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4 Proofs
Proof of Theorem 2.1. For u = (u1,- - ,ur)T, put
i (w) = ;5" (o + (= v + 1))/,

() = w2 (v + (n— v +1)""?u)/\/hjs,
€8 (s,u) = I(eju < sije(w)) — Fej (s e(w)) — {I(eje < smje(w)) — Fej (30,0 (w))},
€2 (s,u) = I(eje < smje(w)) — Fej(snje(w)) — {I(eje < 5) — Fej(s)},

Ei.e(s,u) = €1 (s,0) + €7 (s,w),

Si(s,u) = Z &jt(s,u).

Following the proof of Theorem 2.2 of Berkes and Horvith (2003), we only need to show
that for any A > 0 and € > 0 there exist v = y(¢), § = d(¢) and N = N(e) such that for n > N

155 (5, w)]
P(su su >evn—v+1)<e 4.1
(s b gyt s ()1 — Fes (DY = S @
P( sup sup 15, (s, w)] >evn—v+1)<e (4.2)
lul<A  (ynlogn)—1<P(t)<s 1Fei(8)(1 = Fej(s))}Ps ~ -
P( sup sup 15 (s, vl 7 >ev/n—v+1)<eg, (4.3)

[u|<A  0<1-F(t)<(ynlogn)—1 {Fﬁ](s)(l_F€](s))}

P( sup sup 19 (s, vl >ev/n—v+1l)<e (4.4)

<A (ynlogn)—1<i—F(t)<s 1Fe,i(8)(1 — Fe;(s ))}Ps
Similar to the proof of Lemma 6.1 of Berkes and Horvath (2003), there exists a constant
C(A) > 0 such that for any s, z > 0 and |u| < A

P(|Sj(s,u)| > zv/n—v+1) < C(4)
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Using Lemmas 4.1-4.3 of Berkes and Horvéth (2003) or (5.42) and (5.43) of Hall and Yao
(2003), we have

sup  sup |[f)j,¢(u) — 1] = op(1). (4.6)
lu|l<A  v<tln

It is known that
P(SUPo< r(s)< (yn 1og n)~1 F1+2(8)|(" —v4+ 1) I < 8) — Feji(s)|
€]

>ev/n—v+1)<e

for n large enough.
By Condition 2 and (6.8)-(6.10) of Berkes and Horvéth (2003),

(4.7)

P(Sup|u|§A Sup0<F(s)§('yn logn)—1 {FEJ (S)(]' - F€,j (8))}_B3
|(n — v+ 1) S0, {Fei (70 (w) — Fe ()}
>evn—v+1) < € (4.8)

for n large enough. Using Condition 2, (4.6), (4.7) and (4.8), we can show that
P(SuP|u|§A Sup0<F(t)§('yn logn)—1 {Fﬁaj (S)(]. - Ff,j (5))}_B3

(= v+ )7 S AT (614 < sy () — Feg (s ()} > ev/m—w ¥ 1)
<e (4.9)

for n large enough. Hence (4.1) can be proved by using (4.7) - (4.9).
By (4.5),

P( sup 19 (s, w)] >evn—v+1)<e (4.10)

(ynlogn)—1<s<s {Fﬁa]' (S)(]. - FG,]' (3))}33

as n large enough. Like the proof of Lemma 6.3 of Berkes and Horvith (2003), we can show
(4.2) by using (4.10). Similarly we can show (4.3) and (4.4). Hence the theorem.
Proof of Theorem 2.2. We only consider the case v = 1 since the other cases can be dealt
with similarly. Write
Fog @) (60 > 0) = Fuyes el 2200107 (¢ > 0),
w;,e(75)
Similar to the proof of Lemma 5.1 of Berkes and Horvath (2003), we can show that

