Figure 2: The true density of the first example.

A TIllustrations

First example. FigurePlshows a product density with monotonic marginals.
The density is f(z1,22) = g(z1)g(z2), where g(t) = (¢! —1)/(e — 2)Ijo11(t).
We generated a sample of 300 from the distribution of this density. We took
the the resolution parameter of the dyadic histogram to be J = (4,4). Fig-
ure B shows the histogram with 2* = 16 equispaced bins in each direction.
This histogram corresponds to the choice @ = 0 of the resolution parame-
ter and thus the partition of this histogram is the finest allowed partition.
Figure @l shows the dyadic histogram with o = 0.025.

One can see that the partition of the dyadic histogram has been adapted
to the underlying distribution. The bins around the mode have the finest
allowed resolution, but in the tails the small bins have been combined to
reach optimal larger bins. The small bins in the tails have been joined mostly
along the coordinate axis.

Second example. Figure Bl shows a density which is constant in the x-
direction and monotonic in the y-direction. This is a prototypic example
of a density which has anisotropic smoothness. The density is f(z1,22) =
9(x2) I 10,11 (0,1 (®1, T2), where g(t) = (¢! —1)/(e —2). We generated a sample
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Figure 3: The dyadic histogram with o = 0 for the first example.

Figure 4: The dyadic histogram with a = 0.025 for the first example.
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Figure 5: The true density of the second example.

of 300 from the distribution of this density. We took the the resolution
parameter of the dyadic histogram to be J = (4,4). Figure B shows the
histogram with 2* = 16 equispaced bins in each direction. This histogram
corresponds to the choice a = 0 of the resolution parameter. Figure [ shows
the dyadic histogram with a = 0.05.

One can see that the partition of the dyadic histogram contains splits
only in the y-direction: the anisotropicity of the underlying density has been
detected.

B Oracle inequality

B.1 General setting

We will state an oracle inequality in a general setting, in order to simplify
the notation and exposition. We denote

fna(a:) = f (:U,Ama) , r € RY, (51)
where
fla,A) =) No(z), z€eR (52)
pED
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where D C Ly([0,1]¢) is a collection of functions, we will assume that D
has finite cardinality, and A = (\y)gep € RP gives the coefficients of the
expansion,

~

Ao = argming, &, (A, ), (53)

En(A @) =7 (f(A)) +a- D(A),
where 7, is defined in @), o > 0,

D(A) = #{Xs : Ay # 0}, (54)
and K c RP.
Theorem 2 We have for the estimator f,m defined in (1), based on i.i.d. ob-
servations X, ..., X™ from the distribution of a continuous density f : [0,1]¢ —
R, that
. 2
— - < i -1
Ey||fua, = £, 10 < €1 inf K (/A 00) + Con™, (55)
where )
K(f.A ) = |70 = £ +a- D), (56)
Ko = {A € K: |f(-0)llo < 2B}, (57
where Bo > || flloo s @ positive constant.
1 D
an = Cp, Bo % , (58)

where Cr,, Cy, Cy are positive constants, and 1g is the indicator of the event

@ = (oo < 2B2c) (59)

B.2 Proof of Theorem

Denote f = fn,an and A = An,an. We condition on the set  so that A € K.
Let f be the true density and let A° € K. Denote

C = ClK(f7 AO? an)a
where ('] is a positive constant to be chosen later. We have that

Blf - 12
= [ P (- s> 1)
< ¢ [ P(1-r> 1)
— g+02n1/ooop(|]f—f”§ > an*1t+§> dt, (60)
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where (5 is a positive constant to be chosen later. Let a > 0. Now

def

A ()= 11> e+ )
= (a+0If- 113
> allf = fI3+ CLE(f,A% @) + Con™'t) (61)

Lemmal@limplies that the theoretical error-complexity of the minimization es-

timator may be bounded by the theoretical error-complexity of 0 = f(-, A?),
with the additional empirical term:

K(f, A an) < K(f,A% ) + 20 (f = 1°)
& I = FI3 < K(FA" @) = anDR) + 20, (F = 7).
Thus we may continue (B1l) with
A e (o (f-r) > 1 I+ 0Dl

Cl 0 02 —1
+<a+1 1)K(f,A,an)+a+1n t)

< (e (- 17) > wid)g)
- <wp%dmywﬂMﬁ>>g

where we used the fact that on €, Ae Ky, and we denote

1 . 01 a
¢ = — min -1, —— >,
2 a+1 a—+1

. 2 A
w) = [[Fen) = o[+ 11 = o+ T
7(A) = C; [nay, (CryiD(A?) + CraD(A)) +1] (62)
_1 CQ _Cl—a—l C _CL—|—1
T_§a+17 7,1 — 02 ) T,2 — 02 .

