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This note contains Lemmas 2 and 3, and technical proofs.

Lemma 2 (Convexity Lemma). Let {h,(u):u € U} be a sequence of random convezx functions
defined on a convex, open subset U of R?®. Suppose h(u) is a real-valued function on U for

which hn(u) — h(u) in probability, for each w € U. Then for each compact subset K of U,

sup | hn(u) — h(u) |— 0 in probability.
ueEK

The function h(-) is necessarily convex on U.

Proof of Lemma 2. There are many versions of the proof for this well known Convexity Lemma.

To save space, we skip its proof. Interested readers are referred to Pollard (1991). O

Denote a linear approximation to pr(e; —t) by D; = (1 — 7){e; < 0} — 7{e; > 0}. One
intuitive interpretation of D; is that D; can be thought of as the first derivative of p,(e; —t)
at t = 0 (cf Pollard, 1991). Moreover, the condition that ¢; has the 7-th quantile zero implies
E(D;) = 0. Define Rin(u) = p-(e: — z] u/\/n) — pr(€:) — Diz] w/y/n, W, = 30| Dizi//n,
and Wy 11 = Y0, Diwir /y/n. Then Wy, 5 N(0,7(1 — 7)%) and W11 = N(0,7(1 — 7)11).
Lemma 3. For model (3.1) with true parameter 3,, denote Gy (u) = Z[pT (€; — @] w/v/n) —

=1

pr(€:)], where €; = y; — = By. Under Conditions (i) and (i), we have, for any fized u,

Golu) = PO ED L Ty 6,0, )

2 n
Proof of Lemma 3. Note first that Condition (i) ensures that the function M (t) = E(p-(e; —
t) — pr(€)) has a unique minimizer at zero, and its Taylor expansion at origin has the following
form M(t) = f(20> t? + o(t*). Hence, for large n, we have

BGuw) = M) = SIS (22

— @UT(Z Tz )u+ o(inuT( , i) Ju).
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So, under Condition (ii), we have E(Gn(u)) = %UT(Z xix; )u+ o(1).
i—1

Hence G (u) = E(Gn(u)) + Wlu + X::.;l(Ri,n(u)1 ER; n(u)). By routine calculation,
we get | Rin(u) |<| fu/vn | {| & |<| xfu//n |}. For fixed u, due to the cancelation of

cross-product terms, we get

n

E() [Rin(u) — ERin(w)])® = Y E(Rin(u) = ERin(u))?
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as in Pollard (1991), where || - || denotes the Euclidean norm operator. Here the last step
converging to zero holds because
Z \ Y T(Z zix; /n)u — u’ Su
i=1 i—
. o i |
_max | z; |l /vn — 0dueto — trace(X).
3=1,2,,

Equation (2) implies that >-7_ | (Rin(u) — ERin(u)) = 0p(1). This completes the proof. O

Before we start the proof of Theorem 1, we want to point that Wlu = E(WIu )

izl
Si=l TV g

Op(y/Var(WTu)), together with Var(W. u) ZE (Dixiu/yv/n)? =7(1—7)u T

n
=1

n T
implies that Wl u = Op <\/7-(1 — T)uTZlﬂ%u)

Proof of Theorem 1. We use the same strategy as in Fan and Li (2001). To prove Theorem 1,

it is enough to show that for any given § > 0, there exists a large constant C' such that

P{ it QB+ u/vi) > QB | 2 15 ®)

which implies that with probability at least 1 — § there exists a local minimum in the ball
{B, +u/v/n:|| w||<C}. This in turn implies that there exists a local minimizer such that
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| B — B, ||I= 0p(1/y/n), which is exactly what we want to show. Note that

Q(By +u/vn) — Q(By)
o+ (yi — @ (B +u/Vn)) = pr(yi — @] Bo)l + 1> [pan (| Bjo +ui /v ) = pa. (| Bio |)]

Jj=1

lpr(yi — (ﬂo"’u/f))_l’f( - /30 —&-nz Prn (| Bjo +uj/vn|) —pa, (| Bjo )],
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where s is the number of components in 3,, and ;0 denotes the j-th component of B,,. Due
FO) o i miw!
n

to Lemma 3, the first term on the right hand side is exactly G, (u) = 5

u +
Wl u + 0,(1) for any fixed wu.

