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Abstract: In this paper we extend Fisher’s fiducial argument and obtain a gener-
alized fiducial recipe that greatly expands the applicability of fiducial ideas. We
do this assuming as little structure as possible. We demonstrate this recipe on
many examples of varying complexity. We investigate, by simulation and by theo-
retical considerations, some properties of the statistical procedures derived by the
generalized fiducial recipe observing very good performance. We also compare the
properties of generalized fiducial inference to the properties of Bayesian inference.
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1. Introduction

R. A. Fisher’s fiducial inference has been the subject of many discussions
and controversies ever since he introduced the idea during the 1930’s. The idea
experienced a bumpy ride, to say the least, during its early years and one can
safely say that it eventually fell into disfavor among mainstream statisticians.
However, it appears to have made a resurgence recently under the label of gen-
eralized inference. In this new guise, fiducial inference has proved to be a useful
tool for deriving statistical procedures for problems where frequentist methods
with good properties were previously unavailable. Therefore we believe that the
fiducial argument of R. A. Fisher deserves a fresh look from a new angle.

Our main goal is to show that the idea of transferring randomness from the
model to the parameter space seems to be a useful one—giving us a tool to design
useful statistical methods. We depart from the usual tradition in several ways.
When defining fiducial distribution we do not start with a pivotal quantity. In-
stead we start with a data generating equation also called a structural equation.
This often makes no difference to the final result but it gives us the added flex-
ibility of being able to treat continuous and discrete data in a unified fashion.
We then approach the definition of a fiducial probability as a simple transfer of
probability measure. We then investigate some particular examples and notice
that statistical methods designed using the fiducial reasoning have typically very
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good statistical properties as measured by their repeated sampling (frequentist)
performance. This is demonstrated both in simulations and by some asymptotic
considerations.

Thus fiducial inference can be viewed as a procedure that obtains a measure
on a parameter space while assuming less than Bayesian inference does (no prior);
it can also be viewed, as shown by our asymptotic results, as a procedure that in
a routine algorithmic way defines approximate pivots for parameters of interest,
which is one of the main goals of frequentist inference. Moreover, our research
shows that fiducial distributions can be related to empirical Bayes methods.

Unfortunately, we also demonstrate that there is typically no unique way
to define a fiducial distribution. One aspect of the non-uniqueness is related
to problems associated with conditioning on an event of probability zero known
as the Borel paradox—see [Casella.and Berger (2002, Sec. 4.9.3). Fortunately,
when the model has complete sufficient statistics, which is true in many practical
situations, one gets essentially unique procedures. Moreover, even in the cases
when the minimal sufficient statistics is not complete we offer a particular way of
deriving a fiducial distribution that works very well in a wide range of problems.

We do not attempt to derive a new “paradox free theory of fiducial inference”
as we do not believe this is possible. Instead we assume as little structure as
possible, present a simple recipe that can be used regardless of the dimension of
the parameter space and that is easily implementable in practical applications,
and we study properties of the procedures it produces.

This discussion should be also of interest to people using generalized in-
ference procedures. The reason is that any fiducial distribution can be under-
stood as a distribution on the parameter space implied by a particular general-
ized pivot and most, if not all, generalized pivotal inference procedures in the
published literature are identical to procedures obtained using fiducial inference
Hannig, Tyer and Patterson (2006h). In fact our generalized fiducial recipe has
been developed as a generalization of the idea of a generalized pivot. Therefore,
most ideas presented here are directly applicable for generalized inference as well.

The rest of this paper is organized as follows. In Section 2 we briefly dis-
cuss some aspects of the history of the fiducial argument. Section 3 gives a
heuristic explanation of the fiducial argument. This is followed in Section 4 by a
technical formulation of a generalized fiducial recipe, suggestion of a particular
implementation of the generalized fiducial recipe, and a discussion of practical
uses of the fiducial distribution together with its connection to Bayesian infer-
ence. Section 5 gives some sufficient conditions under which generalized fiducial
distribution leads to confidence sets that are asymptotically exact in the frequen-
tist sense. Section 6 gives several examples that are of independent interest. In
particular we derive a generalized fiducial distribution for a variance component
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problem, a multinomial distribution, and a mixture of two normal populations.
In each case we evaluate the performance of the proposed method by simulation.
Finally, in Section 7 we give examples of non-uniqueness of generalized fiducial
distribution.

2. History

R. A. Fisher introduced the idea of fiducial probability and fiducial inference
Fisher (193() in an attempt to overcome what he saw as a serious deficiency of the
Bayesian approach to inference-use of a prior distribution on model parameters
even when no information was available regarding their values. Although he
discussed fiducial inference in several subsequent papers, there appears to be
no rigorous definition of a fiducial distribution for a vector parameter 6 based
on sample observations. In the case of a one-parameter family of distributions,
Fisher gave the following definition for a fiducial density f(é|z) of the parameter
based on a single observation x for the case where the cdf F(x|f) is a monotonic

decreasing function of 6:
_ OF(x]0)
FOlz) = ———5—

Fisher illustrated the application of fiducial probabilities by means of a numerical

(2.1)

example consisting of four pairs of observations from a bivariate normal distri-
bution with unknown mean vector and covariance matrix. For this example he
derived fiducial limits (one-sided interval estimates) for the population correla-
tion coefficient p. Fisher proceeded to refine the concept of fiducial inference in
several subsequent papers (Fisher (1933, [19354)). In his 1935 paper titled “The
Fiducial Argument in Statistical Inference” Fisher explained the notion of fidu-
cial inference for y based on a random sample from a N (u, 0?) distribution where
o is unknown. The process of obtaining a fiducial distribution for u was based
on the availability of the student’s t-statistic that served as a pivotal quantity for
. In this same 1935 paper, Fisher discussed the notion of a fiducial distribution
for a single future observation z from the same N (u,o?) distribution based on a
random sample x1,...,x,. For this he used the fact that

s/v/n

is a pivotal quantity. He then proceeded to consider the fiducial distribution
for 7’ and s’, the mean and the standard deviation, respectively, of m future

T —

observations 41, ..., ZTn+m. By letting m tend to infinity, he obtained a simul-
taneous fiducial distribution for y and o. He also stated “In general, it appears
that if statistics 77,75, ... contain jointly the whole of the information available
respecting parameters 61,6s,. .., and if functions 1, to,... of the T’s and #’s can
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be found, the simultaneous distribution of which is independent of 61,6-,...,
then the fiducial distribution of 61, 60s, ... simultaneously may be found by sub-
stitution.” In essence Fisher had proposed a recipe for constructing simultaneous
fiducial distributions for vector parameters. He applied this recipe to the problem
of interval estimation of 1 — po based on independent samples from two normal
distributions N (u1,0%) and N (ug2,03) with unknown means and variances, the
celebrated Behrens-Fisher problem. Fisher noted that the resulting inference re-
garding p; — pe coincided with the approach proposed much earlier by [Behrens
(1929). He alluded to the test of the null hypothesis of no difference, based on the
fiducial distribution of 1 — o as an exact test. This resulted in much controversy
as it was noted by Fisher’s contemporaries that the Behrens-Fisher test was not
an exact test in the usual frequentist sense. Moreover, this same test had been
obtained by Jeffreys (194(0) using a Bayesian argument with non-informative pri-
ors (now known as Jeffreys priors). Fisher argued that, while Jeffreys approach
gave the same answer as the fiducial approach, the logic behind Jeffreys deriva-
tion was unacceptable because of the use of an unjustified prior distribution on
the parameters. Fisher particularly objected to the practice of using uniform
priors to model ignorance. This led to further controversy especially between
Fisher and Jeffreys.

In the same 1935 paper, Fisher gave a second example of application of his
recipe by deriving a fiducial distribution for ¢ in the balanced one-way random
effects model

YZ]:,U’+G’Z+61]) izla"'anl;jzla"'anQa

where a; ~ N(0, ), e;; ~ N(0,6), and all random variables are independent. An
issue that arose from his treatment of this problem is that the fiducial distribu-
tion assigned a positive probability to the event ¢ < 0 in spite of the fact that
¢ is a variance. Recently, using the ideas from this paper [E, Hannig and Tyer
(2008) provided a fiducial solution for the unbalanced version of the one-way
random effects model. It is interesting to remark that simulations reported in
E, Hannig and Tyer (2008) suggest that the fiducial solution leads to confidence
intervals for ¢ that are conservative, but have an expected length that is shorter
than all other frequentist solutions available in the literature.

Fisher’s 1935 paper resulted in a flurry of activity in fiducial inference. Most
of this activity was directed toward finding deficiencies in fiducial inference and
philosophical concerns regarding the interpretation of fiducial probability. The
controversy seems to have risen once Fisher’s contemporaries realized that, un-
like the case in early simple applications involving a single parameter, fiducial
inference often led to procedures that were not exact in the frequentist sense.
For a detailed discussion of the controversies concerning fiducial inference, the
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reader is referred to [Zabell (1992). On a positive note Fraser, in a series of ar-
ticles [Fraser (1961, [1966) and a monograph [Fraser (1968), attempted to provide
a rigorous framework for making inferences along the lines of Fisher’s fiducial
inference. Fraser proposed to resolve the problems of non-uniqueness by assum-
ing that the statistical model was coupled with an additional group structure,
e.g., location-scale model. He termed his approach structural inference. While
the presence of this additional group structure could be used as a guidance tool
in resolving some sources of non-uniqueness, other sources of non-unqueness still
remain; see Remark 7 in Section 7 for more details. Fraser also introduced the
concept of modeling the data as a function of the parameters and some error
random variable through a structural equation. This is in contrast to the more
usual pivotal equation approach that gets the error random variable as a function
of data and the parameter.

Additional important references include Wilkinson (1977), who attempted
to explain and/or resolve some of the controversies regarding fiducial inference,
Dawid _and Stond (1982), who provided further insight by, among other things,
studying situations where fiducial inference led to exact confidence statements,
and more recently, Barnard (1994), who proposed a view of fiducial distribution
based on the pivotal approach that does not seem to suffer some of the problems
reported in earlier literature. However, Barnard (1995) achieves this by ignoring
some of the information available in the data and restricting sets on which fiducial
distribution can be evaluated. A reader interested in additional references on
fiducial inference can consult [Salomé (1998). Nevertheless, it is fair to say that
fiducial inference failed to secure a place in mainstream statistics.

In [Tsuiand Weerahandi (1989), a new approach was proposed for construct-
ing hypothesis tests using the concept of generalized P wvalues and this idea
was later extended to a method of constructing generalized confidence inter-
vals using generalized pivotal quantities (GPQs) Weerahandil (1993). Several
papers have appeared since, in leading statistical journals, where confidence in-
tervals have been constructed using generalized pivotal quantities in problems
where exact frequentist solutions are unavailable. For a thorough exposition
of generalized inference see Weerahandi (2004). Tyer and Patterson (2002) and
Hannig, Tyer and Patterson (2006H) noted that every published generalized con-
fidence interval was obtainable using the fiducial/structural arguments. In fact,
Hannig, Tyer and Patterson (20065) not only established a clear connection be-
tween fiducial intervals and generalized confidence intervals, but also proved the
asymptotic frequentist correctness of such intervals. They further provided some
general methods for constructing GPQs. In particular, they showed that a special
class of GPQs, called fiducial GPQs (FGPQ), provide a direct frequentist inter-
pretation to fiducial inference. However, all these articles focus on continuous
distributions and do not address discrete distributions.
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There is very little published literature dealing with fiducial inference for
parameters of a discrete distribution. Even for the single parameter case such
as the binomial distribution Fisher was aware that there were difficulties with
defining a unique fiducial density for the unknown binomial parameter p. In his
1935 paper (Eishen (1935h)) titled “The Logic of Inductive Inference”, Fisher
gives an example where he suggests a clever device for “turning a discontinu-
ous distribution, leading to statements of fiducial inequality, into a continuous
distribution, capable of yielding exact fiducial statements, by means of a modi-
fication of experimental procedure.” His device was to introduce randomization
into the experimental procedure and is akin to randomized decision procedures.
Inspired by Fisher’s example, [Stevend (195() gave a more formal treatment of
this problem where he used a supplementary random variable in an attempt to
define a wunique fiducial density for a parameter of a discrete distribution. He
discussed his approach in great detail using the binomial distribution as an il-
lustration. Unfortunately, this idea seems to have gotten lost, and subsequent
researchers mostly focused on fiducial inference for continuous distributions. A
notable exception is [Dempster (1966, [1968) whose theory of upper and lower
fiducial probabilities was designed specifically for discrete distributions. In 1996,
in his Fisher Memorial Lecture at the American Statistical Association annual
meetings, Efron gave a brief discussion of fiducial inference with the backdrop of
the binomial distribution. He said, “Fisher was uncomfortable applying fiducial
arguments to discrete distributions because of the ad hoc continuity corrections
required, but the difficulties caused are more theoretical than practical.” See[Efron
(199]8). In fact, Efron’s suggestion for how to handle discrete distributions is a
special case of IStevend (1950).

