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Supplementary Material

This note contains the regularity conditions and the details for proving the results
in our main context. Since the proofs for Theorems 1, 2, 4 and 6 are more of
interest to our theoretical study, they will be demonstrated in detail. The proofs of
Theorems 3 and 5 will be outlined in brief because they are similar to Theorem 2 in
Zhu and Fang (1996), and Lemma 1 in Xia, Tong, Li and Zhu (2002), respectively.

Appendix A: Some conditions

Some regularity conditions are assumed as follows.

(C1) The kernel function K, (-) is a continuous density function having bounded

support.

(C2) The density function of X satisfies: 0 < inf; fx(¢) < sup, fx(t) < oo, and
its second derivative f )((2 ) (t) satisfies the local Liptschitz condition over the
support 7 of X, namely, there exist a constant ¢ such that |f )(? ) (t+v) —
f)(?) (t)| < c|t| for any ¢ in a neighborhood of zero.

(C3) Let ¢(x) =: E(Y|X = z). The (r 4+ 3)—th derivative of ¢(x), written by

$(r3)(.), exists and is continuous over 7.

(C4) The variance function o%(z) = E[(Y —¢(X))?|X = x] has a bounded second

derivative over 7.

(C5) The kernel function Kj(u) is bounded and symmetric, and is Lipschitz con-
tinuous on 7; Moreover, it satisfies [r Kj(u) = 1; [ru'Kj(u) = 0,i =
L...,d—1; [rulKj(u) = Mg #0, d > 2.

(C6) The bandwidth h; satisfies 1”Lh12Uh12dMJr2 — 00 as n — 0o.
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(CT7) The link function ¢(z) and the variance function o?(x) are bounded on 7.

)

(C8) The bandwidth h,, satisfies \/nhE ! — oo and /nhit — 0.

(C9) E[(Y — ¢(X))*X = 2] has a bounded second derivative over 7.
)

(C10) The density function f(x?3) of X7 3, the density function fi(z”a) of XTa,
#(x) = E(Y|X = ) and 0%(z) = E(e?|X = z) are d—times differentiable on
7 and their derivatives satisfy the following condition: Let H(-) stand for
f(@TB), fi(zTa), ¢(z) and o%(z) respectively, there exists a neighborhood
of the origin, say U, and a constant ¢ > 0 such that, for any v € U,

HYD(t +u) = HEV() < clul,
where H(@=1(t) denotes the (d — 1)th derivative of the function H (-).

Appendix B: Some Lemmas

We first present some Lemmas to facilitate the proof of the theorems.

Recall that a three-step procedure is proposed to remove the effect of the
CMS and then to obtain “pure” residuals. The first step is to implement the
OPG method to fully identify and to estimate the vectors in the CMS.

Suppose that {(z;,y;),i = 1,...,n} is a random sample. We consider local

r—th order polynomial fitting in the form of the following minimization problem

min Z {yz ag — bt Z Z Ctil...ip{xz‘ — t}i1 ..

at;be;Ciy .. ip g 1<k<rii+..+ip=k
.12
{2; = Y| Ku{(wi =)/}, (B.1)

where {x; — t}; denotes the kth element of vector z; — t, and K, {(z; —t)/hy}
is a p—variate kernel.

For ease of illustration, let {(x; — t)ﬁ),i = 1,...,n} denote all distinct
columns {x; — t}4' ... {x; — t}} satisfying iy + ... +ip =k, Yo = (y1, ., yn)" is
a vector, and W, is a diagonal matrix of weights, with entries Ky, {(x; —t)/hy}.
Denote by X,,; the predictor matrix whose (I, j)-block is (a:l—t)%;) forl=1,...,n
and j =0,...,7. When j =0, (¥, —t)) = 1 for all £ and I. We re-organize the

minimization problem (B.1) as follows:

ﬁo?,“%rt;[% o= B = ) = - = Bl = | Ku(B)- (B2)
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Under the weighted least squares measure (B.2), we have @ =: (B% . ,Brt)T =
(XEW,e Xnt) (X LW, Yy). Clearly, the (i, §)th block of Spy =: (XL W, Xt)
is sptij = 2pe1(To — ) Ku{(®o — 1) /hu (20 — t)%;.) and the jth element of
Sy =1 (XEWnYn) is sy; =: Y0_1 (@0 — £) () Kw{(zo — 1)/ hw 0.