We need to choose Cy, Cy, and a so that 2C! < 2. This inequality will be
needed in ([I). This choice is possible: we take 2(a 4+ 1)/Cy < . We need
also C1/(a+1) —1 > 0 to guarantee £ > 0. We have

P(A) < P(B). (63)
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We prove that
P(B) < Cexp{~(C1,Bx) '}, (64)

where C' and O, are positive constants. This proves the theorem, when we

combine (B0) and (G3).

Proof of (64]). For ® C D, let Koo be the set of coefficients in K, which
are non-zero exactly at the positions given by set ®:

Koo ={A €Ky: Ay #0if and only if ¢ € d},
where we use again the notation A = (A\y)gep. Let for i =1,2,..,
D, ={®CD:#b=1}

be the set of subsets of D of cardinality [. We may write

o0

Ko = J | Koo

=1 ®eDy,

That is, we make a countable partition of Ky and each member of the parti-
tion is the set of vectors A which have exactly [ non-zero elements. We have

that .
Bc|J Bs.
=1 e,
where 3
_ v (f (5 N) = va(f°)
P = <Kp wdy §> |
For & € D,
P (Bg) < 2exp{—(CBx)"!(t +1L)}, (65)

where C, is a positive constant defined in (IZ) and
L = C By log (#D).

We prove (G3) below. We have that

we(P)s(). e
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Thus,

P(B) < zizexp{—(cLBm)l(HzL)}

I=1 deD,
= [ e#D
< 2
<2y (4
=1
< Cexp{—(CpBs) 't},
by the choice of L. We have proved (64]) up to proving (B3).

) exp{—(CrBs) ' (t +1L)}

Proof of (6h]). Denote

Z =supvp(9g),
geg
where R
. A) — fO
g:gq): MIAGKQ@ s (I)EID)l.
w(A) ’
Denote - 0112
SA) =1
Un = Su 2 = su ||f( ) 2
0 gEIQ) ”gH2 AEKE)@ wQ(A>
and

T=0C; [nan (C’TJD(AO) +Cro l) + t} .

We have for ® € D, A € Kq ¢, that 7(A) = 7, where 7(A) is defined in (&2).

Thus, for ® € D; and A € Ky o,

w2 (Jfen- T = e s, (2)

Thus
vy <

N3

We have that
(BZ)” <|[flleo (I + D(A") 771

We prove equation ([{0) below in page Bl Denote
n’ =71 (t + C.oLl).
Then we have

(EZ +1)* 2[(EZ)* +n?]
277" [Bo (1 + D(A°)) +t + Cro L]
201

£2

VAN VAN VAR VAN
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since
C:'t > L(CriD(A°) + Cral) +t > BogD(A) + (Boo + CroL) L + ¢,
where we used na,, = L and C;1Cp log, (#D) > 1. Eq. ([I)) implies that
P(Ba)=P(Z>€) < P(Z> EZ+7). (72)

Denote
b= sup{llgllw: g € G},
and
v = sup{Var;(g(X")) : g € G}.
By Talagrand’s theorem, as given in Bousquet (2002), Theorem 2.3, by ap-
plying the inequality h(t) > ¢*/(2+2t/3),t > 0, for h(t) = (1+t) log(1+t)—t,
we get

2
P(Z>EZ+n) < ,
(22 BZ+m) < exp {2@ T 20EZ + nb/3] } (73)

We have n
0 < flleto < 1l 2.