Dempster’s idea of upper and lower probabilities was further developed in the
Dempster-Shafer calculus (Dempster (200&)), a mathematical theory of evidence.
To explain the main paradigm of this theory applied in our context, consider the
following simple example. Let X = I(g,)(U), where p € (0,1) is an unknown fixed
number. If we found X = 1,U = 0.3, we could conclude that p € (0.3,1), e.g.,
we would know that statement {p < 0.1} is not true, statement {p > 0.2} is true,
and {p > 0.9} is unsure. Now more realistically, let us assume that X =1 and U
is an unknown realization of a U(0, 1) random variable. Just as before we know
p € (U,1), which now is a random statement. This statement can interpreted
as follows: The event {p < 0.1} is not possible if U > 0.1 as the interval (U, 1)
has empty intersection with (0,0.1). Hence we assign the probability 0.9 to the
statement “it is not true that{p < 0.1}”. Similarly, if U < 0.1 the interval (U, 1)
has non-empty intersection with both (0,0.1) and its complement and therefore
{p < 0.1} is unsure with probability 0.1. In other words we assign probability
of 0.1 to the statement “we do not know if p < 0.1”. Finally, {p < 0.1} is
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certain only if U = 0 which has probability 0. Thus we assign probability 0 to
the statement “we are convinced {p < 0.1}”. Similarly, {p > 0.7} is certain with
probability 0.3, because if U > 0.7 the interval (U, 1) is included in the interval
(0.7,1). The statement {p > 0.7} is unsure with probability 0.7, because again
if U < 0.7 the interval (U, 1) has non-empty intersection with both (0.7,1) and
its complement. Finally, {p > 0.7} can be excluded only if U = 1 which has
probability 0.

Using a more statistical terminology, the information on the parameter p is
not summarized in terms of measure on the parameter space (0, 1), but rather in
terms of a measure on the space of subsets of the parameter space together with
a rule on how to interpret this measure in terms of the parameter. The second
part of Dempster-Shafer calculus is a rule on how to combine information from
two such measures under the assumption of independence. This rule is too com-
plicated to spell out here, but we remark that it bears similarities to our fiducial
recipe introduced in Section 4. In particular, just as is the case with our pro-
cedure, Dempster’s recombination rule suffers from non-uniqueness due to con-
ditioning on events of probability zero—the Borel paradox. A reader interested
in a more thorough introduction to Dempster-Shafer calculus for statisticians is
referred to [Dempster (2008).

As mentioned earlier, fiducial inference has recently made a comeback in ap-
plied literature partially under the guise of generalized inference. In the field of
Metrology there is a movement to establish fiducial and generalized inference as
one of the mainstream methods of that discipline, Wang_and Tyer (2005, 2006ab).
Several researchers have worked on various measures of process repeatability
and reproducibility using generalized confidence intervals derived from general-
ized pivotal quantities. See, for instance, [Daniels, Burdick and Quirod (2005),
Burdick, Park, Montgomery and Borroid (2005h), [Hamada _and Weerahandj
(2000) and Iyer, Wang and Mathew (2004). Finally, McNally, Tyer and Mathew
(2003) have applied the method of generalized confidence intervals to selected
applications in pharmaceutical statistics. Given this flurry of recent activity
generated by applications, we believe that it is important to further develop the
understanding of fiducial inference and its performance in specific problems.

In this paper we provide a general definition for fiducial distributions for
parameters that applies equally well to continuous as well as discrete parent
distributions. The resulting inference is termed generalized fiducial inference,
rather than fiducial inference, to emphasize connection with generalized infer-
ence, as well as the fact that multiple generalized fiducial distributions can be
defined for the same parameter.

We close this section with some quotes. Zabell (1992) begins his Statistical
Science paper with the statement “Fiducial inference stands as R. A. Fisher’s
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one great failure.” On the other hand, Efron, in his 1998 Statistical Science pa-
per (based on his Fisher Memorial Lecture of 1996), in the section dealing with
fiducial inference, has said “I am going to begin with the fiducial distribution,
generally considered to be Fisher’s biggest blunder.” However, in the closing para-
graph of the same section (Section 8), he says “Maybe Fisher’s biggest blunder
will become a big hit in the 21st century!”

3. The Fiducial Argument

The main aim of fiducial inference is to define a distribution for parameters
of interest that captures all of the information that the data contains about these
parameters. This fiducial distribution can later be used for proposing inference
procedures such as confidence sets. In this sense, a fiducial distribution is much
like a Bayesian posterior distribution. Fisher wanted to accomplish this without
assuming a prior distribution on the parameters.

We would like to introduce our understanding of the fiducial argument by
comparing it to the widely accepted notion of likelihood function. Recall that the
likelihood function is obtained by considering the density function of our data,
f(x,€), and switching the role of the variable and the parameter. With ¢ known
and fixed, the density determines the probability of observing any given value
of x, while the likelihood function considers x fixed and calibrates our belief in
various values of €.

The fiducial distribution is based on a similar idea of switching the role of the
parameter and the data. We start with a structural equation X = G(&, U) where
¢ is a parameter and U is a random vector with completely known distribution
independent of any parameters. Often one can think of the structural equation
as a detailed description of the noise process U that combines with the signal
& to yield observed data X. Thus for any fixed value of the parameter £ the
distribution of U and the structural equation imply the distribution of the data
X. After observing the data X we can switch the role of data and parameters. In
particular, we fix the value of X and use the distribution of U and the structural
equation (this time considered as an implicit equation) to infer a distribution on
&. In other words, one can get a random realization from the fiducial distribution
of £ by generating U and solving the structural equation for £, conditioning on
the fact that the solution exists. We now proceed to demonstrate this idea on a
simple example.

Consider a random variable X from a normal distribution with unknown
mean u and variance 1, i.e., X = u + Z where Z is standard normal. If z is
a realized value of X corresponding to the realized value z of Z, then we have
w = x — z. Of course the value z is not observed. However, a contemplated value
o of p corresponds to the value x — pg of z. Knowing that z is a realization from
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the N(0,1) distribution, we can evaluate the likelihood of Z taking on the value
T — . Speaking informally, one can say that the “plausibility” of the parameter
u taking on the value pg “is the same” as the plausibility of the random variable
Z taking on the value x — pg. Using this rationale, we write u = x — Z where
x is regarded as fixed but Z is still considered a N (0, 1) random variable. This
step, namely, shifting from the true relationship u = x — z (z unobserved) to the
relationship . = x — Z, is what constitutes the fiducial argument. We can use the
relation, y = x — Z, to define a probability distribution for u. This distribution
is called the “fiducial distribution” of u. In particular, a random variable M
carrying the fiducial probability distribution of p can be defined based on the
probabilities of observing the value of Z needed to get the desired value of u, i.e.,
define M so that

P(M € (a,b)) =P(x — Z € (a,b)) = P(Z € (v — b,z — a)).

For theoretical considerations, it is useful to consider a particular version of this
random variable defined as M = x — Z*, where Z* is a standard normal random
variable independent of Z.

In conclusion, notice that to obtain a random variable that has a distribution
described above, we had to take the structural equation X = u + Z, solve for
=X — Z and replace Z with Z*, a random variable independent of Z having
the same distribution as Z, to get M = x — Z*, where z is the observed value.

4. Generalized Fiducial Recipe

We now generalize the idea described in Section 3 to arbitrary statistical
models. Our definition of generalized fiducial distribution is influenced both
by generalized pivotal quantities and by Fraser’s structural inference—see Ap-
pendix 3 of Dawid, Stone and Zidek (1973) for a very concise description of the
structural inference idea. The main difference between Fraser’s proposal and the
recipe presented below is that we do not assume a group structure.

Let X be a (possibly discrete) random vector with a distribution indexed by
a parameter £ € =. Assume that the data generating mechanism for X could be
expressed as

X=G(U), (4.1)

where G is a jointly measurable function and U is a random variable or vec-
tor with a completely known distribution independent of any parameters. The
equation ([EJ]) can be understood as the equation that was used to generated the
data, and we term it the structural equation. We define a set-valued function

Qx,u) ={¢:x=G(§ u)}. (4.2)
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The function Q(X, U) could be understood as an inverse of the function G. Here
G defines u as an implicit function of &, and x is regarded as fixed. To avoid
measurability problems, assume Q(x,u) is a measurable function of w.

We use the inverse function Q(x,u) to define the fiducial distribution on the
parameter space. However, in some problems the inverse Q(x,u) could contain
more than one element, in which case we need to select one of the element
in Q(x,u) according to some, possibly random, rule. Mathematically this is
achieved as follows: assume for any measurable set S, there is a random element
V(S) with support S, where S is the closure of S. We then use the function
V(Q(x,u)) in our definition.

Finally, notice that the equation x = G(&, ) is satisfied for &, and u used to
generate our observed data x. In other words for this particular u, the function
Q(x,u) # 0. Therefore, in addition to knowing the distribution of U we also
know that the event {Q(x,u) # (0} has happened and we will have to condition
the distribution of U on this event.

Thus, we define a generalized fiducial distribution of £ as the conditional
distribution

V(Q(x,U)) [ {Q(x,U") # 0}. (4.3)

Here x is the observed value of X and U* is an independent copy of U.

It is useful for future considerations to denote a random element having
the distribution described in [{3)) by Re¢(x). We call this random variable a
generalized fiducial quantity (GFQ). It is often of interest to provide inference
procedures for § = w({) € R? in which case we define the marginal fiducial
distribution for 8 as the distribution of

Ro(x) = m(Re(x))- (4.4)

We also remark that GFQs are a generalization of fiducial generalized pivotal
quantities (FGPQs) introduced by [Hannig, Tyer and Patterson (2006h).

The following examples provide simple illustrations of the definition of a
generalized fiducial distribution.

Example 1. Suppose U = (E1, Es), where E; are i.i.d. N(0,1) and
X =(X1,X2) =G, U) = (n+ Er, p+ Ey)

for some pu € R. So the X; are i.i.d. N(p,1). Given a realization x = (z1,x2) of
X, the set-valued function @ maps u = (eq,e3) € R? to a subset of R, where

{.%'1 — 61} if Ir1 — Ty = €1 — €9,
Qz,u) =

@ if xl—xgaéel—eg.
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Notice that Q(z,u) is either empty or is a singleton, hence V' does not have to
be considered here.

By definition, a generalized fiducial distribution for p is the distribution of
x1 — Ef conditional on E} — E5 = x1 —x3 where U* = (EY, E3) is an independent
copy of U. Hence a generalized fiducial distribution for p is N(z,1/2) where
T = (21 + z2)/2.

Example 2. Suppose U = (Uy,...,U,) is a vector of i.i.d. uniform (0, 1) random
variables U;. Let p € [0,1]. Let X = (Xy,...,X,,) be defined by X; = I(U; <
p). So the X; are i.i.d. Bernoulli random variables with success probability p.
Suppose © = (x1,...,2,) is a realization of X. Let s = )" | x; be the observed
number of 1’s. The mapping @ : [0,1]" — [0, 1] is given by

( [0, u1.p] if s=0,
(Unin,y 1] if s=mn,
Qx,u) =  (usip, Usy1:n] if s=1,...,n—1

and Z?:l I(xl = 1)[(2,6@ < us:n) =5

0 otherwise.

Here u,., denotes the r* order statistic among Ui, . . . , Up.

