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A DOUBLE AR(p) MODEL: STRUCTURE AND
ESTIMATION
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Abstract: The paper considers the so-called double AR(p) model,

p
Y = Z DiYe—i + Mt

i=1

where 7y ~ ii.d. N(0,1). It is shown that the necessary and sufficient condition
for the existence of a strictly stationary solution to the model is that the top
Lyapounov exponent <, defined in the paper, be negative; the solution is then
unique and geometrically ergodic. The necessary and sufficient condition for the
existence of a strictly stationary solution to the model with Ey? < oo is also
obtained. The maximum likelihood estimator of the parameters in the model is
shown to be asymptotically normal. The condition for this is again only that ~ is
negative which includes the case with some roots of 1—-3%"7_; ¢:z' = 0 on or outside
the unit circle, and the case with Ey? = co. The result is novel because all kinds of
estimated ¢;’s in these cases are not asymptotically normal in the classical AR(p)
model with i.i.d. errors; it may provide new insights in this direction.

Key words and phrases: Asymptotic normality, double autoregressive model, max-
imum likelihood estimator, stationarity, geometric ergodicity.

1. Introduction

Consider the autoregressive (AR) model with conditional heteroscedasticity:

p p
Yr = Z GiYr—i + ey | w + Z iyl (1.1)
i=1 i—1

where w,a; > 0,t € N = {-p,...,0,1,2,...}, {m:} is an independent random
sequence, 7 ~ N(0,1), and y, is independent of {n; : t > 1} for s < 0. Let
Fi be the o-field generated by {n:,...,m,%0,-..,y—p}, t € N. The conditional
variance of y; is var(y|Fi—1) = w+>.b_, ayy? ;. Model (1.1) is a special case of
ARMA-ARCH models in [Weiss (1986) and an example of weak ARMA models
in [Francq and Zakolar (1998, 2000), but it differs from Engle’s (1982) ARCH
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model if ¢; # 0. We call (1.1) the pth-order double AR(DAR(p)) model. Mo-
tivation for the DAR(p) models can be found in Weisd (1984) and [Ling (2004).
Up to now, Engle’s ARCH models have been well-understood. For some impor-
tant results on Engle’s ARCH models, we refer to Berkes, Horvath and Kokoszka
%),lﬂaﬂ_andlad (2003), Francq and Zakolar (2004) and Llensen and Rahbek
). However, we know relatively little bit about Weiss’ ARCH-type models.

The first focus of this paper is to investigate the structure of (1.1). When

p = 1, it was studied by IGués (Il9&4), Borkoved (IZOQ.]]) and
Borkovec_and Kluppelberg) (IZO_OJ.) A general theory for this class of time se-
ries models was developed by (Chen and An (1999) and [Chen_and Chen (2000).

However, under which conditions the general DAR(p) model is stationary and
ergodic remains an open problem. This paper solves this problem when the 7,
are normal. In Section 2, we give the necessary and sufficient conditions for the
strict stationarity and the weak stationarity of model (1.1). Furthermore, these
conditions are sufficient for the ergodicity.
The second focus of this paper is to investigate the estimation of (1.1). [Weisd
) first proved the asymptotic normality of the quasi-maximum likelihood
estimator (MLE) of the parameters in (1.1). But he assumes that By} < oo.
The moment condition of y; directly links the restriction to the parameters. The

following table from Ila_,_hng_a.n_d_Mmd (IZO_O_ﬂ) gives some moment conditions

of with ¢1 = 0 and p = 1, i.e., ARCH(1) model. It can be seen that Ey} < oo is

Q

y¢ | Strict stationarity 2nd moment 4th moment 8th moment
o1 (0, 3.5620- - -) (0, 1) (0, 0.57---) (0, 0.3--+)

a very strong condition. Up to date, the condition for Ey} < oo has not yet been
established if ¢; # 0. However, from the figure in Section 2, we can see that
Ey? < oo is a much stronger condition than that for the strict stationarity and
hence so is Ey} < oo. m (m) showed that the MLE of the parameters in
(1.1) with p = 1 is consistent and asymptotically normal only under the strict
stationarity condition. Its least absolute deviation estimator was studied by

\Chan_and Peng (IZOQ_EJ) In Section 3, we extend Ling’s results to general DAR(p)

models. All the proofs are given in Appendix A and Appendix B.