{ LS (&) — Fe (e )l (eje > 0) B0
Ly IFe (@) — Fej (i) I (eje < 0) B0,

=

1 R
- D 1Fei(85,6) = Fei(eje)] 2 0. (4.11)
t=1
As in the proof of Theorem 2.1 of Berkes and Horvath (2003), we can show that

lim sup |F.i(t)— F.;(t)] =0 as. (4.12)

n—=X _co<t<oo



fori=1,---,r.
Write

Ly {loge(Fea(ére), -, Fep(ért);0) —loge(Fen(ers), -, Fer(ent); 0)}

€rt
é

= L0 log{c(F, 1(Ene), F rt) O (Nj=iFj(é.) < 52)
2 0 log{e(Fea(@re), - Fur(6ra)i )M (Vima Foi(6,0) > Ar + 1501)
— Liylog{e(Fe(ens), -+, Fer(ert); 0)H (Aj=1 Fej(eje) < 50)
—5 i log{e(Fea(ens), -+, Fer(ert); )M (Vimi Fej(ejie) > Ar + 2531)
+2 0 flog o(Fei(ére), ﬁ r(€rt);0) —loge(Fea(ene), - Fer(€re); 0)} X

Ert
xI(52 < Aj= 1ﬁ1](eﬂ)<vj 1Fuj(86) < A+ 581y
xI(52 < Nj_yF. j(ej1) < Vi 1F,J(e]t)<A1+1 )

+L1 Y {loge(Fei(é) - Fer(ér);6)}
XI(50 < NjmrFej(é5,6) < Viea Foj(é0) < Av+ S5P0)I(52 > A F(e50))
+L 30 {loge(Fei(éne), o Fer(ére); 0)}x
XI(52 < Nioy Fej(&5,) < VieiFej(&.6) < A1+ 20 I(VIm Fe (i) > Ar +
—% S i{logc(Fei(ere), -+, Fer(ert); 6)}x
XI(5 > AjoFj (@))%
xI(52 < N1 Fej(eje) < VieiFej(eje) < A1+
—% S i{logc(Fei(er), -, Fer(ent); 0)}x
XI(Vi_y Fe j(81,6) > A1+ 221)x
XI(52 < AjorFej(ejn) < VieiFoj(ejr) < Ay + 1521
= L+ +1
By Condition C4, as A — 0,

1-Aq
2

1—2A1 )

< Mot (N Fl ()} DN Fe(8.0) < AG)
< Moy Y {Ei (6,00} I(Ej(85,0) < AY)
Mo S oLy I (t/n < AG)

= 0({Ag} )

[ 11

and
(sl < 20 20 A =1 Fejiei)} PO I(Ajmr Fej(eje) < A)
< J\:{O i EJ HFei(€.e)} 301( e.i(€,6) < Ag)
= 0,({A5} 7%0).
Similarly,

=0({1- A7} %) and I =0,({1 - A} %)
as A7 — 1. By (4.11), (4.12) and Condition C4,
I < B3 S Fe(@e) = Feoj(en)
< Ay Yy [Fei(é4,) — Frj(ege)|®
A Sy |Fej(€4,) — Fej(eg,)]t
= 0,(1).
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Note that

ITs| =% 37, {log o(Fu,1(é1,6),- e,r(€r,t); 0)} %
xI(Vi= 1|F,J(53 t) — e,J(EJ,t)| > _QQ)X
XI(A2 < NIy Foj(65,0) < VieiFuj(&5,4) < Ap + 1581)x
><1(é<l > Aj- IF,j(ej ¢)
+E 0 {loge(Fei(én), 5 Fer(éne); 0)}x

XI(Vi_1|Fej(8j,0) = Fejlese)l < 52)x
XI(A2 < NIy Foj(65,0) < Vio1Fej(&,4) < Ar+ 1521)x
xI(5% > A= =1Fej(€j,1))]

< 2 Noge(Fen(éne), -+, Fer(re); ) (Vima | Fej (€e) — Fej(ese)l > 52)%

(AO </\J 1F,J(€J t) <V] 1F (ejt) <A1+ 1-— Al)x
(Ao 2 Nj=1Fei(€i0))
+3 v [og e Foi(B1e), y Fer(Ert); 0)I(Ns=1 Fe i (85,4) < Ao).

It follows from (4.11), (4.12) and Condition C4 that

Is = 0p(1) as Ag—0.

Similarly,
Ir=0,(1) as A1 —1, Izg=o0p(1) as Ay —0,
Is =0p(1) as A; =1
Therefore,
suPgee |5 iy flog c(Fei(é1,e), -, Fer(ér):6)
—logc(Fei(ers), -+ s Fer(ent); 9)}| = 0p(1).