Notice that if Q(x,u) is non-empty, it is an entire interval. Therefore we
need to select a particular V(o) and this selection will have an effect on the final
answer. A generalized fiducial distribution for p is given by the distribution of
V(Q(x,U*)) conditional on the event Q(xz,U*) # 0 where V(Q(z,U*)) is any
random variable whose support is contained in Q(x, U*). By the exchangeability
of Uf,..., Uy it follows that the stated conditional distribution of V(Q(z,U*))
is the same as the distribution of V' ([0, U}, ]) when s = 0, V/((Ug,,, U, 1.,]) for
0<s<n,and V((U},,,1]) for s = n. Based on simulations reported in Section 6
a good choice of V((a,b]) is V((a,b]) = a with probability 1/2 and V((a,b]) = b
with probability 1/2. In this case the FQ R, = BU{,, + (1 — B)UZ, ., where B
is a Bernoulli(1/2) random variable. Other choices of V'((a,b]) lead to slightly
different generalized fiducial distributions.

A similar answer can be also obtained by Dempster-Shafer calculus (Dempster
(2008)). The main difference between our proposal and Dempster-Shafer calcu-
lus is the usage of the quantity V' (e), i.e., the answer based on Dempster-Shafer
calculus would not use V. It would be based on the distribution of the random

interval (UZ,,,

s+1:m)- The feasibility of a statement p € A would then be given
as follows: p € A is true with probability p, = P((Ug,,, Uy, .,] C A), false with

pn=1-P((Us,, Uliy) C ALY and undecidable with probability 1 — Py — Pn-
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While Dempster-Schafer approach is theoretically appealing in its honest
acknowledgment of the fact that there is some chance that we cannot say whether
statement is true or not, we prefer in most applications to resolve this uncertainty
by the choice of V(e). Such a solution leads to answers that are simpler to
interpret and understand for most practitioners. When we return to this example
in Section 6, we discuss the issue of choice of V(e) in more detail. In particular
we propose the use of a particular V' (e), already mentioned above, that leads to
first order accurate statistical procedures. In any case we show in Section 6 that,
as n grows, the fiducial distribution becomes insensitive to the choice of V.

Remark 1. As demonstrated in the examples above the recipe in [3) does
not lead to a unique distribution. In fact, in addition to the well documented
potential non-uniqueness due to the particular choice of the structural equation,
there are two additional sources of non-uniqueness. As seen in Example 2, the
first source of non-uniqueness is the choice of the random variable V(Q(x,u))
if the set Q(x,u) has more than one element. This typically happens if we
deal with discrete random variables. In this case the choice of V(Q(x,u)) is
necessarily subjective, though some choices could lead to better repeated sample
performance than others.

The second source of non-uniqueness is more subtle and comes from the fact
that in some situations we have P(Q(x,U*) # 0) = 0. This usually happens
when dealing with continuous data. If P(Q(x,U*) # () = 0 the conditional
distribution ([3) needs to be interpreted as a conditional probability given a
o-algebra or, equivalently, we need to find a random object H(U*) such that
{Q(x,U*) # 0} = {H(U*) = 0}. In this case ([3]) could be interpreted as

V(Q(x,U") | H(U") = 0.

Unfortunately, if P(H(U*) = 0) = 0, different choices of H could lead to different
conditional distributions. This is related to the Borel’s paradox described, for
example, in [Casella_and Berger (2002, Sec. 4.9.3).

Notice that the only additional information available to us is the fact that
the value of U* and x must be compatible. In other words U* has to be such
that x = G(&,U™*) for at least one value of &, i.e., Q(x,U*) # (). Therefore, any
particular choice of H could be viewed as “added information”. The theory of
probability does not give us a reason to favor one choice of H over another. We
might have some other reason, e.g., additional structure, that would guide us to
a particular choice. However, there could be natural choices of H arising from
different points of view. This could in turn give us more than one generalized
fiducial distribution causing what may be viewed by some as a paradox. We
discuss these issues in much greater detail in Section 7.
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Remark 2. The choice of a particular form of the structural equation (EII)
could influence the generalized fiducial distribution. This problem is generally
well-known. It is the aim of this paper to discuss the statistical challenges left
after we fix a structural equation. Therefore in the remainder of this paper we
regard data represented by a different structural equation as a different statistical
problem even if they have the same distribution.

It is important to remark that in some practical applications the physical
process by which the data was generated is known. In this case we can and
should choose the structural equation to reflect this process. This eliminates the
problem of non-uniqueness due to the choice of structural equation. A canonical
example arises in the field of metrology, where an unknown quantity is measured
using some known processes. The processes have known physical characteristics
and add errors to the measured quantity in some pre-specified known fashion.
The resulting measured values are expressed as an equation combining some
unknown measured quantities and errors. This equation can be taken as the
structural equation. In fact, the Guide to expression of Uncertainty in Mea-
surements (GUM), an ISO document that is adhered to by national metrology
laboratories of many countries, has an explicit requirement that all measured
values be related to true values through a measurement equation that is really a
structural equation in our terminology. For a particular example see Annex H.1
of GUM.

4.1. Suggested implementation of the recipe

As discussed in Remark 1, when implementing the fiducial recipe for contin-
uous distribution, one needs to make some choices regarding the random vector
used for conditioning. In what follows we recommend one way of resolving this
problem and implementing the generalized fiducial recipe. This implementation
worked well in the simulations we performed. We remark that similar ideas in a
less general form can be already found in [Hannig, Tyer and Patterson (20065).

We first illustrate our approach on a simple (well-known) example and derive
a joint generalized fiducial distribution for the parameters p and o2 based on a
random sample from N (yu, o?).

Example 3. Let X1,..., X, beii.d. N(u,c?). We can describe the distribution
of X by means of the structural equations

Xi=p+oZ;, i=1,...,n.

Here the Z; are i.i.d. standard normal random variables. We split our n equations
into two groups: the first two equations are used to solve for y, o%; than take the
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remaining n — 2 equations, plug into them the solutions for x, 2 obtained from
the first two equations, and condition on them being true. More precisely,

2
21T2—29%1 1 —x2
z21—21 ? 21—22

Q(CCl,...,l’n;Zl,...,Zn = 1f$l: ZiTj TRl | LiT Ly 2] l—3 n,
Zi—2j 2;—2; ’ L
0 otherwise.
Defining
212 — 2271 T — X2 2 212 — 2271 T — X2
M=—=—"—= _"H=—2=| ,and R = - 21,
Z1 — %9 Z1 — %9 Z1 — %9 Z1 — %9

we can interpret the generalized fiducial distribution (EZ3]) as the conditional dis-
tribution of (M, H) given R = x, where R = (R3,...,R,) and x = (z3,...,2y).
A simple calculation shows that the joint density of (M, H,R) is

n:l(mfzi)2)/(2h) ’xl — fI:Q‘

2(27T)n/2hn/2+1

ef(

fuar(m, h,xs, ..., x,) = I(O,oo)(h)'

However, there is no particular reason why we should have used the first
two equations to solve for p and o. Therefore, given the symmetry natural to
independent data, it seems more natural to assume that the two equations used
to solve for  and o were selected at random. This leads to

—( (m—wx;)? ny—1 A ,
e (Zz:l( ) )/(Qh) (2) ZZ<] ’(I;Z — xj ‘ I (h) (4 5)
2(2m)n/2 pn/2+1 (0,00)\1%) :

fM,H,R(ma ha X) —
In any case a simple calculation shows that the fiducial density of R, ,2) =
v, HR=x(m, h) is
ef(mfi"n)Q/@h/n)f(nfl)sQ/(2h)(( —1)s 2)(n71)/2
/7-[-/”1‘ /2 2n/2hn/2+1

This is the joint fiducial density proposed by [Fishei (19354), which is also

fR (m, h) =

I(9,00)(R). (4.6)

(1,02)

the Bayesian posterior with respect to Jeffreys prior (leffreyd (1961)). It is
known that statistical methods based on (BZfl) lead to exact frequentist inference
Mood, Graybill and Boed (1974).

General Case

We now perform similar computations in a more general situation. Let us
suppose that the parameter of interest £ is p-dimensional. Recall the structural
equation, X = G(U,¢). Write G = (g1,...,9»n) so that X; = ¢;(U,§) for i =
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1,. ey . Set XO = (Xl, ces 7)(p), XC = (Xerl, ces ,Xn), write UO = (Ul,. . .,Up),
U. = (Upt1,-..,Uyp), and assume that the structural equation can be factorized
into G = (Gg, G.), where

Xo = GO(&UO) and X, = Gc(&aUc)'

Additionally assume that for each fixed £ € = the functions Go(&, - ) and G.(¢, - )
are one-to-one and differentiable. Thus

fX(le) - fU(Gal(Xm 5)7 Gc_l(xcv 5))JG51 (XOv f)JGC_I (X07 5) (4'7)

Finally assume that, for each fixed ug, the mapping Go(. ,ug) is invertible and
differentiable. Denote this inverse mapping by H¢(xo,up) and write He(x,e) =
G (H¢(x0,ug),u.), setting H = (H¢, H.). Thus the definition of the generalized
fiducial distribution ([3)) can be interpreted as the conditional distribution of

H,(x,U") | H.(x,U") = x. (4.8)

To derive the conditional density of (), notice that if x = G(,e) then
H¢(x0,u9) = ¢ and He(x,e) = x.. Finally, for all fixed x,

H™'((¢,8),%) = (Gg ' (x0,¢), G ' (5,))
and the Jacobian
JHfl(x7 C) = JGal(xm. )(X07 C)JGgl(XC7 C)

Here JGO—I (%0, ) is the Jacobian constructed by taking derivatives with respect
to ¢. The joint density density of H(x, U*) at the point ((,x.) is

fr(¢ %) = fu(H (¢, %xe), %)) Ja-1 (¢, xc), %). (4.9)

By comparing (1) and E3) we get

e ~(x
fa(€,xc) = fx(x|€)Jo(x0,§) where Jo(x0,§) = ditt((dds%((xj’g)//(ildfj))) '
0 9

Therefore the conditional density of X)) is

T(f) _ fX(X’é.)JO(X&S) )
J= fx(x[€)Jo(x0, ") d€’

The generalized fiducial distribution in ([I0) depends on the choice of Gg
and G, which is fairly arbitrary, as there is no particular reason why we should
take the first p coordinates and use them for Gy. In fact such a factorization

(4.10)
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can be typically done based on any p coordinates (i1,...,4,). In this case it is
reasonable to consider the p coordinates used in Gy as selected at random. This
leads to the following interpretation of the generalized fiducial distribution (E3):

fx (x[§)J (x,€)

IR = e T, €y e o
where
o det (4G} (x1,€)/(de)
J(x.) = (p) : (4.12)

=i | det (4G5 (. €)/(dxs) )

is the sum taken over all subsets of indexes 1 <41 < --- <4, < n, and Gg; is
the function Gg with the indexes i used to do the factorization.

One-parameter Case

It is of interest to show the form of of ([EIIl) in the case of one-parameter
problems. Let X1, ..., X, be independent continuous random variables each with
density f;(x;|¢) and distribution function Fj(z;|£) respectively, where £ € R.
Choose the structural equation X; = F; '(f,U) and assume that the various in-
vertibility conditions stated above are satisfied. In light of this structural equa-

tion, [EIZ) becomes

_ |gpFi(i,0)|

JO,i (xi, 0) = fZ(SCZ 9) and J(X, (9) =n! Z J(),Z‘(.%'Z‘, (9), (4.13)

i=1
and the recommended generalized fiducial density in (EIT)) is
(I £(1.0)) T(x,0)

Jra(0) = : (4.14)
" f@ (H?:1 f(xi, 9’)) J(x,0") do’

Notice that if n = 1, the generalized fiducial density described in [@I4)) is Fisher’s
original definition of fiducial distribution.

4.2. Practical matters and relationship with Bayesian inference

Since the distribution of R¢(x) for each observed x is known (or at least
accessible through simulations), we can use it for statistical inference. The hope
is that any inference procedure based on the distributions of R¢(x) should give
reasonably good answers. To assess the quality of a statistical procedure we use
the frequentist repeated sample paradigm, e.g., coverage and expected length of
confidence intervals.