2. Structures of DAR(p) Models

We first let & = (€1, - . ., €pt) be an independent p x 1 standard normal vector
independent of {n;}, and let A; be the p x p random matrix

A = <¢1 +aré o Ppo1+ S 1&p-14 Op + \/Oé_pﬁpt>
Ip—l O(P_l)X1 ,
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where I, is the r x r identity matrix and O,«s is the r X s zero matrix. Let
|M|| = /tr(MM') for a vector or matrix, M. To state our result, we need the
notion of top Lyapounov exponent, defined as

= mf{LEm A Ay, 0> 1) (2.1)
n

Since &;; ~ N (0, 1), we can show that Fln™ || 41| < oo, where In™ 2z =max{Inx,0}.
Thus, it follows from the subadditive ergodic theorem (see Kingman (1973, The-
orem 6)) that, almost surely (a.s.),

1
v= lim —In||A;--- A4,]. (2.2)
n—oo n

Given ¢; and «; it is generally difficult to compute 7, but we can easily estimate
~ by using simulation to sufficiently large n. Now, we can state the following
theorem.

Theorem 2.1. The necessary and sufficient condition for the existence of a
strictly stationary solution to (1.1) is v < 0. Furthermore, the solution {y; : t €
N} is unique, geometrically ergodic, and E|y:|* < oo for some u > 0.

Remark 2.1. The proof of Theorem 2.1 transforms (1.1) into a Markov chain.
We then verify the regularity conditions in [Tweedid (1983) and [Tj¢sthein (1990)
for sufficiency. This method has been commonly used to find sufficient conditions
for stationarity of nonlinear time series models, see for example [Tong (1990),
Chen and An (1998, 1999), ICarrasco and Chen (2002) and [Ling and McAleer
(2002). However, the verification of these conditions for (1.1) is nonstandard.
Our main idea is to find a random coefficient AR (RCAR) model such that the
model has the same transition probability as (1.1). The proof of necessity is to
verify the conditions in [Bongerol and Picard (1992).

Remark 2.2. The result in Theorem 2.1 holds for the following general case:

p1
ye=Y ili—i+m
i=1

by letting p = max{p1, po} with ¢; = 0fori > p;, and a; = 0 for j > po. Theorem
2.1 implies that the strictly stationary solution {y;} to (1.1) has an absolute finite
moment E|y;|* < oo for some u > 0. This also implies that the strictly stationary
solution to the ARCH (p) model (i.e., (1.1) with ¢; = --- = ¢, = 0) has an finite
absolute uth moment. A similar result for a GARCH(r, s) model was established
in [Ling (2007).

Let p(A) be the moduli of the matrix A (i.e., p(A) = max; |v;|, where v; is
the eigenvalues of A). We next give the result for the finite second moment of y.
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Theorem 2.2. The necessary and sufficient condition for the existence of a
strictly stationary solution, {y; : t € N'} with Ey} < oo, to model (1.1) is that
plE(A: ® Ay)] < 1, where @ denotes the Kronecker product of matrices. The
solution is unique and geometrically ergodic.

Remark 2.3. From the proof, we can see that (1.1) is equivalent to an RCAR
model in distribution. The equivalence of the two models in the second moment
was given by (Tsay (1987). The RCAR models were already studied in the lit-
erature by many authors, e.g., [Pham (1986). However, the structures (or data
generating mechanisms) of (1.1) and the RCAR model are not the same at all,
although they have the same marginal distribution.

Remark 2.4. When p = 1, v = Eln|¢; + /a1&|. In this case, the condition
in Theorem 2.2 reduces to ¢? + a3 < 1. Figure 1 gives the regions of (41, ;)
such that ¢ + a; < 1 and Eln|¢1 + /a1&| < 0. For the general case, note that
| Ay -+ Apl|? = C'[[T1L, (A: ® A4)]C with some constant vector C. By Jensen’s
Inequality, we see that p[E(A; ® A;)] < 1 implies v < 0. From Figure 1, we

can see that the condition v < 0 allows the case with some roots of ¢(z) =
1—>"" | ¢;z" =0 on or outside the unit circle, and the case with Ey? = cc.

B
0 , : v
-2 -1 0 1 2
Figure 1. Eln|¢; + /a1&] < 0 as (¢1,01) € AUB and ¢? + a1 < 1 as

(¢1,0¢1) c B.