Let e =: Y, — ¢(X,) and ¢(X,) = (é(x1),...,0(z,))T. Hence,

~

B = S (X WmYo)

= B+ St [Xpe W (9(Xn) — XntB)] + Sy (X Winee)

=t B+ L (t) + Lna(t). (B.3)
Therefore, to study the consistency of Bt, we need to study the last two terms in
the RHS of (B.3). Clearly, the second term is for the bias, and the third term
for the variance. The following lemma is to provide bounds to these two terms.

Let pj = [w/ Ky(u)du and v; = [/ K2 (u)du, and denote

Sy = (Witj—2)1<ij<r+1,  Sr = (Hitj—1)1<ij<r+1,
Sy = (Wirj-2)i<ij<rsts S5 = Wirjo1)i<ij<rst.
LEMMA 1 Assume that conditions C1— C4 hold. Then we have that uniformly
for t over the support of X, as n — oo,
In(t) = (XgWaeXnt) " [XgWae($(Xn) — Xnty))

St S ypng Se
o Aol DN R

Hhu[fO (1B, 11+ F(£)EBria] + Op(62)], (B4)

h:UHHll ] X [fx(t)crﬁrﬂ

and

— (nhP)LH-T 5771_ St A)na O 2|
Lo(t) = (nhf)"H [fx(t) hwa(t)f (t)STfX(t)+OP(5n)]

[[Ug(t)fx(t)sf + holo® (8) fx (D]VS) + Op(67)]

X

1 —1 5 —1
[Sr eS8, O +op<6,%>]H-1, (B.5)

fx(t) U fx(t) fx(t)
holds uniformly for t, where H = diag(1, hy, ..., hl) is a diagonal matriz with
hi, corresponding to the column indices of (x) — t);) defined below (B.1), and
62 = h2, + (nhb) =12,
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Proof of Lemma 1. We first deal with the bias term I,,;(¢). Towards this end,
we separately consider S,; and S!, = [ XL W, (o(Xy) — Xt Bt)]-
We now study Sy;. Following Fan et al (1996), it suffices to show that the

(4, 7)th entry spe;j of Sy admits the following uniform convergence:

sntij = nhET [y (D pies + b f () hupisisn + Op(62)), (B.6)

We then prove that the bias term of s, ;; is of order O(nhE+7%2). To this end,

its expectation is computed as
E(swi) = nB[(X =)o Ku{(X —1)/hu}(X — D))
= (@D Kulle - )/hubo - OF fx(@)ds
= n / REFHI T K (u) fx (t 4 hyu)du
— / R K () [ (8) + £ ()R + £ () (hww)?]du
= o [ R @) ) + 1 Ohuu+ 120 ()l
+ [ KL @R ) = 10 0) (b)) du
= nhD [ fx (O pivg + ho fY ) pisjo1 + O(h2))],
where ¢* lies in the interval [t, + hou]. The last equation holds because
[ty 2Ry @) @) = 120 du < ¢ [ (huw) ™K (w)du = O(h+),

under the local Liptschitz condition of condition (C2). Therefore, to obtain the
uniform convergence of (B.6), it remains to show that the variance term is of
order O(nh? h2+27). Note that Var(sptj) < E(sntij)?, and again by the local
Liptschitz condition of condition (C2),

Blsness)? = nB(X — ) K (X — 1)/ (X — 1),

= 1 [le = Kl (@~ /hu} @~ )P fx (@)do

[ IR ) 1+ R

]2

= [ R REPE R )L (0) + £ Oha + 1) ()l
= O(nhP h2T20),
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Consequently, a direct application of Theorem 37 of Pollard (1984, page 34) yields
the desired result of (B.6). This implies that

Snt =m0 H[fx (1)S, + hu ) (£)S, + Op(62)]H, (B.7)

Now we turn to study the convergence of S/, = XL, W, (o(Xn) — Xntft)
of In1(t). Denote its jth element of Sy, by s;, ;. Note that the ith row of
A(Xn) — XntBe s d(xi) — Bor — Dopei (@i — t)g;)ﬂvt = (x; — t)g;ﬂ)ﬂrﬂ,t + (z; —
t)%;+2)ﬁr+2,t + (z — t)(7;+3)ﬁ;‘+37t by using conditions (C2) and (C3) and Taylor

expansion. Following similar arguments for proving (B.6), we have

Sty = nhbTH [[fX(t)MrJrj + L g 11)Brrs + ol fx () g1
+ 1 O 42] Bran + Op(62)], (B.8)

holds uniformly for ¢ over the support of X. The details are omitted.