ON GENERALIZED FIDUCIAL INFERENCE 507

Since a generalized fiducial distribution provides us with a distribution on the
parameter space, its use is similar to the practical use of a Bayesian posterior. For
example, we can take the expected value, the median, or some other functional
of the generalized fiducial distribution to get a point estimator of the parameter
&. More importantly, we can find sets C'(x) with fiducial probability P(R¢(x) €
C(x)) = 1 — « and use them as approximate (1 —«)100% confidence sets. These
confidence sets, though not exact, seem to have very good coverage/expected
length properties in small sample simulations, and often are exact asymptotically,
see Section 5.

In addition to finding approximate confidence sets, which is the applica-
tion addressed here, we could also use the generalized fiducial distribution for
hypothesis testing and approximate p-values. In particular, define a family of
regions H (x,«) such that, for each fixed x, the sets H(x,«) are nested and
P(Ry(x) € H(x,a)) = 1 — a. Then, for each observed x, the fiducial p-value
would be defined as supg e (SUPg e r(x,a) @) The form of the regions H(x, ) is
determined based on the alternative hypothesis.

Generalized fiducial distributions can also be used for prediction. This is
done by combining the generalized fiducial distribution on the parameters with
a structural equation for the new observations. This approach produces a pre-
dictive distribution that accommodates in a natural way both the uncertainty in
the parameter estimation and the randomness of the future data.

There is another practical issue that generalized fiducial inference shares
with Bayesian inference. Generalized fiducial distributions are rarely available
in closed form. Therefore we often need to use an MCMC method such as a
Metropolis-Hastings or Gibbs sampler to obtain a sample from the generalized
fiducial distribution. While the basic issues facing implementation of the MCMC
procedures are similar for both Bayesian and generalized fiducial problems, there
are specific challenges related to generalized fiducial procedures.

A careful reader might ask at this point the following natural question. Given
the strong similarities between the use of generalized fiducial and Bayesian infer-
ence is there any difference between the two? The answer is yes.

First, there is a basic philosophical difference. Bayesian approach starts
with a fully specified, single joint probability distribution for (X,&). Then it
predicts a value of £ given X using conceptually simple probabilistic computations
(Bayes Theorem). The specification of this single probability distribution for
(X,€) is usually done by selecting a model f(x|{) and a prior 7(&), with the
choice of 7(§) that can be viewed, in the absence of any prior information, as
arbitrary. The fiducial approach is similar to the usual frequentist approach in the
modeling step, as it considers a number of potential distributions for the observed
data as the model. The idea is that the model is incorporating all the known
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prior information and assumptions. Then the fiducial distribution considers a
likelihood-like idea of switching the role of data and parameters to introduce
the distribution on the parameter space. This distribution then summarizes our
knowledge, including uncertainty, about the unknown (fixed) parameter.

Second, generalized fiducial distribution often cannot be obtained as a
Bayesian distribution with respect to any (proper or improper) prior. An early
example is due to [Grundy (1956). This can be understood by carefully studying
the fiducial density in (@I)). This density on the parameter space is visually
similar to the usual Bayes posterior with the role of a prior served by the data
dependent function J(x, £). Thus the proposed generalized fiducial distribution is
Bayesian posterior if and only if J(x, &) = k(x)I(§) where k and [ are measurable
functions. However J(x,&) typically does not decompose in this way, in which
case the fiducial distribution is not a Bayesian posterior with respect to any
proper or improper prior.

There is one more interesting connection to Bayesian inference. For each
fixed &, the quantity J(x,§) in ([EIZ) is, by definition, a U-statistic. Therefore, if
our data is i.i.d. we are guaranteed an a.s. convergence to 7(§) = FEg,Jo(X1,. ..,
Xp, ). In fact, under slightly stronger assumptions on the continuity of the Ja-
cobians Jy we obtain, using [Yeo and Johnson (2001), that the convergence is
uniform in £ on compact sets. At first glance 7(£) could be considered as an
interesting non-subjective prior. Unfortunately this prior cannot be used in ap-
plications because the expectation in the definition of 7(¢) is taken with respect
to the true unknown parameter £;. However, the quantity J(x,¢) could be con-
sidered as an estimator of 7 (&), leading to an empirical Bayes interpretation of
fiducial distribution (I1]). We illustrate this idea in Example 4 in Section 6. It
is also worth mentioning that though 7 (&) is typically improper, the definition,
of fiducial distribution as a conditional distribution of a random variable given
another, guarantees that the the fiducial distribution in ([IT]) is always proper.

Our interpretation of the fiducial recipe also sheds some new light on the
consistency criterion of [Lindley (1958). This criterion can be summarized as
follows. Assume that the data is divided in two parts. If we calculate the fiducial
distribution based on one part, use it as a prior and calculate the posterior based
on the second part, we should get the same result as if we calculated the fiducial
distribution based on all the data. Since fiducial distributions typically do not
satisfy this criterion unless they are the same as a Bayesian posterior with respect
to some prior, Lindley argued against the use of fiducial distributions. See [Fraser
(2006) for related discussion.

Notice that the proposed function J(x,&) depends on all the observations x.
Therefore the generalized fiducial distribution in (1)) satisfies Lindley’s con-
sistency criterion if and only if J(x,&) = k(x)I(§), in which case the generalized
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fiducial distribution is the same as the Bayesian posterior with respect to the
prior [(§). On the other hand, if we used ([EI) as the generalized fiducial dis-
tribution, we would clearly satisfy Lindley’s criterion as long as the order of the
data remained the same. However, based on our experience from simulations,
(ETT) usually has much better small sample frequentist properties than (EI0),
and is therefore preferred even though it does not satisfy Lindley’s consistency
criterion.

Finally, the comparison between Bayesian and fiducial procedures for dis-
crete data seems a little less clear to us. We comment on some aspects of this
connection in Sections 6. and 7.

5. Asymptotic Consistency Results

In this section we present some general theorems that are applicable in
situations one encounters in developing inference procedures using the gener-
alized fiducial recipe. Consider a parametric statistical problem where we ob-
serve X1,...,X,, whose joint distribution belongs to some family of distribu-
tions parametrized by £ € RP. We are interested in estimating 6 = 7(§) € R%
Let S = (S1,...,Sk), k > g, denote a statistic based on the X;’s. Denote by
Ro(x,U) a random variable having the distribution described in @3] and (EZ).

For simplicity of notation we define the following notion of convergence for
open sets.

Definition 1. Sets A, converge to an open set A, A, — A, if (lim A4,)° = A.
Here lim A,, = B exists if [4, — Ip, 14 is the indicator function of A, and B° is
the interior of B.

We now state the conditions under which the generalized fiducial distribution
defined in (3) leads to asymptotically correct frequentist coverage. We later
show how these conditions can be verified in many applications.

Assumption 1.
1. There exist t(¢) € R such that

V(S = t1(€), -, Sk — th(€)) > H = (Hy,... . Hy)T, (5.1)

where H has a non-degenerate multivariate normal distribution with mean 0
and variance X g.

2. For each fixed h € R¥, there is a random variable R(h) such that
(a) for any x, € R¥ satisfying \/n(x, — t(£)) — h, we have

Vi(Ro(xs) — 8) 2> R(h);
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(b) there is a general matrix A and a non-negative definite matrix X g such
that AXy AT = Xg, and R(h) has multivariate normal distribution with
mean Ah and variance X g.

3. O(X,z,s,7) C R? is a collection of regions indexed by random variables X,
vectors z € R?, s € R¥, and « € (0,1) satisfying the following.

(a) C(X,z,s,7) is an open set with boundary of zero Lebesgue measure.

(b) P(X € C(X,z,5,7)) =1.

(c) Foralla € R and b € RY, C(aX + b,az + b,s,7) = aC(X,z,s,7) +b.
)

(d) For all h € R* Y, 2, R(h), z, — Ah, s, — t(§), and v, — 7, we have
C(Ynazna Sna’Yn) - C’(R(h),z,t(f),'y).

We now state our first theorem; its proof is relegated to the appendix.

Theorem 1. Suppose Assumptions 1 holds and v, — ~y. Furthermore assume
that there is a function ¢ : RF — R? such that for any s, € R satisfying
(s, —t(§)) — h, we have

Vn(((sn) — 0) — Ah, (5.2)

where the matriz A is defined in 2b. Thenlim,, .o Pt (0 € C(Ry(S),((S),S,v)) =
v. In particular C(Ry(S),{(S),S,) is a confidence region for 0 with asymptotic
coverage probability equal to 7.

Remark 3. This theorem is in truth a theorem about the choice of the region
C (X, 7). There are many regions of probability 1—~ available; Condition 3 gives
shapes of good regions C'(X,7).

For example, if d = 1, one of the typical choices is the upper confidence
region, C'(X,v) = (—00,¢(X,7)), where ¢(X,~) is the y-quantile of the distri-
bution of X. Other choices are the lower confidence region, and the two sided,
equal tailed region. If d > 1, we can also consider the equal tailed regions. In
fact the conditions on the region are so flexible that they allow for most typical
multiple comparison regions. We demonstrate this in Example 9 in Section 6.

The more important part of the story is hidden in Assumptions 1, 2. These
conditions ensure that the generalized fiducial distribution satisfies the Bernstein-
von Mises theorem—see Chapter 8 of [Le_ Cam and Yang (2000). This happens
quite often. The exact assumptions under which the Bernstein-von Mises theorem
holds for generalized fiducial quantities are the subject of ongoing investigation.
In what follows we present Theorem 2 as a first step in this direction.

Remark 4. It is fairly straightforward to generalize the statements of The-
orem 1 for distributions that are not in the domain of attraction of the
normal distribution. Some examples in that direction have been explored in
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Hannig, Tyer and Patterson (20065). However, the main ideas are better demon-
strated within the setting we have chosen. In particular the key Condition 2b is
easier to understand if the limiting distribution is normal.

To conclude this section we show that the Assumptions 1 and 2 are satisfied in
the basic regular case. Assume that X, Xo, ... are i.i.d. with density fy = f(x, )
and distribution function F'(z,0), where § € © and © is an open subset of R.

We assume the usual regularity assumptions on fy. They can be found
for example in [Ghosh and Ramamoorthi (2003, pp.34-35), assumptions (i)-(v).
Since they are standard, we do not list them. We also assume an additional
regularity condition.

(v') Set L,(0) = >, log f(X;,0) and assume that for any § > 0,
“min log f(X;,0) P,
1= 2]

=1,...,n o

inf
0—60|>8 |Lyn(0) — Lin(6o)]

—

Notice that typically, for a fixed 6y, the numerator goes to negative infinity as
—C logn while the denominator goes to negative infinity like —Cbsn. If this hap-
pens, the assumption (v') guarantees that C/Cs remains bounded as a function
of 4.

It is well-known, Theorem 1.4.1 of I(Ghosh et all (2003), that there is a statis-
tic (usually called the maximum likelihood estimator) S,, such that /n(S, —

6o) 2, N(0,1/I(6p)), where I(fy) is the Fisher information. Condition 1 is
thereby satisfied.

We now show that the Condition 2 is satisfied as well. Choose the structural
equation X; = F~1(0,U) and assume that the various invertibility conditions of
Section 4.1 are satisfied. The fiducial distribution is then given by (EI3]) and
(ETZ). For future reference we denote the density of \/n(Rg—S) by m,.(6,x). Our
second theorem is actually stronger than what is required to verify Condition 2;
the proof is relegated to the appendix.

Theorem 2. Adopt the reqularity conditions (i)—(v) of IGhosh et all (2003,
pp.34-35), (V') of above and the invertibility conditions of Section 4.1. Assume
further that J(z,e) is continuous in 0, w(0) = Ep,Jo(X,0) is finite, 7(6y) > 0
and, on some neighborhood of 0y,

Ey, sup Jo(X,0) | < occ.
96(90750,904’50)
Then
/

e=52/2/100) | B,

0 T
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Remark 5. The main idea of the proof is to use the Uniform Strong Law of
Large Numbers to show that the quantity J(x,6) converges to 7(6) uniformly
on compacts in #, and then use this to prove that the difference between the
generalized fiducial distribution and the posterior with respect to the prior 7 ()
is negligible. The statement then follows by the regular Bernstein-von Mises
theorem for Bayesian posteriors.

