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This note contains in section S1 the proof for the main result given in The-

orem 2, and in section S2 the proof for two preliminary results on needlets, i.e.

Lemma 1 and Theorem 7 in the main paper.

S1. Proof of the main result

We recall the three conditions required on the families of functions f0, . . . , fm:

• Condition (i): for all i ∈ {0, 1, . . . ,m}, fi ∈ Bsπ,r(M),

• Condition (ii): for all i 6= j, ‖fi − fj‖pp ≥ 2δ for some δ > 0,

• Condition (iii’): for all i ∈ {1, . . . ,m}, Pfi � Pf0 and 1
m

∑
i≥1K(Pfi , Pf0) ≤

θ log(M + 1), where 0 < θ < 1
8 and Pf denotes the probability distribution

of the process Y under the hypothesis f.

Consider Condition (iii’). Let I = [a, b] (the case I = [a, b[ is similar). If we

define the variables Ỹ(w) = Y(w(. − a)/
√
λ(.)) and ξ̃(w) = ξ(w(. − a)/

√
λ(.))

for all w ∈ Ṽ = L2([0, b − a], dx) then Model (2.1) in the main text is equiv-

alent to: Ỹ(w) = (Kf(. + a)
√
λ(.+ a), w)eV + εξ̃(w), which is equivalent to the

stochastic equation: ∀t ∈ [0, b − a], dỸt = Kf(t + a)
√
λ(t+ a)dt + εdWt

where (Wt)t≥0 denotes the standard Wiener process. Then using Girsanov’s

formula, for all f, g ∈ U, Pf is absolutely continuous with respect to Pg, and

under the hypothesis g the likelihood ratio Λε(f, g) := dPf
dPg

(Y) is distributed as:

logΛε(f, g) ∼ N (−1
2‖
K(f−g)
ε ‖2V , ‖

K(f−g)
ε ‖V). Thus

K(Pf, Pg) = Ef ln(Λε(f, g)) = −Ef log(Λε(g, f)) =
1

2
‖K(f− g)

ε
‖2V .
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Then Condition (iii’) can be replaced by

Condition (iii): f0 = 0 and for all i ∈ {1, . . . ,m}, ‖Kfi‖2V ≤ θ log(M + 1)ε2

where 0 < θ < 1
4 .

Sparse cases

Condition (i) is satisfied if uj := 2js(
∑
η∈Zj

|〈f1, ψj,η〉|π‖ψj,η‖ππ)1/π belongs to

lr(M), where f1 = γψj0,η1
. Using the first part of Lemma 1, uj = 0 whenever

|j− j0| ≥ 2. So in the sequel we assume that j ∈ {j0−1, j0, j0+1}, and the lr norm

of (uj) is bounded by a constant M (independent of γ > 0 and j0), if for instance

uj ≤ 3− 1
rM. We have uπj = 2jπsγπ

∑
η∈Zj

|〈ψj0,η1
, ψj,η〉|π‖ψj,η‖ππ ≤ c(I1 + I2),

with, using the bound of Theorem 6

I1 = 2j[πs+(π−2)(α+1)]γπ
2j−1∑
k=1

|〈ψj0,η1
, ψj,η〉|πk−(π−2)(α+1/2),

I2 = 2j[πs+(π−2)(β+1)]γπ
2j∑

k=2j−1+1

|〈ψj0,η1
, ψj,η〉|π(2j − k+ 1)−(π−2)(β+1/2).

Using the second part of Lemma 1, we have for any ζ, |〈ψj0,η1
, ψj,ηk

〉| ≤ c 1
kζ .

Thus choosing any ζ > −(π−2)(α+1/2)+1
π , we obtain I1 ≤ c2j[πs+(π−2)(α+1)]γπ.

Moreover
∑2j−1

k=1
(2j−k+1)−(π−2)(β+1/2)

kζπ ≤ c2−ζπj2j[1−(π−2)(β+1/2)]+ , so for a large

enough ζ, I2 ≤ c2j(πs+(π−2)(β+1)−ζπ+[1−(π−2)(β+1/2)]+)γπ ≤ cI1. Thus, we have,

for all j ∈ {j0 − 1, j0, j0 + 1}, uπj ≤ c2j0[πs+(π−2)(α+1)]γπ, and condition (i) is

satisfied if, for a small enough c depending on M,

γ ≤ c2−j0[s+(1− 2
π

)(α+1)].

Condition (ii), using Theorem 6, is fulfilled with δ � γp2j0(p−2)(α+1).