By Theorem 4.2.1 of Amemiya (1985) and Conditions C1-C3,

S“Poe®|l2? 110gc(F€,1(61, ) v er(er t)e)
—E{lOgC( € 1(61 1)7 1FE,'I‘(6’I‘ 1) 9)}' 5 0.

Thus, by (4.13) and (4.14),

SuPoeeHE: 1 log ¢( 5,1( 1)y Ae Fer(&,4);0)
—E{logc(Fe1(€1,1), s Fer(ern); 9)| 0.

It follows from Jensen’s inequality that

log c(Fe,1(e1,1), , Fe,r(€r,1):6)
logc(Fe,1(€1,1), " Fe,r(€r,1):00)

c(Fe,1(e1,1)s s Fe,r(er,1)50)
< logEC(Fe,1(€1,1),---,Fe,r(ér,l);eo) for 6 # 6o,

Elogc(Fei(ern),  + , Fer(€rn); )
< ElOg C(FE 1(61,1), s ,Fe,r(er,l); 90) for 6 7é 90.

>

Thus the theorem follows from (4.15), (4.16) and Theorem 4.1.1 of Amemiya (1985).

(4.13)

(4.14)

(4.15)

(4.16)
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Before proving Theorem 2.3, we need a lemma which generalizes Lemma 5.1 of Claeskens
and Van Keilegom (2003) to the higher dimensional case. Let Uy = (Ui,1,--- ,Up1)T, -+ ,Un =
(Ut,n,- -+ ,Urn)T denote independent random vectors with multivariate uniform distribution on

[0,1]". For z = (x1,--- ,,)", define the empirical process
— < . vt < XTp) — it-
Un(z) =vVn—v+ { +12IU“ z1,- 0, U < zp) gx}

Let £ i) denote z = (z1,--- ,wT)T with z; replaced by 1 when j is not one of 41, , i,
(1 5)* denote z = (#1,--- ,z,)T with z; replaced by 1 when j is one of i1,--- i), and

xj(” “)* denote the j-th element of z(*1>"#)* Put

r

Von o) = 0 3 T )

k=1 ineetiy G=1

and
r

Ve, - ,2r) = Z(_l)k z {ﬁ w;ih'“ ﬂ'k)*}U(x(h,--- ,ik))_

k=1 i1 F-Fig J=1

LEMMA 4.1. For any B € (0,1/2),

- V(@) - V()
z=(z1, ,z»)T €[0,1]" Hz‘:l (wl)ﬂ(l - xi)ﬂ
Proof. By induction, this lemma can be proved by following the proof of Lemma 5.1 of
Claeskens and Van Keilegom (2003).
Proof of Theorem 2.3. Define

671,(3317"' 7557") =vn—v+ {n PES] Et v ( 51(61 t)<x17 FE,’I'(er,t)Sx’!')
_C(xla o :xTie)}'

= 0,(1). (4.17)

Write

Tt Lovey O(Fei(en), -+ s Fer(en,t); 60)

= [8(z1, ,20)dBn(T1, 203 00)
+ [8(z1, - 2 00)c(@r, - Tr; 60) day - - da,

= [6(T (21, - ,2r);60)dBn(Ty (21, ,2r))

< Jo(T  (z1,- - y20);00) dUn (21, - - - 1)

= [6(T (@1, - ,2r);00) d{Un(z1, -~ ,2r) = U(z1,-- ,2r)} (4.18)
+f5 (1, 20);00) dU (21, -+ , 1)

= ) [T (z1, - ,20); 0 )d{Vn(:Ih,---,xr)—V(xl,---,x,)}
+ r+1f5 (@1, )3 80) {0 1( 1)kzi1;é---;éik( T 1“3](“’ @k)*)
(Ua(a80) S )[BT )3 00) AU, )

= L +1)+Is.