Further, set ¢, = (fri1,...,pt2rs1)” and & = (ftra2,.. ., p2r12)’. By using
the facts that (AB)™! = B~'A Y and (A+hB)™' = AL —hA"1BA~! + O(h?),
it follows from (B.7) and (B.8) that

In(t) = St Sk = (XEWne X)X W (6(Xn) — XneBr)]

g SE St e St
= hittE! @ — hy fx(t)f 1 (t)s’"fx(t)] X [fX(t)crﬁrﬂ
Hha[f D (O Brir + (D)) + Op(02)], (B.9)

holds uniformly for ¢.

It is the position to bound the variance term I,,5(t) = S, (X, Wze) of (B.5).
Note that Var[S,, (XL W,e)] = E[Var(S;; (XL, W,:e)| X,)]. We then first study
the conditional variance. Let 02(X) =: E[(Y — E(Y|X))?|X] = E(e?|X), and
(X)) = (6%(x1),...,0%(x,))". Hence,

Var[S; N XL Whie)| Xn] = S5/t S8t (B.10)

nt

where S, = X LW, Var(e| X, )W Xy, with its (i, j) —th entry Shtij = 2ov=1(Tv—

1) K2{(zy — t) /Iy } (0 — t)JTUQ(xU). From conditions (C2), (C4) and similar ar-

guments as used for proving (B.6), we derive that

Sneip = nhi [0 (0 fx (Oving + hulo® () fx (O] v+ Op(S7)) (B.11)
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From (B.6), (B.7) and (B.11), we obtain that

S-tsx st = Var[S HXLWoe)| X

— (nhP)~ 1 Sl Si (D (¢ Sl
= (ehiy) [fxw o’ 05w

[[UQ(t)fx(t)Sif + holo®(8) fx (DS} + Op(87)]| %

+ Op((sz)]

Sr—l B ST—I W ~£ 2] »
[fx(t) h“’fx(t)f (t)STfX(t)JFOP(%)H : (B.12)

Notice that Var(I,2) = E[S,S*,S}]. Therefore, (B.5) holds. #
The convergence of ¢(t) and its first derivative ¢(1)(t) follows directly from
(B.3), (B.9), (B.10) and (B.5), which is stated in the following Lemma.

LEMMA 2 Assume that the conditions C1-C4 hold. We have

sup [6(1) — ¢(t)] = Op{hi;"" + (nhf)) " logn}, (B.13)
t
sup |0 (1) — ¢ (1)] = Op{hy, + (nh?)/*logn}. (B.14)
t

The third step is to approximate the link function ¢(-) by a different kernel
function Kjp,(-) and then obtain a “pure” residual without impact from the
CMS, as described in the beginning of Section 5. Specifically, when 3 is a p X ds
matrix which spans the CMS, we have, ¢(z) = E(Y|X) = E(Y|XT3). Thus

¢(x) can be estimated in the following way,
d@) = 4"/ f"P)
1 & g —a2Tp 1 & Tﬂ —21'p
— K| o R g
i s () [ ne ()

i=1

where K;(-) is a R — TR kernel function with the bandwidth h;, and the
true structural dimension, dyy, of the CMS. In the following we write Kj, (-) =
Ki(-/h)/ h;iM for notational clarity.

After we remove the effect of the CMS exhaustively through the three-step
procedure, we proposed the e?—based OPG method to target the CVS. The
following Lemma 3 serves for proving its asymptotic normality.

Before we present Lemma 3, we define

gj(xaﬁ*) = thl(x’fﬁ*_xTﬁ*)yj: and
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n
Z (&(@, 8%) = Blg (@, 87)]).