By applying the Convexity Lemma (Lemma 2) to h,(u) = Gy (u)—W,lu, we can strength-
ens this pointwise convergence to uniform convergence on any compact subsect of R

Note that, for large n,
nZ[pAn(‘ﬂj0+uj/\/ﬁ|)—p/\n(|5j0 N =0 @)
j=1

uniformly in any compact set of R? due to the facts that Bjo > 0 for j =1,2,---,s, SCAD
penalty is flat for coefficient of magnitude larger than a\,, and A, — 0.

Based on all the above, Q(8, + u/v/n) — Q(B,) is dominated by the quadratic term
FOu” (X, zixl )u/(2n) for || u || equal to sufficiently large C. Hence Condition (ii) implies
that (3) holds as we have desired and this completes the proof. O

Proof of Lemma 1. For any 8, — B8, = Op(n"'/?), 0 <|| B, ||< Cn~1/2,

BT, 0" ) — (BT, B)")
= [QUBT.0M)") —Q((B1,,0M)")] - 1Q((BT.B3)") — (B, T)T)l
= Gu(Vn((By — B1)",01)") = Gu(vn((B, — Bro) ", )—n Z Pan (1 85 1) (5)

Jj=s+1

> zixt

= 1O s, - 8T 07) L (B — Bro)" 07+ Va((By — Bro)”, 0TI

2 n
O (8, — 810" B EEEE (8, - 510)7, 8T~ VA8, ~ Buo) BT,
+o(1) + 0, (1 —anmﬁj

j=s+1

The conditions 3, — 3,5, = Op(n~/?) and 0 <|| B, ||< Cn~? imply that

1O (8, - B.)" 0" ZELEEL (3, — ,0)", 07 = 0,(1)
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TO) /5((8, ~ B1o) B3 ==L (8, — Bu)” . BE)T = 0,(1)

and

V(81 = B10)", 0 W = V(81 = Bao) ", B2 )Wa = —v/n(0", B5)W,
(1 = 7)B3 D228 (1 + 0p(1))

Note that

d
w3 oan (18 )

j=s+1

v

pa(6)
nin (llmjélflllgllif \ )(Z @) (14 0(1))

Jj=s+1

d
. ( ) m) (1+0(1),

Jj=s+1

where the last step follows based on the fact that liminfy_ o liminfg_o4 p*(e) =1.

Then y/nA, — oo implies that nA, = /n(y/n\,) is of higher order than /n. This
implies that, in (5), the last term dominates in magnitude and, as a result, Q((8T,07)7) —
QUBT,BET) < 0 for large n. The completes the proof. O

Proof of Theorem 2. Similarly as in Fan and Li (2001), Part (a) holds simply due to Lemma
1. Next we prove part (b). By Theorem 1, we can show that there exists a root-n consistent
minimizer 3, of Q((8T,07)7) as a function of 8,.

From the proof of Theorem 1, we see that /n(3, — B,,) minimizes G,((87,07)T) +
ny 25—y P (| Bjo + % ), where @ = (61,02,---,05)T € R°. Notice that, as in the proof of

Theorem 1, Lemma 3 and the convexity lemma imply that

Gn((OT,OT)T) = @( 70T)222171¢(9T )T+(0T,0T)Wn+0p(l)
= f(zo) i 1321m“e+0 ZDam/ero,,()

i=1

uniformly in any compact subset of JR°. Notice that, for large n, n>27_, px, (| Bjo +0;/v/n |

) =n35_; P, (| Bjo |) uniformly in any compact set of R, due to (4). Hence we have

Ga((87,07)7) + nijmnu B+ 22

= LT GOZE 0 (Y D/ V0 + 1Y s B )+ 7al6)

i=1 Jj=1

= L0- ) UOERET g ¢y L ZE T S (B )+ ra(6)

Jj=1
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where ¢,, = —(f(O)m%w“wiTl)*an,n and the residual r,(0) — 0 in probability uniformly in
any compact subset of IR°. Notice further that the term n>27_, px, (| Bjo |) does not depend
on 6. So this implies that, for large n, the local minimizer € is very close to ¢,, and satisfies
60— ¢ = 0p(1).