Also, for for & € D; and A € Ko ¢,

-
A) > — 4
w(A) > o (74)
and thus
2n ~ 4an
b<— swp [f(A) = fllw<—B,  B=2|fllx,
T AEKO’Q T
by the definition of Ky. Thus, applying inequalities EZ < &, n <€,
v BEZ4h/3 < = flle (148 £2+1/3)
de n
2 21 eCur2 (75)
Thus
P(Z > BZ+1) < exp{—(t +11)/(BuC)}. (76)

Eq. (63) follows from ([/2) and ([74).
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Proof of ([T0). Let A € Ky where ® € I;. Denote D(A,A%) = {¢p € D :
Ay # 0 or A} # 0}. Let {t1,...,%¢y} be a basis of the span of D(A, A?). We
have k < #D(A, A°) <1+ D(A°) and, applying (G3),

1FC.8) — 13 _n

su .
AEKE)@ w?(A) T
Thus we may apply Lemma [ with B2 = n/7 to get ({0). O

B.3 Proof of (32)

The series estimator f; , defined in (Z2) is equal to the estimator f,m defined
in (B1]), under suitable identifications. Indeed, we note that we can write

f;,a(‘r) = -]E <x7 Wn,OH én,av BATL,O[) bl 'r E Rd7 (77>
where
(Bn,av én,av Wn,a) = argminBeE,@eRB,WeW(B)gn (W,0,B,a). (78)
We have that R
fral@) = faa(z), zeRY (79)
when we choose
D — {I[Ovl}d} U U B,
BeL
and
K c {AeRP: A e W(B) for some Be L}. (80)

Definition (B0) is explained by the fact that the vectors A = (Ag)sep have to
be such that components are non-zero only for a single basis B: {¢ : A\, #
0} C B for some B € L. Eq. ([3) holds since we may use the identification
)\¢ = w¢9¢.

Cardinality of the library. To apply Theorem P]we have to check that the
smoothing parameter in (B1l) has the same order as the smoothing parameter
in (BY). This follows because the cardinality of the dictionary D = {154} U
Uger(s)B satisfies

#D <C- nalog2(2d) (81)

for a positive constant C. The calculation of the cardinality of the library is
basically the same as the calculation in (23)). Indeed, every function in B(7),
defined in (IH), may be obtained as a node of a large multitree which has 1
root node, where the number of children of each node is equal to 2d, and the
depth of the tree is equal to |J,,|mar < [alogyn]. The number of the nodes

of the tree in question is Y17me ! (2d)7 < (2d)7nlmar
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Final detail. Theorem Blinvolves set Q defined in (59). We need to show
that the restriction to this set is not essential. We have the bound

* 2 * 2 a e
Bl = Mt < (Ml +100) P (). (82)
where we applied the fact that ||g||3 < |lg||%, when the support of g is
contained in [0, 1]¢. First, for all samples,
[ franlloo < 1" (83)

for some x > 0. We may prove (B3) by noting that by Lemma [, || f; ,[lc =
| fnalloo and || fr.allee < 217!, since 27! is the minimal volume of the rectangles

in the partition of histogram fma. Second, we need that for sufficiently large
n7

~ ef o 31 f oo
P (Qc) S 5:; d:f n/{ eXp {_nla ”fSH } , (84)
for some k' > 0, where 0 < a < 1 is the fineness parameter in ([28). Equation

(B follows from Bernstein’s inequality. (Note that also in the proof of (§4)
we apply Lemma [Il) O

C Proof of Lemma {4

As before, we denote J* = Jp,~. We prove that

- : 2 2Cp,L,d 20/(20+1)
Z Z min {77, a} < 2+2ﬁ*_1 e (85)

m=0 k€K s+ (mm)

and

> 2d12
2 .~ 20/(20+1)
Y. DL mSprogo , (86)

m=M+1 kEKJ* (m)

when 0 < «a < 1 is sufficiently small, where 7, is defined in {X), Cp 14 =

=1,...,a\< &~ » & M T A =1,

.....

B = B, and with the basis B, = B*.

Proof of (84)). Let m* > 1 be defined by

1
m* = [ log, al—‘ : (87)
o
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Note that m* < M since @ > 1/(20 + 1) by the lower bound in ). Write

Z Z min {77, a} <A+ B, (88)

where

= Z 3 a—aZQm— (2m+1 — 9)

m= Ok‘EKJ*(

m)

< 20[0{ 1/(20’+1) 2a20/(20+1) (89)

by the definition of m* in (&1), and

B “ Z Z mln{mk, }

m=m*+1kEK 7+ (m)
M
< Y a2 N e, (90)
m=m*+1 kEK 7% (m)

where p; is defined in (f7), and we use the notation [, = h*(m + 1). Above
we used the fact min {72, a} < o' P/2|7,,|7, for [ = 1,...,d. Indeed, we
have that when 72, < «, then o!™P/2|7, [Pt > 72 and when 72, > a, then
o' 7P2| 7 [P > . We have from Lemma B that

> I

k‘EKJ* (m)

