theorem 2 yield that S}\ converges to S uniformly on [0, 7]. Hence, Sy1(An(+))
converges to S1(-) uniformly on [0, 7] and so S,; converges to S1 with respect to
the Skorohod topology. U
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