A similar idea will apply even if the parameter space is p-dimensional, in
which case the quantity J(x,&) is a U-statistics. One can then replace the Uni-
form Strong Law by the Uniform Strong Law of Large Numbers for U-statistics
Yeo and Johnson (2001). The rest of the proof is basically the same.

6. Examples

The purpose of this section is to explain the use of the generalized fiducial
recipe on several examples of varying complexity.

Variance Component Model

Example 4. The first example is motivated by an unbalanced variance com-
ponents model. Such models arise in heritability studies in animal breeding ex-
periments Burch_and Tyer (1997), quality improvement studies in manufacturing
processes Burdick, Borror and Montgomery (2005a), characterizing sources of er-
ror in general variance components models [Liao_and Tyen (2004), and in many
other applications. In the simplest case one has the model

Yij = n+ Ai + eij,

where p is an unknown parameter, the A; areii.d. N(0, ¢), the e;; areii.d. N(0,60),
and all random variables are jointly independent. In metrology, Y;; might be the
diameter measurement on a part (ball-bearing) and p the mean diameter of
the population of ball-bearings output by the process. A random sample of a
ball-bearings is selected. The true diameter of the i** ball-bearing is .+ A;. Ball-
bearing i is measured n; times. If n; = n for all i we have a balanced one-way
random effects model; in the case of unequal n;, we have an unbalanced one-
way random model. In the balanced case the complete sufficient statistics are
well-known Searle, Casella_and McCulloch (1992). In the unbalanced case the
minimal sufficient statistics are incomplete. Inference about ¢ and 6 is typically
based on K independent quadratic forms that have scaled chi-square distributions
and whose expected values have the form 6+ c;¢ for some known ¢;, i =1,..., K.
Hence we illustrate our procedure by obtaining a generalized fiducial distribution

for (¢, 0).
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We use the structural equation

1 nl b AR ] )
where ¢y > --- > ¢cx > 0, and Uy, ...,Ugk are independent chi-square random
variable with nq,...,nx numbers of degrees of freedom, respectively.

Since this structural equation satisfies the various assumptions in Section 4.1,
we can use the formula in ([II). Recall that the recipe suggest taking two
equations to solve for ¢ and 6 and use the rest for conditioning. In particular if
equations ¢, j are chosen,

Gy (i) (6,0)) = (fj )
cjo+

leading to
det (_Ci”isz‘/(cz¢ +0)* —nisi/(cip+ 9)2>
—cingsi/(cjp+0)* —njs;/(cip +0)?

det <m/ (Cif) w0 n; /(cjoqb + 0)>

Jo,(i.5) (8, (0,0)) =

‘Cz‘ - Cj’SZ'Sj
(ci¢ +0)(c;d +6)
The fiducial distribution ([EIT]) then becomes

exp (= (1/2) Ly misi/ (o + )
ITL (i + 02
where C is a normalizing constant and

_(E\7! |ci — ¢jlsis;
J(s,(9,0)) = (2) ; (cip+0)(cijp+0)

fRyo(0,0)=C7" J(s, (6,0)), (6.1)

To set up confidence regions one can use numerical integration. The main
parameter of interest in this situation is ¢. The fiducial distribution of ¢ does
not lead to exact frequentist inference. However, simulation results suggest good
properties (as measured by coverage and length of confidence intervals based on
the fiducial distribution). Moreover, it can be shown that the fiducial distribu-
tion leads to asymptotically correct frequentist inference. If K is fixed, one can
prove it directly using Theorem 1. However, the asymptotics needed in most
practical applications involve letting K — oo. The proof in this more compli-
cated setting goes well beyond the scope of this paper and the reader is referred
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Limit of the fraction of Jacobians Fraction of Jacobians

05 1 1.5 2 25 3 35 4 45 5

Sigmas Sigmas,
Figure 1. Contour plots of J(s, (¢,0)) and 7(¢,0) when K =4, ¢g = 1, 6y =
0.2,¢1 =0.01,n1 =1,c0=05ny=2,c3=1.1,ng=4and ¢y =4,n4 = 1.
Shows that J(s, (¢,0) is a reasonable estimator of (¢, ) even for small n;.

to IE, Hannig and Tyed (2008), where an interested reader can find the proof,
simulation study results, and additional discussion.

We end this example with an investigation of the quantity J(s, (¢,6)) that
plays a role of a “data dependent prior” in (E1]). Assume that K is fixed, (¢o, 0o)
are the “true parameters” used in generating s, and for allt =1,..., K, n; — oc.
Strong Law of Large Numbers implies that s; — (¢;¢0 + 6p) a.s., and

- ; — C|(¢ Cs
J(s,(6,0)) — 7(6,0) = <K> 5 I llendo + Bo)lesn +60)
i

2 (cip + 0)(cjo +0)

The limit 7(¢, 0) is a function of (¢,6) and does not depend on the data. It can
therefore be considered as a prior. However, this is not feasible as it depends
also on the unknown true parameters. As discussed above J(s, (¢,6)) could be
considered as a data-based estimator of the infeasible prior 7(¢,#). We illustrate
this in Figure 1, where we show a contour plot of one realization of the random
quantity J(s, (¢,6)) and a contour plot of the deterministic 7(¢, ) when K = 4;
¢0 = 1, (90 = 0.2; cl1 = 0.01,7&1 = 1; Cy = 0.5,712 = 2; C3 = 1.1,n3 = 4 and
¢4 = 4,n4 = 1. The plot demonstrates that the two functions show a surprising
level of agreement even though the values of the n; are very small.

Fiducial inference for the multinomial distribution

The next series of examples considers generalized fiducial inference for the
multinomial distribution on k + 1 categories {1,...,k + 1}. The special case
of the binomial distribution (kK = 1) has received some recent attention by
Brown, Cai and DasGupta (2001, 2002) and [Cai (2005). These authors show
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that the classical solutions based on normal approximations do not have good
small sample properties and they recommend some alternative solutions. The
one recommendation that stands out consistently is the interval estimate based
on the posterior distribution arising from the Jeffreys prior. Later we show that
there is, in fact, one of the fiducial intervals. We also show that there is another
fiducial solution for the binomial parameter p that does just as well.

Example 5. Let Xi,...,X,, be ii.d. multinomial(p) random variables, where
p=P1,---,pk), pj €1[0,1],7 =1,...,k, and Z?lej < 1. We derive a general-
ized fiducial distribution for p. Set go = 0 and ¢; = >7_,pi, j = 1,...,k. The

structural equations for the X;,7 =1,...,n, can be expressed as
k
Xi=3 g, (Us), (6.2)
j=0
where Uy, ..., U, are ii.d. U(0,1) random variables.
Assume that we have observed z1,...,z,, and denote ‘the number of occur-

rences of j by nj. For j = 1,...,k + 1, define t; = > 7_, n,. In particular,
ty+1 = n. Let U, denote the sth order statistic among U, ..., U,. For simplic-
ity of notation define ty = 0, Up.,, = 0 and U,41., = 1. The set Q(x,U) # 0 if

and only if
k+1 n

n = ZZI(Xi =1 (Ui € (Utj—lrantjin]) :

j=1i=1
In this case Q(x,U) = Q*(x,U), where

k
Q*(x,U) = {(Pl,---,pk)‘(QL---,Qk) € X (Ugym, Utj41:n) }
J=1

Here X, A; is the cartesian product of the sets A; and ¢; is as in ([E2). In
particular for j =1,...,k, pj = ¢j —gj—1 and pp41 =1 — qi.

The exchangeability of U;,i = 1,...,n, then implies that the conditional
distribution of V(Q(x, U)), conditional on the event Q(x, U) # (), is the same as
the (unconditional) distribution of V(Q*(x,U)). By our definition the general-
ized fiducial quantity is Rp(x) = V(Q*(x,U)). Equivalently there is a random
vector D = (Dy, ..., D) with support [0, 1]¥ such that

Rp(x) = (R, Ry — R1,..., Ry, — Rj—1) ", (6.3)

where Rj = Uy, + Dj(Ug;11:0 — Upyon)-
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Notice that if n; = 0 for some j = 2,...,k, it would be possible to get a
negative value for R, the ith element of Rp. This can be prevented by requiring
the random vector D to satisfy D; > D;_; whenever n; = 0.

The observation made in the previous paragraph implies that the generalized
fiducial distribution depends on the particular choice of the structural equation
(62). In particular, if one or more categories are not observed in our sample, we
might get a different generalized fiducial distribution by relabeling.

Using Theorem 1, we now show that inference based on Rp(s) has good fre-
quentist properties asymptotically. Since we consider equal-tailed regions based
on the distribution of Rp(s), Assumption 1.3 is automatically satisfied. Let
S; be the number of times we observe value j among the Xi,...,X,. Recall
that S = (S1,...,S;)" has a multinomial(n, py,...,ps) distribution. Therefore
Vn(S/n —p) — H, where H ~ N(0,%) and ¥ = diag(p) — pp'. This verifies
Assumption 1.1.

Notice that for any sequence of integers k;, where 0 < k; < j, we have
n(Ug, +1:n — Uk, n) 2, I'(1,1). Fix h, set s/n = (p 4+ h/y/n), and write W,, =
(Usyin, Usy+sgms - - Usy+tspm)- A simple calculation shows that /n(W,, —
a) = N(g %), where g; = 3 hy and £;; = min(g;, ¢;)(1 — max(gi, 4;)),
with ¢; = Zi:lpk- Thus, by Slutsky’s theorem, /n(Rp(S) — p) 2, N(h,X).
All of Assumption 1 is satisfied. In particular we can conclude that general-
ized fiducial confidence sets will have asymptotically correct frequentist coverage
regardless of the choice of the distribution V(. ).

We further investigate this generalized fiducial quantity in two special cases,
the binomial distribution (k = 1) and the trinomial distribution (k = 2).

Special case 1 - The binomial distribution.

Example 6. For the special case of a binomial distribution, a generalized fiducial
quantity for p is
Rp(x) = Usin + D(Uerl:n - Us:n)a (6.4)

with D being any random variable with support contained in [0, 1], and s being
the observed number of successes.
Recall that the joint density of (Us.p, Ust1:n) 1s

n!
f(Us:n;Us+1:n)(u’U) = (3 — 1)!(n g — 1)!

w1 —o)" L 0<u<v< 1

Therefore, the density of R, is

1-p

fry(0) = /Ol/ogAm (Z) s(p — dg)* ™
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x (n—s)((1—p)—(1—d)g)"*"" dgdFp(d) I(p1)(p), (6.5)

where Fp(d) is the distribution function of D and = A y = min{x,y}. If, addi-
tionally, D is continuous with density fp, (X)) simplifies to

fr,(p) = (Z) /O ’ /p 1 (Z - Z) G _US)_(lu_ 0" Lo (®).
(6.6)

There are many reasonable choices for the distribution of D in the description
of R,,. We have considered five different choices that appeared natural to us. For
the first three choices we took D to be random and independent of Uy, ..., U,.

First, the maximum entropy choice is D ~ uniform(0, 1).

Second, the maximum variance choice, suggested implicitly by [Efron (1998),
is D ~ uniform{0,1}. We remark that a direct calculation, cf. (Grundy (1956),
shows that these two choices lead to a generalized fiducial distribution that is
not a Bayesian posterior with respect to any prior.

The third choice D ~ Beta(1/2,1/2) leads to R, ~ Beta(s+1/2,n—s+1/2),
which is the Bayesian posterior for Jeffreys prior.

The fourth choice is a little harder to describe in terms of D. It is R, ~
Beta(s+1,n—s+1). This is the scaled likelihood, or posterior with respect to the
flat prior. Beta(s+1,n—s+1) is a generalized fiducial distribution according to
our definition, since it is stochastically larger than the distribution of Us.,,, which
is Beta(s + 1,n — s), and stochastically smaller than the distribution of Us1.p,
which is Beta(s,n — s + 1). This can be seen by noticing that, conditional on
Ui, ..., Uy, the distribution of D is given by D = 0 with probability Us.,, D =1
with probability 1 — Ugy1.y, and D ~ U(0,1) with probability Us 1., — Usp.