By Lemma 4.1 (i.e., (4.17)) and Condition N2,

I = /{Vn Breee30) = V(@ @)} ST (@1 5 20); 00) = op(1). (4.19)
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Iteratively applying the same trick to Uy (1" %)) — U(z®1" %)) we can show that
I = 0,(1). (4.20)

For any z = (z1,--- ,%,)7, define D, = {(a1,...,a,) : a; < 2,4 = 1,...,7}. It follows
from Condition N1 and Theorem 1 of Csérgé and Révész (1975) that

sup |Bn(z) —U(T: Dg)| = 0(1) a.s. (4.21)

Using Theorem 2.1, Condition N3 and Taylor expansion, we can show that

T Y AS(Fen(é1e), -+ Fer(ér0)560) = 8(Fen(ene),- -+ Fer(ere); 60)}
= \/mzt y oo 0i(Fea(ene), -, Fer(ert); Bo)x
}{Fi(8i0) = Feile) H1+ op(l)}
= Wzt y 2o Oi(Fea(ent), - 5 Fer(ert); Bo)x
X {Feyi(it) — Fei(&,0) {1 + 0p(1)}
+\/n—T Yoty 2iz1 0i(Fea(ene), - Fer(ere); 0o) x
X{Fei(8it) = Fe,i(eie) H1 + 0p(1)}
= mzt:u Ei:l i(Fe,l(El,t)a"' aFe,r(ET,t)§90)X
<{U((1,--- 1, Fi(éi4),1,--- , 1)T)
Fy el @)V — v T TG — ) TECat I} + 0,(1)) (4.22)
+n+u+1 Yoty izt 0i(Fea(ene), - Fer(er,t); 00) x
Fi(eie)vn — v+ T{éis — € }{1 + 0p(1)}
= o= ,,+1 Zt ,,Zl 1 di(Fea(ere), -, Fer(ere); 00)x
x{U((1,-+-, 1, Fi(eie), 1, -+, 1)7)
FhesiFL (e )V — v+ 103 — )" BC21T0N (1 4 0,(1))
— T Doty i1 Gi(Fea(en), -+, Fer(er); 60) X
X Sei o FLi(ei,)v/n — v F 13 — 1) mt T2 (1 4 0,(1)}
= Yo Jéi(e, -z 00)U((L, -+, Lwg, 1,0+, 1)T)x
xc(z1, -+ ,r;00)dey - - - dey + 0p(1).

Using Conditions N4-N6 and similar arguments in proving (4.15), we can show that

SUPgco, |n PR Et v aoaao log C( e, 1(é1,), e,r(ér,t);0)

E{aa 9, logc(Fea(e,1),  Fer(ern); 9)}|—>0

(4.23)

for 1 < 4,7 < m. Hence the theorem follows from (4.18), (4.19), (4.20), (4.22), (4.23) and
Theorems 4.2.1 and 4.1.3 of Amemiya (1985).
Proof of Theorem 2.4. It follows from Theorem 2.1 that

sup,,, [V — v+ {E;(F(27) — 2} = U((L,- 1,25, 1, 1))

- h N w1 (vi) (4.24)
EL (g Fy (F )W — v 135 — ) T B0 = (1)




Applying Lemma 1 of Vervaat (1972) to (4.24), we have

SupZ]‘ |V’n—1/+1{F5,j(ﬁ:j(.'Ej)) —.’L']}+U((]., 111$j’1a"' 31)T)
- - 2 w} 1 (v5)
F (2 FLi(F (@)W —v+ 1(3; — 1) "E(g255)| = op(1),

wj 1(v;5)
that is,
sup,, wm JF @) E () = Foy ()}
+U((1, ,1,25,1,- 1) )
+F@MA(MMﬁﬁ7 — ) TE(E5)] = 0,(1).
‘Write
Ce(@1,- - ,2r) — C(x1,- - , Tr; 60)
= oo L Fei(ers) < Foa(E7 (21) 312233): ;
For (60) S P (B (00)y[52423)
~O(Fep(Eoy () [2208), o Fop (B () Z::Ei: );60)}
nwamwmumoﬁﬁb Fop (B (20)y/ 222820)); 6)

—C(ﬂ?l, . ,mr,eo),

Foj(F (), 2tliay g

wj,t(v5)

= {F7 ()RR — F () }EL (F(23)) (1 + 0(1))

and
Wit (¥5) 1
wj, t(’Yj)
T“’J +(75)

= %('YJ Vi w”(»,)(l“‘op(l))
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(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

as t and n large. Hence the theorem follows from (4.26) - (4.29), Theorem 2.3, (??7) and Taylor

expansions.