Remark 2.5. Model (1.1) is a special case of the following general model,

Yt = f(yt—la e 7yt—p) + Ut\/h(yt—h e 7yt—p)7

where h(yi—1,...,y—p) > 0 and {m} is a sequence of ii.d. random variables
with zero mean and variable 1. Under this framework, stationarity and moment
conditions have been extensively studied in the literature, e.g., |Ango Nzd (1992)
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Masry and Tjgtheim (1997), Ll (1998), ICline_and Pu (1999) and [Lu_and .Jiang
(2001)). Unlike our method, these papers obtain sufficient conditions for station-
arity and the existence of moments by directly checking the regularity conditions
in [Tweedid (1983) or [Tjgstheim (1990). Applying their results to (1.1), the
weakest sufficient conditions for stationarity is from [Luand Jiang (2001), which

p P
Z |¢i| + Elne Zai <1,
i=1 i=1

where E|n;| = /2/m when 7, is normal. This condition is also sufficient for

is

E|yt| < oo. Comparing this condition with that in Theorem 2.1, we can see that
it is far from the necessary condition, see Remark 2.4. The weakest sufficient
conditions for Ey? < oo is from [Lul (1998), which is

(Slol) + Y ai<t.
i=1 =1

Except for the case with p = 1, this condition is also stronger than that in
Theorem 2.2. For example, when a; = --- = o, = 0, the condition in Theorem
2.2 reduces to the necessary and sufficient one for stationarity of the usually
AR(p) model, which is much weaker than Y ?_; |¢;| < 1. In practice, we should
first see if these simple conditions are satisfied. If not, we then check the condition
in Theorem 2.1 or 2.2. Necessary and sufficient condtion for the DAR(p) model
when p > 1 and 7, is not normal are still not known.

3. Maximum Likelihood Estimation

Let A = (A, AS) with Ay = (¢1,...,¢p) and Ao = (w, a1, ..., ). Sup-
pose {yY_p,...,yn} is generated by (1.1) with parameter Ao = (N, Ay,)". The
conditional log-likelihood function (ignoring a constant) can be written as

(3.1)

= 1 e2(\)
L,(\) = = —In(\Yoy_q) — — 7
(M) ;:2 £(A) and (M) = —5 In(AY2-1) TR

where e/(A) = yr = MY1i-1, Yie = Wty - Ye—pr1)', and Yoy = (L7, ., 07 ,01)
Let © be the parameter space. The MLE of Ao, denoted by A,, is the maximizer
of L,(\) on ©. Let w, @, @ and @& be some positive constants. Our condition is
the following.

Assumption 3.1. © is compact withw <w <w and a<a; <a (i=1,...,p),
Ao is an interior point in © and v < 0 for each \ € O.

The following theorem gives the asymptotic properties of the MLE.
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Theorem 3.1. Suppose that {y; : t € N'} is the strictly stationary and ergodic

solution of (1.1). If Assumption 3.1 holds, then /n(A, — Xo) — ¢ N(O,Q_l),
as n — 0o, where — ¢ denote convergence in distribution, and

. Yltth > 1 [ Y2tY2/t } }
Q = diag! E iy o (il 2
& { <)‘/20Y2t) 2 [(NypYar)?

Remark 3.1. When 7 is not normal, we still can use (3.1). In this case, A, is
only the quasi-MLE of \g, and Theorem 3.1 holds with Q! replaced by Q~'£0Q~!
if En} < oo and J > 0, where

Y
Yis Yo Y < 1 EU? )
>=F , J 2072t and J = .
<1 /)\’20Y2t )\/20Y2t Y5, Eng’ Enf —1

Ao Yat
The proof for this is the same as that in the Appendix B, except that we need
to modify Lemma B.5 with 2 replaced by X.

Remark 3.2. The condition o > 0 in Assumption 3.1 is used because w +
SP a;y?_; can control the log-likelihood function, score function, and informa-
tion matrix in such a way that they are bounded. We cannot obtain Theorem
3.1 without this condition. The MLE is an optimal estimator in LeCam’s sense
and its asymptotic normality implies that the log-likelihood function (3.1) is lo-
cally asymptotically normal. Theorem 3.1 shows that the MLE of A9 may be
asymptotically normal in the case with some roots of ¢(z) = 0 on or outside the
unit circle, and in the case with Ey? = oco. It is well known that all kinds of the
estimated ¢;’s in these cases are not asymptotically normal in the classical AR(p)
model with i.i.d. errors, see Dickey and Fullen (1979), IChan and Tran (1989) and
Davis, Knight. and Liu (1992).