Obviously, g(z7p*) = L i1 i, B7).

3\}—‘

LEMMA 3 Under conditions (C1), (C2), and (C5)-(C7). Then, we have, as n —

o0,

sup Sup lon (2, 8%) — an(x, B)] = Op{logn - n_lh;lhl*del},
TERP |8+ —B||=0{n—1/2h;"}

Proof of Lemma 3: From the definition of a,(x, 5*), we have

an(,3") = an(x, B) = ;ﬁf«@xﬁ @mﬁD—E@mmn—@@ﬂn)
j=1

Let € > 0 be given. In order to use chain lemma (see, e.g. Pollard, 1984), we
show that

" € 1 " _1
P(lgj@,57) = (@, 8)| > 5) < 5. fora € R, |I8" = Bl = O(n%). (B.15)
By Chebyschev’s inequality, the LHS of (B.15) is less than or equal to ;%E(‘fn (z,B")—
2
£n(:n,ﬁ)D . Note that
E(&(r. %)~ &.8))°

E(Kp, (3*X = B*z)Y — Ky, (BT X —5TUC)Y)2

)2 (K, (5°X — 82) — Kin, (87X —5T1’)]2)
S B (67 (0 [Kun, (37X = f7) — Kun (87X — "))

% ( VK, (X — B*z) — K, (87X — ﬂTa:)]Z). (B.16)

(¢
(
E(Y2 K, (3°X = §*x) — K, (37X = fT2)P?)
(lo(x
(

IN

Let 7= {t € R : Ky((t—2)8"/lu) > 0 or Ki((t—2)8/hi) > 0} and U = {u €
Rp:x+hlu€T}:{u€ RP : Kj(u?'8*) > 0 or K;(u Tﬁ)>0}.
It is easy to prove that the second term of (B.16) has the same order as the

first term because its structure is essentially the same as the first one. Therefore,
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we only deal with the first term of (B.16). Note that

SE <¢>2<X) (Kin, (8°X = 3°2) — Kup, (57X — [J’T:v))2>

- e% /te T <¢2(t) (K, (87t = 3°) = Kun, (87t — ﬁTw))2> fx (t)dt

= ani o (PO () o

= 2h2dM/U &+ o) (Ku(5") — K (57))” ) e+ )
p 2
< QthM gy [ (u” ) du
8hy 2 1,2 1
S 2h2d1\ CM¢MfO(hl )O(hl n hw ): O(W)

where My and My are the upper bounds of ¢(X) and fx, respectively. Together
with condition C6 that nh?uthdMJFQ — 00, we obtain that the LHS of (B.15) is
less than or equal to % when n is large enough. We have the local result of (B.15).

By setting 62 = O(W) and a2 = log?n - 2, - h2du+2

, the remaining
proof is a modification of the proof of Theorem 37 in Pollard (1984, page 34).
The details are omitted. 0
Appendix C: Proof of Theorems

Proof of Theorem 1: Because it is easy to show that part (a) of Theorem 1
implies part (b); part (¢) implies part (a) and part (b); part (d) implies part (b),
then the proof of Theorem 1 can be concluded by proving (1): (b) implies (c);
and (2): (c¢) implies (d).

(1): Expanding the LHS of (b), we obtain

Ele*Var(Y|X)[a” X] = E([Y — E(Y|X)2Var(Y|X)[a” X)
= B(E[(Y - B(Y|X)*Var(Y|X)[X|a"X) = E[Var? (Y |X)[a” X],
and

E(*|a" X)E[Var(Y|X)|a” X]
= B(E[lY - B(Y|X)]|X]ja” X) E[Var(Y|X) a” X] = E*[Var(¥|X)]a” X].
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By (b), we have
Var[Var(Y|X)|a? X] = E[Var*(Y|X)|aT X] — E?[Var(Y|X)|aT X] = 0.
Therefore, Var(Y|X) is a measurable function of o X.
(2): Now we prove that (¢) implies (d). Note that
Cov([Y — B(Y[X)]%,1(X)]a" X)

= B(IY - BY[X)UX) [T X) = E([Y = E(Y|X)2|a"X) B[(X)]a" X]

= E[Var(Y|X)(X)|a" X] — E[Var(YyX)\aTX] [1(X)|a" X]

= Var(Y|X)E[[(X)|a" X] — Var(Y[X) E[I(X)|a” X] = 0.
This leads to the desired result. 0
Proof of Theorem 2: For notational convenience, we write b; = ¢(!)(z;) and

its corresponding estimator Bj = (g(l)(xj). We expand IA)]IA)f into three parts to

obtain

Zif 77132 —bj +b)(bj — bj + b;)"

1

S

Z b —b;)(bj — b)" +2(b; — b)bT + b0 = I, + I + I.