Condition (iii) is satisfied if
∫
I(
K(γψj0,η1

)(t)

ε )2dλ(t) ≤ C. We have ψj0,η(x) =∑2j−1
l=2j−2+1 cj,η,lPl(x) and K∗KPl = b2lPl, thus

‖K(ψj0,η1
)‖2V =

∑
l

[blcj,η,l]
2 � 2−2νj0

∑
l

[cj,η,l]
2 = 2−2νj0‖ψj0,η1

‖2U ≤ C2−2νj0 .

Condition (iii) is then satisfied if γ2
−νj0

ε ≤ c.
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Regular case

Condition (i): for ε ∈ Ej0 , let uj := 2js(
∑
η∈Zj

|〈fε, ψj,η〉|π‖ψj,η‖ππ)1/π. Once

again uj = 0 whenever |j − j0| ≥ 2. Now let j ∈ {j0 − 1, j0, j0 + 1}. Then we have

uπj ≤ c(I1 + I2), with

I1 = 2j[πs+(π−2)(α+1)]γπ
2j−1∑
k=1

k−(π−2)(α+1/2)(

2j0−1∑
l=1

lδ|〈ψj0,ηl
, ψj,ηk

〉|)π,

I2 = 2j[πs+(π−2)(β+1)]γπ
2j∑

k=2j−1+1

(2j − k+ 1)−(π−2)(β+1/2)(

2j0−1∑
l=1

lδ|〈ψj0,ηl
, ψj,ηk

〉|)π.

Using Lemma 1 with some ζ given later, we have |〈ψj0,ηl
, ψj,ηk

〉| ≤ c 1
(1+|l−2j0−jk|)ζ .

Then, for x ∈ R, let bxc denote the largest integer smaller than x. We have

∑
l≤b2j0−jkc

lδ

(1+ |l− 2j0−jk|)ζ
≤ ckδ

∑
l≤b2j0−jkc

1

(1+ b2j0−jkc− l)ζ
≤ ckδ

∑
l≥1

1

lζ
≤ ckδ,

for ζ large enough. Moreover

∑
l≥b2j0−jkc+1

lδ

(1+ |l− 2j0−jk|)ζ
≤

∑
l≥b2j0−jkc+1

lδ

(l− b2j0−jkc)ζ
=

∑
l≥1

(l+ b2j0−jKc)δ

lζ

≤c
∑
l≥1

lδ + b2j0−jkcδ

lζ
≤ Ckδ,

for ζ large enough. To obtain the last line, we used the fact that δ ≥ 1. Thus∑2j0−1

l=1
lδ

(1+|l−2j0−jk|)ζ ≤ ckδ, and

I1 ≤ c2j[πs+(π−2)(α+1)]γπ
2j−1∑
k=1

k−(π−2)(α+1/2)kδπ = c2j[s+δ+
1
2
]γ.

For I2, remark that for any k ∈ {2j−1 + 1, . . . , 2j} and any l ∈ {1, . . . , 2j0−1},

we have | k
2j − l

2j0
| = k

2j − l
2j0

≥ |2
j−k
2j − l

2j0
|. So for such a k, as previously,∑2j0−1

l=1
lδ

(1+|l−2j0−jk|)ζ ≤
∑2j0−1

l=1
lδ

(1+|l−2j0−j(2j−k)|)ζ ≤ c(2j − k)δ, and

I2 ≤ c2j[πs+(π−2)(β+1)]γπ
2j∑

k=2j−1+1

(2j−k+1)−(π−2)(β+1/2)(2j−k+1)δπ = c2j[s+δ+
1
2
]γ.
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Finally we have uj ≤ c2j[s+δ+
1
2
]γ so fε belongs to Bsπ,r(M) if, for a small enough

c depending on M,

γ ≤ c2−j0[s+δ+ 1
2
].

Condition (ii): for all εu, εv ∈ Ej0 with u 6= v, fu − fv =
∑2j0−m−1

k=1 γ(εuk −

εvk)k
δψj0,η2mk

. So by Theorems 7 and 6, we have

‖fu − fv‖2U ≥ cγ2
2j0−m−1∑
k=1

(εuk − εvk)
2k2δ = cγ2

∑
{k | εu

k 6=ε
v
k}

k2δ.

Let Nu,v denote the cardinality of the set {k ∈ {1, . . . , 2j0−m−1} | εuk 6= εvk}, then

we have Nu,v ≥ c2j0 and, since δ > 0,

‖fu − fv‖2U ≥ cγ2
Nu,v∑
k=1

k2δ = γ2Nu,v
1+2δ ≥ cγ22j0(1+2δ). (1.1)

Let us distinguish two cases. Suppose 2 < p < ∞ and let 1/p + 1/q = 1. By

(1.1), and Hölder’s inequality, we have

c2j0(1+2δ) ≤ ‖fu − fv‖2L2(µ) ≤ ‖fu − fv‖Lp(µ)‖fu − fv‖Lq(µ).