The last choice D = 1/2, corresponds to the midpoint of the interval (Us.y,
Us+1:n)-

To evaluate the performance of the generalized fiducial distribution and com-
pare the performance of the various choices of D, we carried out an extensive
simulation study. As we have seen earlier, generalized fiducial inference for
the multinomial distribution is asymptotically correct. Therefore, our simula-
tion study concentrated mostly on small values of n. In particular, we consid-
ered n = 3,6,9,...,45,48,100,1,000 and p = 0.01,0.02,...,0.99. For each of
the combinations of n and p we simulated 5,000 evaluations of the probability
Q(X) = P(R,y(X) < p|X) using each of the five variations of generalized fiducial
distribution. If the generalized fiducial inference were exact, the Q(X) should
follow the U(0, 1) distribution. The level of agreement of Q(X) with the U(0,1)
distribution was examined using QQ-plots.

Since generalized fiducial inference is a non-randomized procedure, the dis-
tribution of Q(X) can take only n values. Therefore it cannot be expected that
the agreement with the uniform distribution would be very good for small values
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Figure 2. QQ-plots of Q(X) for n = 12 and p = 0.1,0.3,0.5,0.7,0.9. The
black color correspond to an area of natural fluctuation of a QQ-plot due to
randomness; the colored graphs correspond to the QQ-plots of the various

generalized fiducial distributions.

of n. However, the agreement improves dramatically as n increases. To illustrate
this, we show the QQ-plots for n = 12 and p = 0.1,0.3,0.5,0.7,0.9 in Figure 2;
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Figure 3. QQ-plots of Q(X) for n = 6,21,48,100,1,000 and p = 0.3. The
black color correspond to an area of natural fluctuation of a QQ-plot due to
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randomness; the colored graphs correspond to the QQ-plots of the various
generalized fiducial distributions.

we show QQ-plots for n = 6,21,48,100, 1,000 and p = 0.3 in Figure 3.
The closer the points on the QQ-plot are to the line y = x, the better the
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performance of the procedure. We can see straightaway that the scaled likelihood
performs worse than any of the other choices. To make this comparison more
rigorous we compute, for each of the choices of D,

1 1
A:/O |Fo(z) — z|dx, and D:/O (x — Fo(z)) dz,

where Fg(z) is the empirical distribution function of the observed values of the
Q(X). Smaller values of A and D signify better overall fit. Since we are planning
to use the generalized fiducial distribution for inference, one can argue that the
center of the distribution of Q(X) is of little importance. Therefore we also check
for the level of agreement in the tails. To this end, let

1 1
A :/0 |Fo(z) —x|dx, Dy :/0 (x — Fg(z)) dz,

.9

1 1
A, = /9 |Fo(z) —x|dx, and D, :/ (Fo(x) — z) dz.

Here we chose A;, D; to describe the average fit for typical lower tail Cls, and
Ay, D, to describe the average fit for typical upper tail Cls. In both cases positive
values of D; and D, correspond to being conservative, while negative values of
D; and D,, correspond to being anticonservative.

For each fixed n we plotted the graphs of these statistics as functions of
the probability p. For illustration we show plots of of these quantities for n =
6,21,48,50,100 in Figures 4, 5 and 6.

One finds that the best choice is the maximum variance choice of D ~
uniform{0, 1} is consistently better than other choices. However, D ~ U(0,1) and
D ~ B(1/2,1/2) (the maximum entropy and posterior with respect to Jeffreys
prior) were typically very close to it. The last two choices were found to perform
not as well. In particular, the scaled likelihood underperformed the other choices
by a large margin. In light of this we recommend the choice D ~ uniform{0,1}.

Remark 6. |Cai (2007) has investigated the two-term Edgeworth expansions
for coverage of several one-sided Binomial Confidence Intervals. We remark that
similar calculations can be used to derive the two-term Edgeworth expansion for
the generalized fiducial distributions discussed here. In particular one can show
that, just like confidence intervals based on posteriors calculated using Jeffreys
prior, the maximum variance generalized fiducial distribution leads to confidence
intervals that are first order matching, see (Ghosh (1994).
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Special case 2 - The trinomial distribution.

Example 7. Some aspects of the fiducial distribution for the parameters of
a trinomial have been investigated by IDempsten (1968); he used a trinomial
distribution as an example for his definition of upper and lower probabilities.
In this example we investigate the small sample frequentist properties of the
generalized fiducial distribution for the trinomial parameters. There are many
reasonable choices for the distribution of D in (E3]). We considered five choices
that appeared natural. Based on our experience from Example 6, we take D
independent of Uy,...,U,.

The maximum entropy choice is achieved by taking D to be U(0,1)? if s3 > 0,
and D ~ U{(z,9),0 <z <y < 1} if s = 0.

The Bayesian posterior for the Jeffreys prior is achieved by taking D1, Dy as
iid. Beta(1/2,1/2) if s > 0, Dy ~ Beta(1/2,1/2), and Dy =1 if sy = 0.

The third choice is a version of a maximum variance distribution. Here D ~
uniform{0,1}? if s > 0, and D ~ uniform{(0,0), (0,1),(1,1)} if so = 0. This
is obtained by maximizing the determinant of the covariance matrix of Rp(x).
Notice that it is also the uniform distribution on the vertices of Q(x,U).

The fourth choice is another version of a maximum variance distribution, it
is obtained by maximizing the smallest eigenvalue of the covariance matrix of
Rp(x). Notice that this distribution is supported on the vertices of Q(x,U).

Our last choice is the uniform distribution on the boundary of Q(x,U).

To evaluate the performance of the generalized fiducial distribution and to
compare the performance of the various choices of D, we performed an extensive
simulation study concentrated on small values of n. In particular we considered
n =5,10,15,...,30,300 and p1,p2 € {0.05,0.1,...,0.95} with p; + p2 < 1. For
each of the combination of the parameters n, pi,ps, we simulated a sample of
2,000 observations from the trinomial distribution. For each of the trinomial ob-
servation and each of the choice of D we generated a sample of 3,000 observations
from the generalized fiducial distribution Rp(x).

In order to evaluate the quality of the joint generalized fiducial distribu-
tion we then evaluated the empirical coverage of the one-sided equal tailed
region. In particular, for any random vector X and 0 < a < 1, we define
the one-sided equal-tailed region C(X,«) as the set {(z.y);z < =0,y < yo}
satisfying P(X € {(z.y);x < zo,y < wo}) = a and P({(z,y);x > xo}) =
P({(z,y);y > yo}). For simplicity write A(X,p) = inf,{p € C(X,«)}. Then
performance can be evaluated by estimating the probability Q(X) = P(R,(X) €
C(Rp(X), A(Rp(X), p))|X) using the simulated data for each of the five variations
of generalized fiducial distribution. If the generalized fiducial inference were ex-
act, Q(X) should follow the U(0, 1) distribution. The level of agreement of Q(X)
with a U(0,1) distribution was examined using QQ-plots.
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Figure 7. Plots of relative efficiency based on A; for n = 5,10, 30,300. The
longer the bar corresponding to a method, the better the method. The
various colors correspond to choices of D.

As above, the function with values in the space of distributions Q(X) takes
only finitely many values. Thus it cannot be expected that the agreement with
the uniform distribution is very good for small values of n. However, the agree-
ment improves dramatically as n increases. Since the QQ-plots generated for the
trinomial distribution are very similar to the figures shown in Example 6, we do
not display them here.

Define A, A; and A, as in Example 6. Since we have one more parameter
than in the binomial case, we need a new way to display the comparison between
the procedures. For each fixed n,pi,ps and each of the five procedures, we
calculated a relative efficiency of procedure j as minj A(j)/A(7), where A(i) is
the value of A for procedure i. Values close to 1 then mean a relatively good
performance, while small values mean relatively poor performance.

For each fixed n we plotted an image containing a matrix of cells comparing
these relative efficiencies. The cells were then placed on the image depending



526 JAN HANNIG

Relative Efficiency for joint, UpperTail Relative Efficiency for joint, UpperTail
Eem———=—c==ESttE==S=t B L i G e e e
0.1 EES EaEl mae B 0.1 B B E e e |

[ = w w | fet s o

entropy P entropy

n=>5 ]
vertex |— vertex
—— Looking at joint  maximin —— Looking at joint  maximin
R edge 1 0o edge 1
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
P1 P1
Relative Efficiency for joint, UpperTail Relative Efficiency for joint, UpperTail

_—— entropy

entropy

n =300
vertex vertex
Looking at joint  maximin Looking at joint  maxmin
edge edge
. . . . . . . . . . . . . .
0.1 02 03 04 05 06 0.7 0.8 0.9 . 04 0.5 06 07 08 09
r1 P1

Figure 8. Plots of relative efficiency based on A, for n = 5,10, 30, 300.
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various colors correspond to choices of D.

on values of p; and po. For illustration we show plots of these quantities for
n = 5,10, 30,300 in Figures 7, 8 and 9.

The best choice for D is the first maximum variance choice (called Vertex
in the figures). Notably, this choice seems to consistently outperform even the
Bayesian posterior computed with respect to Jeffreys prior.

Generalized fiducial inference for a mixture of two normals.

Example 8. In this example we consider the generalized fiducial distribution for
the parameters of a mixture of two normal distributions. This is a prototypical
example that can be used to construct generalized fiducial distributions for many
other problems. In particular, one can use these ideas to construct a robust gen-
eralized fiducial confidence interval for a mean of a normal sample by considering

a mixture of normal and Cauchy distributions—see |Gla.goxskl;z| (|2.(10.d) To our
knowledge this is the first time the fiducial paradigm has been used in such a
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complex situation.

0.9

Let X1,..., X, be independent random variables that are either N(u1,0?) or
N(pu2,03). Moreover, assume that each comes from the second distribution with

probability p, independently of others.

For identifiability reasons we assume

that p; < pg. We also assume that we observe at least two data points from

each distribution.
(:u’lv O-%a H2, U%ap)-

We can write a set of structural equations for Xi,..., X, as

Xi = (1 +01Zi)1(0p)(Ui) + (p2 + 02Zi) (1) (Ui), i =1,...

’n7

Our goal is to find the generalized fiducial distribution of

where Z; are i.i.d. N(0,1) and U; are i.i.d. U(0,1) random variables. When
finding the set-valued function (), we need to realize that this inversion will be
stratified based on the possible assignment of the observed x; to one of the two
groups. For simplicity of notation the observed points x and the corresponding
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z values assigned to Groups 1 and 2 are denoted by vy ...,v; and hq,..., hx, and
Wi, ..., Wy and rq,...,7,_ respectively. We can then write
Q(T1, e Ty 21y e oy 20y ULy« - Up)

2 2
hiva—hovy v1—V2 riwg—rowi [ wi—ws % (u u )
hi—hs O\ hi—ho )T ri—re O\ Ti—719 sy Us+1in))

for each assignment of the z; to the two groups, if

— hiva—hovi _ |v1— 02 —
v = A2 e hy, 1=3,.
and qw; = D=2 (W2 e [ =3 ... n—S;
l r1—T2 r1—1T2 ls ’
0 otherwise.

Similarly as in previous examples, for each possible assignment of the obser-
vations to the two groups, set My = (Hyve — Hov1)/(H1 — Ha), N1 = [(v1 — v2)/
(Hy — Hy)J?, My = (Rywy — Row1)/(Ry — Rp), N2 = ((w1 —w2)/(R1 — Ry))?,
P =Usy +UUsti:n — Usin), Ki = (Hivog — Hovy)/(Hy — Ha) — |(v1 — v2)/(H;
—H2)|Hl, [ = 3, ey Sy and Ll = (leg - R2w1)/(R1 - RQ) - |(w1 - 'lUQ)/(Rl_
Ro)|R;, 1 =3,...,n—s.