3\s

By invoking Lemma 2 and condition C8, we have
I = op(1). (C.1)

Now we deal with I5. For notational clarity, we introduce a block matrix v; =
(0,1,,0,...,0) with the p x p identity matrix I, corresponding to the column
indices of {(z; —t)(1)} in Xy Therefore, b; = v13; and l; = Ulﬁj with a slight
abuse of notation. Thus we analyze the convergence of \F ™ (BJ — 0) ﬁjT.

Let €, =Y, — ¢(X,,). After simple algebra calculation, we have

n 1 _
Z — BB = e 2 HI(Xa Wy Xug) ™ (X WasYa) = B516]
g=1 j=1
1 & _
- ﬁ ZIH(XTYL;Wn]Xn]) 1X£an[¢(Xn) - Xn]ﬂ]]ﬁ]T
]:
1 & _
+ﬁ > H(X) Wi Xnj) ' X0 WajenB] =: Iny + Ina.

=1
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Equation (B.9) entails that \} i H(X%anan)*lX%an [A(Xn)—XnjBi] =

O(y/nhZF1) almost surely. Recalhng that /nhl 1 — 0, we can have Is; = op(1).
We turn to deal with I53 now. By using the result of (B.5), we have

1 G
Iy = S, HT!
- vnnhy " jz fx ()

=1

T T

1 & ey
—= S H (X Wiy Xog) ™t = H'SHT! (bl fx () | X Wogen 5]
= Io91 + I299.

Following standard arguments of U—statistic theory (Serfling 1980), we can find
that

Iy = ZS ul,...,ur)TEjﬂjT-i-Op(l). (02)
f
By (B.5) and (C.2), we can easily have I222 = op(1). Therefore,
1 n
- = Srillula'-'v/j/’l‘Ty‘_¢x‘ ﬁT+0P1 C.3
\/ﬁ; ( )" [y — o(z5)15; (1) (C.3)

Some elementary calculation yields

I3 = 7’” Z bjbl — A) = Op(hw) = op(1). (C.4)
The desired conclusion follows from (C.1), (C.3) and (C.4). 0
Proof of Theorem 3: The proof is almost identical to that for Theorem 2 in
Zhu and Fang (1996). Hence we omit the details. O

Proof of Theorem 4: First note that for any eigenvalue \;(2,), 1 <1 < p,
[log Ai(Q2n) + 1 — X\i(Q2,)] < 0. If k < Ky, then min(k, 7) = k for large n. Let

K1
n n
log L, —log Ly = -3 D fog Ai(€) + 1 — Xi(Qn)] = 5 w1 (K1, k).
i=k+1

Hence,

G(K1)—G(k) = logLk, —logLp —Cp(K1—k)2p—k—K;+1)/2
= [nWn (K1, k) — Co(K1 —k)(2p — k — K1 +1)]/2,
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and then, Theorem 2 yields that when k < K1, Wy1(K1,k) > ¢ for a constant,

and

P(G(Kl) — G(k) < 0) —0, as S» — 0. (C.5)
If K > K1, then min(k,7) = K;. Similarly
k
logLi, —log Ly = —2 > (log () +1=A(Qy)) = WK1, b).
i=Ki1+1

Thus, when k£ > K7,

G(K1) — G(k) =log Lk, —log Ly, — Cn (K1 — k)(2p — k — K1 +1)/2

= [nWhna(K1, k) — Co(Ky — k)(2p — k — Ky +1)]/2
k
= —nhl Y [N(Q) =11+ op(1)]/(2h) — Cn(K1 — k)(2p — k — K1 + 1) /2.
i=K1+1