Using Theorem 5, and the fact that, under our assumptions, qδ − (q − 2)(α +

1/2) > −1, we have

‖fu − fv‖Lq(µ) ≤ cγ2
j

(q−2)
q

(α+1)
(

2j0−m−1∑
k=1

kqδ−(q−2)(α+1/2))1/q ≤ c ′γ2j0( 1
2
+δ),

therefore ‖fu − fv‖pLp(µ) ≥ cγ
p2j0p( 1

2
+δ).

Suppose now 1 < p < 2, we have, using (1.1),

c2j0(1+2δ) ≤ ‖fu − fv‖2L2(µ) ≤ ‖fu − fv‖pLp(µ)‖fu − fv‖2−pL∞(µ).

From Theorem 4, we infer, for all 0 ≤ θ ≤ π/2,

|ψj0,ηk
(cos θ)| ≤ C 2j0(1+α)

(1+ 2j0 |θ− kπ
2j0

|)l
1

(2j0θ+ 1)α+1/2
.

Thus, for l large enough, |ψj0,ηk
(cos θ)| ≤ C2

j0(1+α)

kα+1/2
1

(1+2j0 |θ− kπ

2j0
|)2
. Moreover,

since δ− (α+ 1/2) ≥ 0,

|fu(cos θ)−fv(cos θ)| ≤ cγ2j0(α+1)
2j0−m−1∑
k=1

kδ−(α+1/2) 1

(1+ 2j0 |θ− kπ
2j0

|)2
≤ c ′γ2j0( 1

2
+δ),



OPTIMAL BOUNDS 5

where in the last line we used the fact that for any θ,
∑2j0−m−1

k=1
1

(1+2j0 |θ− kπ

2j0
|)2
≤

c
∑+∞
l=1

1
l2

. Similarly the same bound holds for any π/2 ≤ θ ≤ π, thus, we have

‖fu − fv‖L∞(µ) ≤ c2j0( 1
2
+δ), and, once again, ‖fu − fv‖pLp(µ) ≥ cγ

p2j0p( 1
2
+δ).

Condition (iii): we have
√
Tj0 ≥ exp(

ρ
22
j0), so Condition (iii) is satisfied if for

all εu ∈ Ej0 ,
∫
I(
K(fu)(t)

ε )2dλ(t) ≤ c2j0 for a small enough constant c. We have

fu =
∑2j0−m−1

k=1 βj0,kψj0,η2mk
=

∑2j0−m−1

k=1

∑
l∈N βj0,kcj0,ηk,lPl(x), with βj0,k =

γεukk
δ. Thus,

‖K(fu)‖2L2(I,λ) =
∑
l

[

2j0−m−1∑
k=1

βj0,kblcj0,ηk,l]
2 � 2−2νj0

∑
l

[

2j0−m−1∑
k=1

βj0,kcj0,ηk,l]
2

= 2−2νj0‖
2j0−m−1∑
k=1

βj0,kψj0,η2mk
‖2L2(I,µ) ≤ c2

−2νj0

2j0−m−1∑
k=1

β2j0,k

≤ c2−2νj0γ2
2j0−m−1∑
k=1

k2δ = c2−2νj0γ22(2δ+1)j0 .

So finally we need 2−νj0γ2(δ+ 1
2

)j0

ε ≤ C2j0/2, i.e. 2
(δ−ν)j0γ
ε ≤ C with a small enough

constant C.

S2. Proof of two new properties of needlets

Lemma 1. We have

1. ∀j, j ′, k, l such that |j ′ − j| ≥ 2, 〈ψj,ηk
, ψj ′,ηl

〉 = 0,

2. ∀ζ > 0, ∃cζ such that ∀j, j ′, k, l with |j ′−j| ≤ 1, |〈ψj,ηk
, ψj ′,ηl

〉| ≤ cζ

(1+|k−2j−j ′ l|)ζ .

Proof of Lemma 1. The needlets are ψj,η =
∑2j−1
l=2j−2+1 cj,η,lPl(x), with coeffi-

cients cj,η,l = a(l/2j−1)Pl(η)
√
bj,η. So if |j ′ − j| ≥ 2 then {2j−2 + 1, . . . , 2j − 1} ∩

{2j
′−2 + 1, . . . , 2j

′
− 1} = ∅, and 〈ψj,ηk

, ψj ′,ηl
〉 = 0, ∀(k, l).