That is, the minimizer 6 satisfies § = —(f(O)w Z D;xi1/+/n)+0,(1). Hence

V(B — Bro) = *(f(O)M) N Dizin/V/n) + 0p(1). Applymg Slutsky’s theorem,
we get v/nf(0)S11(8, — Byo) S N(0,7(1 — 7)311). This completes the proof. O

Proof of Theorem 3. Note that

Q1(By + U/\/ﬁ) - Q1(8o)
= Z[PT( Yi — (ﬂo"’u/\f))_PT( - :30 )]+ nAn Zw3|ﬁjo+u1/f|_w1‘ﬁ30 I8

Jj=1

We consider the second term first, for j = 1,2,--- s, we have B0 # 0; as a result, w; £t |Bjol ™75
hence nAn[i; | Bjo +u;/v/n | = | Bro || = 0 as v/n(| Bio +ui/v/n | — | Bo |) — u; sign(Bjo)
and /nA, — 0. On the other hand, for j = s+ 1,s+2,--- ,d, the true coefficient ;0 = 0; so
Vidnw; = nIHEI2N (0l B;]) 7Y with /nB; = O,(1); so it follows that nA,[@; | Bjo +u;/v/n |
—w; | Bjo |] £ oo when u; # 0 and = 0 otherwise due to /1 | u;/+/n |= |u;| for large n. These
facts and the result of Lemma 3 imply that

)~ Qi(Bo) &V (u) =

Q1(8, + f(o)ulEnul + Wn 111 whenu; =0forj>s+1
1 0 —
Vvn

00 otherwise,

where w1 = (u1,us, -+ ,us)T. Noticing that Q1(8, + u/v/n) — Q1(B,) is convex in u and V

has a unique minimizer, the epi-convergence results of Geyer (1994) imply that

u ~(AL)

argmin Q1 (B + =) = V(8" ~ By) 5 argmin V (u),

which establishes the asymptotic normality part. Next we show the consistency property of
model selection.
For any 8, — 810 = Op(”_l/z)v 0<[ B, < C”_l/Q:

Q:1((B7,0M)") —Qu((87,83)")
[@1((B1,0M)") — Q1((B1,,0)")] — [Q((BT,82)") — Q((B1,,0 T)T)}
= Gn(Vn((B; - ﬁm)TvOT)T) = Gn(vVn((B; — ﬂm) /62 —nAn Z w; | By |

Jj=s+1

Note here the first two terms are exactly the same as in (5) and hence can be bounded similarly.
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However the third term goes to —oo as n — oo due to the following

|B;] — oo.

d d
W 3 161 = @ Y | (valdi)

j=s+1 j=s+1

Hence the condition that n@+7/2),, — co implies that nA, Z?:SH w;j | B; | is of higher order
than any other terms and dominates as a result. This in turn implies that Q:((8T,07)T) —
Q1((BT,B5)T) < 0 for large n. This proves the consistency of model selection of adaptive lasso

penalized quantile regression. O

Proof of Corollary 1. Notice from the proofs of Theorem 1, Lemma 1, Theorem 2, and Theorem
3, it is enough to establish an asymptotic approximation similar as (1).
Note that the check function p,(-) can be rewritten as p,(r) = |r|/2 4+ (7 — 1/2)r. Hence,

Gulw) = Y lprles — @l u/vin) — p ()]

T
n it

= ; _\a;%U(SigI;(Gi) +(r— %)) +;/0 V' (e < 8) — I(e: < 0))ds

as in Knight (1999). By the same argument as in Knight (1999), we get G (u) L _u"Vv +¢(u)
for some multivariate normal random vector V' with mean zero. Then the result follows from

the strictly convexity of ¢(-). O