We interpret the conditional distribution 3] as

n—2
lim (Z Z P(M1 S (ml,ml +€),N1 S (nl,nl +€),

e=0+ s=3 assignments
M; € (mg,mg +€), Ny € (ng,n2 + ¢),
P e (p,p+e), K€ (v, +e)Lj € (wj,w; +€))>

n—2 -1
x(Z Z P(Kle(vl,vlJre),Lje(wj,ijra)))

s=3 assignments

n—2
=y ) fP((f)’S)fMl,Nl,K(ml,nlaV)fMg,NQ,L(mQanQ’W)a (6.7)

s=3 assignments s

where fp is as defined in (G3]) and both fa, v, Kk and far, N, 1, are as defined in
(). The constant C on the left-hand-side of @) is

=% S [ [ ) v ) (63)
- (n) My, N \T1, M1, V) My, No (T2, N2, W .

S

s=3 assignments
8—21)F( =s= 1)Zlg¢<j(g33 v —v;] 21§i<j(§::ss)‘wj_wi|
2 2

n—2
=2, D : = =
s=3 assignments (2)47'(5_1 s(n—s) (Zle(vi—ﬁ)Q)T (Z?:_ls(wi—@)2) 2




ON GENERALIZED FIDUCIAL INFERENCE 529

Since the sums in the generalized fiducial distribution have a total of 2" —2—
2n—n(n—1) terms, we are unable to get a closed form of the generalized fiducial
density. However, we can still use the derived generalized fiducial distribution
for inference by simulating observations from the generalized fiducial distribution
using a Metropolis-Hastings algorithm.

The main idea is as follows. Once we know the assignment of observations to
Groups 1 and 2, it is straightforward to generate the values of the 5-dimensional
generalized fiducial distribution. This is done by calculating the corresponding
sample means and variances for each group, and using ([H) and (GZ).

To generate a random assignment, notice that each configuration assignment
has a probability proportional to the corresponding summand in the right-hand-
side of ([EX). We can therefore generate a proposal configuration by taking a
previous assignment, randomly choosing one data point and switching it to the
other group. This new proposed assignment is then rejected or accepted using
the usual Metropolis-Hastings rule. Once we have a new random assignment,
we then generate the observation from the 5-dimensional generalized fiducial dis-
tribution. The stationary distribution of the assignment-valued Markov chain
is clearly the generalized fiducial distribution of the assignment. Therefore this
procedure generates observations from the generalized fiducial distribution after
an adequate burn-in period. It is worth pointing out that even though this pro-
cedure is computationally intensive, it is usable for most situations encountered
in practice.

To evaluate performance, we conducted a small scale simulation study. We
considered a mixture of the N(—1,1/27) and N(0,9) distributions, with n = 80,
n = 250 and the mixing proportion p = 0.65. We also considered N(—1.5,1) and
N(1.5,1) with n = 100,250 and p = 0.6. We wish to remark that the second
mixture is actually very hard to estimate. We used the particular choice D ~
Beta(1/2,1/2) in the definition of fp in (@), cf. (GH).

For each model we generated a sample from the generalized fiducial dis-
tribution and used it to find a sample from Q(X) = P(R,, (X*) < u|X),
Qa(X) = P(Ry(X*) < p2lX), Qu(X) = P(Rppoyu(X*) < piz — mX), and
Qp(X) = P(Rp(X*) < p|X). Notice that ()4 is measuring the performance of
a fiducial solution for a generalization of a Beherns-Fisher problem where we
want a CI for pg — pp but do not know which observations belong to which
group.

If the inference based on generalized fiducial distributions were exact, these
random variables would follow a U(0, 1) distribution. To check for agreement,
we constructed QQ-plots. These can be found in Figures 10, 11, 12 and 13. We
see that, while the agreement is not very good in the body of the distribution,
it is actually very good in the tails. This means that the inference based on the
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Figure 10. QQ-plots of Q1(X), Q2(X), Qq(X) and Q,(X) for n = 80 obser-
vations of the p = 0.65 mixture of N(—1,1/27) and N(0,9). The blue and
green envelope correspond to an area of natural fluctuation of a QQ-plot due
to randomness taken uniformly and pointwise, respectively. The QQ-plot is

based on 1,000 replications.

generalized fiducial distribution has approximately the stated coverage. We also
see that the inference for pq, uo and pe — w1 seems more accurate than for p,
which is often too conservative. In any case, the performance seemed very good
given the fact we chose mixtures that are hard to estimate. Finally, we remark
that the fit improves for larger n. This leads us to conjecture that the inference

will be correct asymptotically as n — oc.

Multiple Comparison

Example 9.We include this last example to show that the regions defined in
Assumptions 1.3 are flexible enough to allow for typical multiple comparison

intervals.
Suppose that for each i

= 1)"'7K) }/Z])

j=1,...,n; is iid. N(u;,0?).
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vations of the p = 0.65 mixture of N(—1,1/27) and N(0,9). The blue and
green envelope correspond to an area of natural fluctuation of a QQ-plot due
to randomness taken uniformly and pointwise, respectively. The QQ-plot is
based on 1,105 replications.

The K samples are assumed independent of each other. We are interested in the
problem of constructing simultaneous confidence intervals for d;; = p; — p; for
all 7 # 7.

We first observe that, by independence, the generalized fiducial distribution
for §;; is the same as the distribution of the GFQ given by Rs,.(S) = R, — Ry,
where the GPQ for p,, is
VTp

and the T; ~ tp,—1 are independent of the data and of each other.

Define L
Y, —-Y.)—Rs..(S
D(S):max ( ]) 5”( ) 7
i#] /Vij

Rﬂp:}_/}’_
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Figure 12. QQ-plots of Q1(X), Q2(X), Qa(X) and Q,(X) for n = 100 obser-
vations of the p = 0.6 mixture of N(—1.5,1) and N(1.5,1). The blue and
green envelope correspond to an area of natural fluctuation of a QQ-plot due
to randomness taken uniformly and pointwise, respectively. The QQ-plot is
based on 1,000 replications.

S2
ot The 100(1 — @)% two-sided simultaneous
generalized fiducial CIs for pairwise differences d;;,7 7# j, of means of more than

- Y - S
where ‘/ij = YZ'—YJ‘, 1.e., ‘/ij = —

two independent normal distributions are [L;j, U;;] where

Lij ? ? _dlfa\/vi'ja
Uz“ Y +d1 —a\/ z

and d, denotes the 100v-percentile of the conditional distribution of D(S,S*,§)
given S = s.

(6.9)

To set up confidence regions one can use simulation. The simultaneous
generalized fiducial confidence intervals for ¢;; do not lead to exact frequentist
inference. However, simulation results suggest very good practical properties.
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Figure 13. QQ-plots of Q1(X), Q2(X), Qa(X) and Q,(X) for n = 500 obser-
vations of the p = 0.6 mixture of N(—1.5,1) and N(1.5,1). The blue and
green envelope correspond to an area of natural fluctuation of a QQ-plot due
to randomness taken uniformly and pointwise, respectively. The QQ-plot is
based on 600 replications.

For details on the simulation and some generalization we refer the reader to
Abdel-Karim (2005) and [Hannig, E, Abdel-Karim_and Tyen (2006a).

To show that the generalized fiducial distribution leads at least to asymptot-
ically proper frequentist coverage, define n = Zle ng and assume that n;/n —
pi € (0,1). It is fairly straightforward to see that S = (Y1,5%,...,Yk,S%)7
satisfies Assumption 1.1. Similarly, R = (Rs,,, Reys - - - Ry, K)T satisfies As-
sumptions 1.2 with the K (K —1)/2 x 2K matrix

10
10
A:
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Similarly, the assumption in (52) is satisfied with the function ((S) = A-S

Finally, we need to show that the region described in (B3 satisfies Assump-
tions 1.3. To that end, observe that the conditional distribution of D(S)|S could
be represented as function of distribution of R, {(S), and S. Here the estimator
of variance nV;; is a continuous function of S. The various conditions of this
assumption now follow by Slutsky’s Lemma and simple algebra.

7. Non-Uniqueness of Fiducial Distribution

The generalized fiducial recipe of Section 4 seems to provide an approach
for deriving statistical procedures that have good properties. Unfortunately,
it does not lead to a unique generalized fiducial distribution. There are three
main sources of non-uniqueness. First, non-uniqueness is due to the choice of
the structural equation (EIl). However, even if we decide to fix the structural
equation and make it a part of the model, generalized fiducial distribution is still
not defined uniquely.

Out of the two remaining sources of non-uniqueness the more obvious one is
the fact that the sets Q(X, U*) might have more than one element. This means
that we would not be able to find the exact value of £ even if we knew both X
and U. Consequently, the data itself is not able to tell us which value of £ was
used. In order to resolve this non-uniqueness one has to have some aprior: way
of choosing between the elements of Q(X,U*). Fortunately, in many application
we observe that y/ndiam(Q(X,U*)) — 0. This means that in these cases the
role of the apriori information is asymptotically negligible. In other words the
uncertainty in the fiducial distribution comes mainly from the uncertainty in the
distribution of Q(X,U*){Q(X,U*) # ()}, which involves no subjective choice

1/2 " Only a small portion of the uncertainty

and is typically of the order of n~
in the fiducial distribution comes from V'(e); this is subjective and usually has
order of n~!. This is in contrast to Bayesian inference where the prior influences
the whole posterior distribution and not just a part of it. Of course such a
decomposition can be expected only in parametric problems and, just as with
the choice of a prior in Bayesian methods, the apriori choice of V(Q(x,w)) plays
a big role in non-parametric and semi-parametric problems.

Based on our experience with the problems we investigated, we recommend
the use of a V(Q(x,u)) that is independent of the data and that maximizes
the determinant of the variance of the generalized fiducial distribution. Another
useful option is to use the uniform distribution on Q(x,u). This second option
should work reasonably well and be fairly easy to implement even if we deal with
higher-dimensional problems.

The final source of non-uniqueness is the Borel paradox. If in the generalized
fiducial recipe ([E3]) we have P(Q(x,u) # 0) = 0, the resulting generalized fiducial
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distribution depends on the way we decide to interpret the conditioning. We
consider this to be a more severe problem because it is much harder to investigate
and resolve. To demonstrate the severity of the situation, consider the following
continuation of Example 3.

Example 10. Let Xi,..., X, be ii.d. N(u,0?). In Example 3 we showed two
different way of implementing the generalized fiducial recipe that led to the same
desirable solution. Unfortunately, there are many other ways of implementing the
generalized fiducial recipe that do not lead to good solutions. We demonstrate
one of them here.

We again write the structural equation as

Xi=p+oZ;, i=1,...,n.

For simplicity of notation take n = 2k. If

2

22j-1%2j — Z2jT2j—1 Toj—1 — T2j .

M; = L OH;= (2T ok,
22j—1 — 22; 22j—1 = Z2j

we can write

{(My, Hy)}
Q(:cl,...,xn;zl,...,zn): ifMj:Ml, Hj:H1, j:2,...,]€
0 otherwise.

Defining D1 = M;—My, Dj.= H;—Hy, j=2,...k, wecan interpret the gen-
eralized fiducial distribution (3] as the conditional distribution of (M, H;)|D =
0. A simple calculation shows that this conditional distribution has density

e~ (m=2n)?/(@h/n)—(n—1)s3./(2h) ((p, — 1)2)n~—3/2

w/nT (n—3/2)2n—1h"

fR(H’UQ)(mvh) = I(O,OO)(h) (71)
Here Z, = > iy x;/n and s2 = > | (; — %,)?/(n—1). The distribution derived
in (7)) is different from the one derived in ([E6). In fact inference based on (1))
will not lead to correct frequentist inference. In fact the coverage probability of
any lower tail confidence interval converges to 0 as n — oo.

The problem illustrated in Examples 3 and 10 is an instance of Borel paradox
— see for example Section 4.9.3 of ICasella_and Bergen (2002), and also [Hannig
(1996), for a thorough discussion of this paradox. The main message of the Borel
paradox is that conditioning on an event of probability zero greatly depends on
the context in which we interpret the conditions.

Consider in particular X|Y = 0, where (X,Y") is jointly continuous. There
is a random variable U such that (X,U) is jointly continuous and {Y = 0} =
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{U = 0}, but the conditional density of X|Y = 0 is different from the conditional
density X|U = 0. Since there is no theoretical reason to deem either X|Y = 0
or X|U = 0 superior, people often rely on the context of the problem to make
the choice, e.g., conditional distributions in regression settings. However, one
can often come up with a modification of the “story” behind the problem that
leads naturally to a different choice of the conditioning variable. This can be
then presented as a paradox-two apparently equivalent formulations of the same
statistical problem lead to different answers.