Therefore, when k > K;, we employ Theorem 2 to get
P(G(Kl) —G(k) < o) — 0, as Cph2, — oo. (C.6)

Conclusively, it follows from (C.5) and (C.6) that K; — Kj in probability. The
proof is concluded. 0
Proof of Theorem 5: The proof is essentially the same as that for Lemma 1
in Xia, Tong, Li and Zhu (2002). Hence the details are omitted. 0O
Proof of Theorem 6: Without notational confusion, we write the p x K matrix
3 as BI?’ and p x K rilatrix B as BK- First, we show that Bf( in h—\/% Z;L:1 l;;fb;’T
can be replaced by Bg, which does not affect the asymptotic distribution of

% 2= l;;b;‘T This claim can be verified as follows. On one hand,

- P{}“;zn;“f gt,K:K}+P{f“:LG;;‘2 <tLK#K}|
Jj= Jj=
- P{hfzg‘; b2 < t’f?: K} +o(1). (C.7)

The last equation holds because K — K in probability (this is proven in Theorem

4), the RHS in the above equation has the same limit as P{h—\/lriZ ) l;;“z < t‘f(\ =
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K} as n — oo. On the other hand,

ho o= -, By O oy _ _
ALY st = PELY sk = K}p{E - K]
how n ~y —
- P{\/ﬁj}:l: b2 < t‘K =K} —o(1). (C.8)

By (C.7) and (C.8) together, we show that N ?:1 B;B;T based on Bf{ has the
same asymptotic distribution as that based on 5K. Therefore, in the following,
we can treat the involved @? as B i throughout the proof.

Expand l;;‘Z);’T into three parts:

T h’w & 7% * N * #\T'
) :%Z:I<bj—bj+bj)(bj—bj+bj)
‘]:

> (B — o) (b5 = b)) + 205 — )by + 6500 ") = L+ I + L.

Deal with Iy first. I; can be handled in a similar way.

After simple algebraic calculation, we have

n n
TR = TSk XKl Ko s or(1)
ho . T -1 2%, T
= —nz [ananan] ananenbj
j:l
h A k
+T Z”l (X0 W X)) ™ X Wi (€5 — ei)bj’T
j=1
= Is1 + I52

Similar to the proof of (C.3) in Theorem 2,
1 -t 2
I51 = %;Sr (1, )" (€3 — 02 (2)18] + op(1) (C.9)

follows from the condition (C9).
Decompose I52 into two terms: I5o = h—\/% ?:1 U1 [nganan]_anjan[(én
)2 + 2en(én - )]b*7T = —[521 + I5227 where €n = {yl - QS(/BT«TI)?- <y Yn —
<Z>(5Txn)}T and é, = {y1 — (5Tac1) ey Yn — é(BTxn)}T A direct application
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of Lemma 3 shows that e; — &; = [p(z75) — ¢(xlB)] + [6(zT B) — ¢ (2T 3)] +
Op|(logn)/?- Tflhgjlhl_dM_1 + h¢] holds almost surely for all xis. We now prove
that 599 is op(1) and hence I521 = op(1) can be obtained from the convergence
of gZS() and 3. Specifically,

Isop = \fz XTW Xn]]_anjanen[gg(X;{B) _QB(Xgﬁ)]b;,T

B ~ *
—72101 (X Wi Xing] ™ X Wagen (X1 ) — (X 9105
J
h, A *
= \/» Z vl X Wn]Xn]] 1Xn]Wn]en[¢(Xg/3) - ¢(Xgﬂ)]bj7T

P
f

=: I5o:1 + 15222-

Z Ul X Wn]an] 1ananen[$(Xgﬁ) - qb(er;B)]b;’T + OP(]-)

Using Taylor expansion and Slutsky Theorem, we can derive that I5291 = op(1).
By using the fact that
sup |6(x] B) — d(af B)| = O{hf + (nh™)"/*logn}, (C.10)
z; B
and similar arguments for proving (B.11), we can have I5200 = op(1), and hence

I5991 = op(1). Consequently,

1 &
D5 )T — %)Y+ op (1), (SREY
—
Similarly, we can have Iy = op(1) and Is = op(1). The result follows. 0
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