P, < (2U2L2m) M B — o4 1)2— 1. (91)

Continuing from (@),

M
B < Cpra Z o P 29 Py, mBm (92)

m=m*+1

M
= CoLa E ot P, /29D, M Bmgbry, (M —m)Bm

m=m*+1
Cp7L7d m*
< 2266’17,[/,0; . &20/(204—1)’ (94)

where in ([@2) we applied ([@]). In ([@3) we applied

o P /29—, m*(0+1/2) <1
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which holds due to the choice of m* in (§7), and we applied in ([@3)) also the

fact
= > 1
D ;‘n(m —m)fm —Bx\m —
>, 2 = mz::l(z A —

m=m*-+1
which holds because p;: > 1, because >~ ;7™ =r/(1 —r) for 0 <r <1,
and because [, > 0 which is assumed in ([Z9). The claim (8H) follows from

®Y), (B9), and (@4).

Proof of (8@]). We have that

00 [ 2/]51;6”
> e = > |2 Il (95)
m=M+1 kEKJ*(m) m=M+1 k‘EKJ* (m)
< 202 ) gmme (96)
m=M+1
2412 )
—28. M
< gy 2 &y
2dr? .
ﬁ*a
2dr?
. ~20/(204+1)

where in (@3) we applied the subadditivity of the function z +— z?/2, in

([@d) we applied (@), in @7) we applied that for 0 <r <1, 30" 7™ =
rM+1/(1 —r) and the fact that 8, > 0, in [@) we applied the choice of M in
EJ), and in [@) we applied the lower bound for @ in ([HF]). We have proved
Lemma @l O

D Auxiliary lemmas

D.1 Complexity penalized approximation error

Lemma 5 Let By, be a basis of Ly([0,1]%) such that B C B, where B is an
orthonormal system. Then,

min K (f,W,04(B), B, a)

we{0,1}8

= a+Zmin{9?7¢,a}+ Z HJQW,

peB PEB\B
where GM = fRd f¢; @f<8) = (ef,¢>)¢>65'
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D.2 Pre-oracle inequality

Let
C ={gx:k €K}, (100)

where g, : R? — R and K is a set of parameters. Let D : K — [0,00) be a
penalization term and define the complexity penalized empirical risk as

En(k, @) = Y (9x) +a D(k), (101)
where 7,(¢g) is defined in (#]) and o > 0 is the smoothing parameter control-
ling the amount of penalization. We assume that D(k) takes larger values
for more complex g,.. Let & be such that

En (Rya) < inﬂf{é’n(/{, a) + €, (102)
KE

where € > 0 and define the minimization estimator by

~

=0z (103)

Lemma 6 Let C C Ly(R?) be parameterized by (I00) and let f = gz € C
where & satisfies (IA). Then for each f° = g0 €C,

K(f,k, @) < K(f, 1, 0) + ¢ +2u (f = 1°),
where f is the true density,
K(f, 5, @) = |lgs — fll5 + o - D(x),

and v,(g) is the centered empirical operator defined by

nie) =S 0(X) = [ g,

~

Proof. We have for g = f, g = f°,

lo= 718 = o) = I£15=2 | fa+207 30 a(x),
=1
Thus,

Fotl = (F) o ) =10 = £ =2 (= 1) a04)
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We have

< K(f, k) —En(k,a) + & (K% a) +e— K(f,k°, a) (105)

= |-, =D+l = N1 = 1
— 2, (f - f°> te (106)
In (I08) we applied (I02) and in ([I06) we applied (I04). O

D.3 Expectation of the supremum

Let G be a set of linear combinations of an orthonormal system:

k k
g:{ZQj¢j:Ze§gB§}, (107)
j=1 j=1

where {¢1,..., ¢} is an orthonormal system and 0 < By < oco. We have a
bound for E'sup,; v,(g) which depends essentially from /k/n.

Lemma 7 Let G be defined in {I07). We have that

Bsupv,(9) < Bal fIL (k/m)?.
ge

Proof. By the Cauchy-Schwartz inequality, for g = Ele 00, €G,

k k 1/2
vn(g) = ZHJVn(@') < (Z 0; ZVn(¢j)2> :

=1 =1
We have E|X|Y2 < (E|X|)/2. Thus,

k 1/2
Esupv,(g) < By <Z Eun(asjf) :
j=1

geg

We have
EVn(¢j)2 < Hf”oonila

which implies the lemma. O
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