Remark 7. [Frasen (1968) has linked fiducial inference with group structure. A
very good explanation of his ideas can be found in Appendix 3 of [Dawid et al.
(1973). Fraser’s assumption of group structure can guide one in the choice of
structural equation. In particular we can choose X = gU, where g € G is an
element of a group acting on the random vector U. Additionally, with this choice
of structural equation the set Q(x,u) is trivially guaranteed to have at most 1
element for all choices of x and u. Thus, some sources of non-uniqueness are
eliminated. Unfortunately, the second source of non-uniqueness, Borel paradox,
is still present. We again need to interpret a conditional probability that is
conditioned on an event that has probability 0. Having the group structure
presents us with a natural choice of conditioning o-algebra, the maximal invariant
o-algebra Z. Unfortunately, the problem of non-uniqueness is still present as
demonstrated by Example 7 in [Dawid et all (1973), where the authors show that
addition of information clearly irrelevant to the inference leads to a different
fiducial distribution. This could be explained again by a phenomenon related to
the Borel paradox. The paradox of [Dawid et all (1973) is based on the fact that
the following should be true: P(A|B;) = P(A|By) = --- implies P(A|UB;) =
P(A|By). This is in fact true if P(|JB;) > 0. It could fail otherwise because of
the Borel paradox. [Dawid et all (1973) have their conditioning sets B; depend on
the value of an added parameter A\. By symmetry in their example, all conditional
probabilities of interest should be the same. What happens is that depending on
whether the value of \ is fixed (conditioning on B;) or is unknown (conditioning
on | B;) changes the natural o-algebra for conditioning, the invariant o-algebra.
This leads to a different answer in each case, hence the paradox.

Finally we remark that if the group G is sufficiently complicated, comput-
ing the conditional expectation with respect to Z could be quite complicated.
Therefore, we still suggest using (EEI1]) whenever applicable, as it can be com-
puted relatively easily.

Remark 8. One particular way of avoiding the Borel paradox presents itself in
the case when the parameter space is an open set in RP and the model allows
for a p-dimensional complete sufficient statistic that is a smooth function of the
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data. In this case we can first reduce the data by obtaining complete sufficient
statistics and then applying the generalized fiducial recipe to the distribution
of the complete sufficient statistics. A simple Jacobian calculation shows that
the generalized fiducial distribution is independent of the particular form of the
complete sufficient statistics we used. This idea has been used in the first part
of Example 3.

8. Conclusions

In this paper we studied the properties of generalized fiducial distributions
without relying on any additional group assumptions. We have shown how the
fiducial argument could be applied to several problems, and demonstrated by sim-
ulation that it leads to statistical procedures with good small sample frequentist
properties. We also investigated the asymptotic properties of generalized fiducial
distributions and showed that in many examples a generalized fiducial distribu-
tion has good asymptotic properties. Thus fiducial inference appears to be a
good tool for deriving statistical procedures and should not be ignored by the
statistical community.

Finally we investigated an inherent non-uniqueness of fiducial inference that
is in some way similar to the non-uniqueness of Bayesian inference due to the
choice of a prior. We argued that the non-uniqueness of fiducial inference is es-
sentially caused by the Borel paradox, the fact that the conditional distribution
conditioned on an event of probability 0 is not uniquely determined. In fact,
in our opinion, the Borel paradox is the root cause for most of the paradoxes
associated with fiducial inference. The future of the fiducial argument can be
driven by new and exciting applications. The most promising from this point
of view seems to be the fiducial distribution for a mixture of two normals in
Example 8. In fact the ideas of that example are extended in a current work
of [Hannig and Led (2007) that uses it for wavelet thresholding with promising
results. Another possible use is the detection of significant p-values in microar-
ray experiments where a mixture of uniform and beta distribution is typically
used |Allison, Gadbury, Heo, Fernandez, Lee, Prolla_and Weindruch (2002) and
Pounds and Morris (2003).

An important step in the practical application of generalized fiducial infer-
ence would be finding a simple workable formula. We have made a first step in
this direction at ([EI1]). However, a better understanding of the issues surround-
ing non-uniqueness is needed. A possible tool that can guide our choices can be
the study of higher order asymptotic properties of generalized fiducial distribu-
tion; another tool is inspired by ideas of [Dempster (2008). Due to limitations on
precision of measuring devices we never observe a continuous random variable.
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This can be used to change (3] so that we always condition on an event of
positive probability at the expense of having a bigger non-uniquness due to the
choice of V(o). Even though this idea is very appealing, more research is needed
to fully understand the computational issues invlolved.

The surprisingly good small sample properties demonstrated in many sta-
tistical applications lead us to believe that if computer simulations had been
available 60 years ago, fiducial argument would have been part of statistical
mainstream today. We hope that this paper will stimulate discussion, further
development, and more appreciation for the great minds who have worked on
this topic in the past.
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Appendix. Proofs

Proof. of Theorem 1. By Assumption 1 and Skorokhod’s Representation
Theorem Billingsley (1995) imply that we can assume without loss of generality
that

Vn (S —t(¢)) - Has.. (A.1)
This, Assumptions 2a, and (22) ensure that

Vi(Re(S) — 0) =5 R(H) a.s. /n(((S) —0) — AH a.s.. (A.2)

(Here the a.s. means for almost all sample paths of the process S,,, and subse-
quently almost all values of H.) Therefore by (A, (A2), and Assumption 3d

Also, by Assumption 3c we see that

PE (0 € C(RG(S)aC(S)’S”Yn)) = Pf (0 € C(\/E(RG(S) - 0)’ \/E(C(S) - 0)’Sa7n)) :

To finish the proof, we show that

P§(0 € C(\/E(RG(S) - 0)’ \/E(C(S) - (9),8,’)%)) - Pf(o edC (R(H),AH,t(f),’)/))
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First notice that R(h)— Ah has a multivariate normal distribution with mean
zero and covariance matrix X g. It is the same distribution as the distribution of
—AH. Assumption 2a implies

{h:0e C(R(h),Ah,t(£),v))} ={h: —Ah € C(R(h) — Ah,0,t(£),v)}
={h:—-Ah € C(-4AH,0,t(§),7)}. (A4)
For simplicity of notation, write H,, = /n(S — t(£)). Also let
h

By ), va(c(e(e) + ) —6), (6(6)+

Bo={h:0€C(/n(Ro(t(€) + % N

and B={h:0€ C(R(h),A

b(¢
{0 € C(Vn(Rg(S) = 0), vn(((S) = 0),8,7)} = {Hy € Bn},
{0 € C(R(H), AH, t(¢),7)} = {H € B}.

),7v)}. The sets are chosen to satisfy

As noted before we have H,, P, H. Moreover Assumptions 2b and 3d imply
that B is open, 0B = {h : 0 € 0C(Ry(h),v)}, and B,, — B. Assumption 3a and
([Ad) additionally imply that P(H € 9B) = 0.

Let Dy, = U, B \ (N2, Br)°. Notice that by Assumption 3d we have
D,, | D C 9B and P(H € D) = 0. Moreover, if m <n, B,AB C D,,.

Fix an € > 0. Continuity of probability implies that there is an m such that
P:(H € Cy,,) < €. Consequently, convergence in distribution implies that there
is an my such that, for all n > my, P:(H, € C,,,) < e. This implies that for
n > max(mq, ma),

|P:(H,, € B,) — P(H, € B)| < P(H,, € Cp,,) < ¢
Finally notice that

\Pe(H,, € B,) - F(H € B)|

Thus the Assumption 3b and ([A4), together with the definition of conver-
gence in distribution, imply
PL(0 € C(/ii(Ro(S) — 0), V(C(S) — 6),5,70) = Pe(H, € By)
— Pe(H € B) = P:(0 € C(R(H), AH, t(¢),7) = -

This concludes the proof of the theorem.

Proof of Theorem 2. Assume without loss of generality that © = R, and
recall the definition of J(x,#) from ([EIJ). To emphasize its dependence on n
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we write Jy,(x,60) in the rest of the proof. The Strong Law of Large Numbers
implies for all 0, J,(X,0) — 7n(0), Py,-a.s.. By the Dominated Convergence
Theorem, 7(#) is continuous and positive on a neighborhood of 5. Moreover,
since J(e,#) is measurable in z we have by the Uniform Strong Law of Large
Numbers (Ghosh and Ramamoorthi (2003, Thm. 1.3.3)),

sup |Jn(X,0) —7(6)] — 0, Py,-a.s.. (A.5)
96(90—(50,90-{-(50)

We closely follow the proof of of the Bernstein-von Mises theorem stated in
the Theorem 1.4.2 of IGhosh et all (2003). We can write

0 T (%, Sp + 0/y/n)eln(Snt6/v/n)=Ln(Sn)
ﬂ-r( 7X) B f]R Jn(X’ Sn + Hl/ﬁ)gLn(Sn-Hs”/\/ﬁ)—Ln(Sn) do’ :

Just as|Ghosh et all (2003), we first prove that
¢ 2y 6'1(69) P,

/ Tn(X, Sy + 2= )eEnGnt 7= EnSn) gy g 0, (AL6)

R vn

Given any 0 < § < ég and ¢ > 0, we break R into three regions:

Ay ={t: |t| <clogy/n}, Az ={t: clogy/n < |t| < §v/n},

§
and AgZ{tl‘t‘>$.

On A; U Ay we compute

/A1UA2

¢ s )= (69)
Jn(X7 Sn + —)eLn(Sn—’—\/tﬁ) Ln(Sn) _ 7_{_(00)6_%

Vn
t t
In(x, Sp + %) —m(Sp + %)

</
A1UA5
t ty_ tI(6g)
)eLn(SnJrﬁ) Ln(Sn) Ole~ 3

oo v mo)e™

Since 7(f) (possibly truncated at large values) is a prior, the fact that the second
term on the right-hand side of (A7) goes to 0 in probability follows from the
Bayesian version of the Bersntein-von Mises theorem. For details, see the proof
of Theorem 1.4.3 in IGhosh et all (2003).

Notice that

Al UAg

< sup
tcA1UA2

oL (St ) =Ln(Sh) 4y

m(Sh + dt. (A7)

L L
Jn N
t t

In(x, 8, + —=) —7(Sp + —=) Ln (Snt J5)=Ln(Sn) gy

/ el (St TR LS gy (4 8)
A1UA9
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Recall that \/n(S, — 6p) 2, N(0,1/I(6p)), and therefore that
Pgo ({Sn + t/\/ﬁ; t e A1 @] AQ} C (90 — 50,90 + 50)) — 1.

Moreover, it is established in the proof of Theorem 1.4.3 in |(Ghosh et all (2003)
that [, eln(Snts/Vn)=Ln(Sn) 45 = O, (1). Therefore the right-hand-side of (AS)
goes to 0 in probability, by ([(A).
Turning our attention to Ag, notice that
t

J 5o 72

8 \_Ln(Sn+=)—Ln(Sn) _tI(6)
< ‘]TL X, Sn + —)e vn +/ (0 e 2 dt
/A3 ( \/ﬁ) N (6o)

)eLn(anrﬁ)—Ln(sn) _ ﬂ(eo)(ugo)

JTL(X7 STZ +

The second integral clearly goes to zero. The first integral is

S Ln(Sn+—=)—Ln(Sn)
J(X, S, + —)e vn
[, x50
¢ / s S\ Lu(Sut5 ) -La(Sa)og f(X; St
= — J(X;,Sn+—=)f(X;, S5, + —=)e v A
n; As ( J \/ﬁ) ( J \/ﬁ)

Notice that the definition of J implies [, J(X},Sn + s/v/n)f(X;,Sn +s/v/n) =
1. The convergence to zero therefore follows by the regularity assumptions (v)
and (v'). Thus (AH) is established. Finally, (B3) is derived from ([Af) by
straightforward algebra as exhibited in the proof of Theorem 1.4.3 of(Ghosh_et. al.
(2003).
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