For the second part of the lemma we use Theorem 4. For any δ, there exists

cδ such that, for all j, k,

|ψj,ηk
(cos θ)| ≤ cδ

1√
ωα,β(2j, cos θ)

2j/2

(1+ 2j|θ− πk
2j |)δ

, 0 ≤ θ ≤ π.

We recall thatωα,β(x) = (1−x)α(1+x)β, andωα,β(2j; x) = (1−x+2−2j)α+1/2(1+

x + 2−2j)β+1/2. For a given ζ > 0 and j, j ′, k, l such that |j ′ − j| ≤ 1, we use this
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inequality for |ψj,ηk
| with δ = ζ + 2, and for |ψj ′,ηl

| with δ = ζ. Noticing that

ωα,β(2j, cos θ) � ωα,β(2j
′
, cos θ) we obtain

|〈ψj,ηk
, ψj ′,ηl

〉| ≤ c2j
∫π
0

ωα,β(cos θ)
ωα,β(2j, cos θ)

sin θdθ
(1+ 2j|θ− πk

2j |)ζ+2(1+ 2j
′
|θ− πl

2j ′ |)
ζ

≤ c
Ij,k,α,β

(min0≤θ≤π fj,j ′,k,l(θ))ζ
,

with fj,j ′,k,l(θ) = (1 + 2j|θ − πk
2j |)(1 + 2j

′
|θ − πl

2j ′ |), 0 ≤ θ ≤ π, and Ij,k,α,β =

2j
∫π
0

ωα,β(cosθ)

ωα,β(2j,cosθ)
sinθdθ

(1+2j|θ− πk

2j |)2
.

First, we have min0≤θ≤π fj,j ′,k,l(θ) = min{fj,j ′,k,l(
πk
2j ), fj,j ′,k,l(

πl
2j ′ )} ≥ 1 +

π
2|j−j ′| |k− 2j−j

′
l| ≥ c(1+ |k− 2j−j

′
l|). Second, let us divide Ij,k,α,β into two terms:

Ij,k,α,β = I1j,k,α,β + I2j,k,α,β, with

I1j,k,α,β = 2j
∫ π

2

0

ωα,β(cos θ)
ωα,β(2j, cos θ)

sin θdθ
(1+ 2j|θ− πk

2j |)2
,

I2j,k,α,β = 2j
∫π

π
2

ωα,β(cos θ)
ωα,β(2j, cos θ)

sin θdθ
(1+ 2j|θ− πk

2j |)2

= 2j
∫ π

2

0

ωα,β(− cos θ)
ωα,β(2j,− cos θ)

sin θdθ
(1+ 2j|π− θ− πk

2j |)2

= 2j
∫ π

2

0

ωβ,α(cos θ)
ωβ,α(2j, cos θ)

sin θdθ

(1+ 2j|θ−
π(2j−k)
2j |)2

= I1j,2j−k,β,α.

We have sinθωα,β(cos θ) = sin θ(2 sin2(θ/2))α(2 cos2(θ/2))β ≤ c1θ
2α+1, for all

0 ≤ θ ≤ π
2 , and

ωα,β(2j; cos θ) = (2 sin2(θ/2) + 2−2j)α+1/2(2 cos2(θ/2) + 2−2j)β+1/2 ≥ c2θ2α+1.

Thus, I1j,k,α,β ≤ c2j
∫ π

2
0

dθ
(1+2j|θ− πk

2j |)2
≤ c

∫ π2j

2
0

dθ
(1+|θ−πk|)2 ≤ C, since

∫+∞
−∞ dθ

(1+θ)2 is

finite, and the same goes for I2j,k,α,β.

Thus, there exists C(α,β) > 0 such that, for all (j, k), Ij,k,α,β ≤ C(α,β),

which completes the proof of the lemma.
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Theorem 7. If p ∈ 2N∗, there exist a constant cp > 0 and an integer np such

that, for any collection of numbers {λk : k ∈ Ij}, j ≥ 0, where Ij ⊂ {1, 2, . . . , 2j}

and k, l ∈ Ij, k 6= l =⇒ |k− l| ≥ np,

‖
∑
k∈Ij

λkψj,ηk
‖pLp(µ) ≥ cp

∑
k∈Ij

|λk|
p‖ψj,ηk

‖pLp(µ).

Proof of Theorem 7. Let p ∈ 2N∗ and Ij ⊂ {1, 2, . . . , 2j}. We have the decompo-

sition ‖(
∑
k∈Ij λkψj,ηk

)‖pLp(µ) = A+ B, where

A =
∑
k∈Ij

λ
p
k‖ψj,ηk

‖pLp(µ),

B =
∑

(pk)k∈Ij
∈Λ

p!
∏
k∈Ij λ

pk
k∏

k∈Ij pk!

∫1
−1

(
∏
k∈Ij

ψ
pk
j,ηk

(x))µ(x)dx,

and Λ = {(pk)k∈Ij | pk ∈ N,
∑
k∈Ij pk = p and ∃u 6= v such that pu >

0 and pv > 0}.

Let ϕj,k(x) = 1√
ωα,β(2j,x)

2j/2

(1+2j| arccos x− πk

2j |)
2
s

for some 0 < s < min{1, p
α∨β+1 }. For

(pk)k∈Ij ∈ Λ, we use Theorem 4 with l = 2
s + 1 for every ψj,ηk

, k ∈ Ij. There

exists C such that∏
k∈Ij

|ψj,ηk
(cos θ)|pk ≤ C

∏
k∈Ij

ϕj,k(cos θ)pk
∏
k∈Ij

1

(1+ 2j|θ− πk
2j |)pk

.

Let u, v ∈ Ij, u 6= v such that pu > 0 and pv > 0, and let ninf = mink,l∈Ij,k6=l |k−

l|. We have∏
k∈Ij

(1+ 2j|θ−
πk

2j
|)pk ≥ (1+ 2j|θ−

πu

2j
|)(1+ 2j|θ−

πv

2j
|) ≥ c|u− v| ≥ cninf.

Thus we obtain∑
(pk)k∈Ij

∈Λ

p!
∏
k∈Ij |λ

pk
k |∏

k∈Ij pk!

∏
k∈Ij

|ψj,ηk
|pk ≤ C

ninf

∑
(pk)k∈Ij

∈Λ

p!
∏
k∈Ij |λk|

pk∏
k∈Ij pk!

∏
k∈Ij

ϕ
pk
j,ηk

≤ C
(
∑
k∈Ij |λk|ϕj,ηk

)p

ninf
.
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Now let us proceed similarly to the sketch of the proof of Theorem 6 in the main

text, given in Kerkyacharian, Picard, Petrushev, and Willer (2007). Let us recall

the two main tools.

First, consider the maximal operator (Msf)(x) = supJ3x
(
1
|J|

∫
J |f(u)|sdu

)1/s
,

where the supremum is taken over all intervals J ⊂ [−1, 1] which contain x, s > 0,

and |J| denotes the length of J. Then one can infer the following bound from

the Fefferman-Stein maximal inequality (see Fefferman and Stein (1971)). If

0 < p, r < ∞ and 0 < s < min{p, r, p
α∨β+1 }, then for any sequence of functions

(fk) on [−1, 1] ∥∥∥( ∑
k

(Msfk)
r
)1/r∥∥∥

Lp(µ)
≤ C

∥∥∥( ∑
k

|fk|
r
)1/r∥∥∥

Lp(µ)
.

Second, set η0 = 1 and η2j+1 = −1, denote Ik = [ηk+ηk+1

2 ,
ηk+ηk−1

2 ] and put

Hk = hk1Ik with hk =
(

2j

ωα,β(2j;ηk)

)1/2
, where 1Ik is the indicator function of

Ik. Then ‖Hk‖Lp(µ) � ‖ψj,ηk
‖Lp(µ), and one shows in Kerkyacharian, Picard,

Petrushev, and Willer (2007) that, for any s > 0,

ϕj,ηk
(x) ≤ c(MsHk)(x), x ∈ [−1, 1], ∀k = 1, 2, . . . , 2j, j ≥ 0.

We use these two results, with fk = Hk and r = 1. Noticing that the (Hk)

have disjoint supports, we obtain

‖
2j∑
k=1

|λk|ϕj,ηk
‖pLp(µ) ≤C‖

2j∑
k=1

|λk|Hk‖pLp(µ) = C

2j∑
k=1

|λk|
p‖Hk‖pLp(µ)

≤C ′
2j∑
k=1

|λk|
p‖ψj,ηk

‖pLp(µ).

So there exists C > 0 such that |B| ≤ C A
ninf

, and if we impose the condition on

Ij that ninf ≥ 2C, then we obtain |B| ≤ 1
2A, and thus

‖(
∑
k∈Ij

λkψj,ηk
)‖pLp(µ) ≥

1

2

∑
k∈Ij

λ
p
k‖ψj,ηk

‖pLp(µ).