Appendix A. Proof of Theorems 2.1-2.2

Proof of Theorem 2.1. Let Y; = (yt, Yt—1,- - - Yt—p+1)’, Bp be the class of Borel
sets of RP, and let v, be the Lebesgue measure on (RP,BP). Then (RP,BP,v,)
is the state space of the process {Y;}. Let m : RP — R be the projection map
onto the first coordinate, i.e., m(x) = 1 as @ € RP. Then {Y};} is a homogeneous
Markov chain with state space (RP, BP,v,). It has the transition probability

Y
P(x,A):/(A) ! f(zl lx)dzl, x € RP and A € BP, (A1)

NN

where = (2, ..,a1), & = (1,a2,...,22), and f(z) = (2m)"03e2"/2,
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We first check the vp,-irreducibility of the Markov chain {Y;}, i.e., whether
>0, P'(z,A) > 0 for every x € RP whenever v,(A) > 0, where

P*(x,A) = / P Yy, A)P(z,dy), = € RP, A € BP.
Rp

It is easy to see that the p-step transition probability of the Markov chain {Y;}
is

P
1 i — N X
Pp(x,A):/H (PRI i, (A2)
Aim1 \/Xin \/)\’2X-
where X; = (2;,...,21,21,...,2p—;) and X, = (1,zi2,...,z%,:n%,...,:z:l%_i). Since

the transition density kernel in (A.2) is positive, we know that {Y:} is v-
irreducible.

By (2.1), there exists an integer s such that Eln|[A;--- A,| < 0. Let A; =
Ag--- Ay_gy1, and write g(u) = E||A;||*. Since n; ~ N(0,1), it is easy to show
that g(u) is differentiable on [0,2) and ¢'(u) = E[||A¢||“In||As]|]. Note that
|In2%| < max{z® 279} —1 for all z > 0 and 6 € [0,u/2]. We can show that

Esupue[oyl][HfLH“ In||A¢]||]] < co. By the Dominated Convergence Theorem,
lim, o ¢'(u) = Eln | A < 0. Thus, there exists a constant 5 € (0,2) such that

q(u) is strictly decreasing on [0, §]. Hence, there exists a constant u € (0,1) such
that

E|l A < q(0) = 1. (A.3)

Using (A.3), we next prove that the s-step Markov chain {Y3,} satisfies the
drift condition of Theorem 4(ii) in [Tweedid (1983), i.e., there exists a compact set
K and a non-negative continuous function g(x) such that v,(K) > 0, g(z) > 1
on K, and

E(g(Ya)[Yp—1)s =) < (1 —€)g(), = € K, (A4)

E(g(Yst)|Yi—1)s =) < M, z € K, (A.5)

for some € > 0. The key point is to find a function g such that (A.4)-(A.5) hold.

It is difficult to get g by a direct method. We first consider the RCAR(p)
model

Vi = AYio1 + i, (A.6)

where 7; = (v/wn;,0,...,0)" and Y, is independent of {7y : t' < t}. It is easy to
see that {Y;} is a homogeneous Markov chain with state space (R?, BP,v,), and
its transition probability is

Y
P(z,A) = / ! f(zl Al:ﬂ)dzl, x € RP and A € BP. (A7)
m(A)

N AN
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We choose g(z) = 1+ ||z||*, where z € RP and u is defined as in (A.3). For a
fixed s such that (A.3) holds, we iterate (A.6) to obtain the following expansion:

s—1j—1

ﬁs - <"7]ts + Z H Ats—rﬁts—j) + Ats?v(t—l)s- (AS)
7=1r=0

By (A.8), we have

s—17—1
E(g(Ys)[Yii—1)s = ) < 1+ E||7s + Z H Aps—rTies—j || + Bl Ags || |||
j=1r=0
= B[ Ay |[“]lz]* + C, (A.9)

where C' is some constant. Let K = {z : ||z|| < L} and L be a positive constant.
It is easy to see that

E(Q(?st)ﬁ/(t—ns =z) <M, z€K, (A.10)

for some constant M. Note that E|As||* = E||A;||*. As L is large enough and
x € K¢ by (A.3) there exists € > 0 such that

E(g(Ya)lYi—1)s = ) = g(x) + (B Aws|* = D" + C -1
< o)1 [~ BIAull) + 1)
<(1-¢€)g(x). (A.11)

From (A.1) and (A.7), we know that {Y;} and {Y;} have the same transition
kernel density. By (A.10)—(A.11), we know that (A.4)—(A.5) holds with the same
g(w) and K. For each bounded continuous function G on RP, E[G(Yst)|Y(—1) =
x] is continuous in x. Thus, {Yy} is a Feller chain. Furthermore, since Yy is
vp-irreducible, by Theorems 1—2 in [Feigin_and Tweedid (1987), we know that (i)
Y is geometrically ergodic, which ensures that there exists a unique stationary
distribution 7 for {Yy}, and (ii)

/Hy;tuucm < /Rpg(:v)Tr(d:L’) < 0. (A12)

By Lemma 3.1 in [Tj¢stheim (1990), Y; is geometrically ergodic. Thus, Y; has
a unique stationary distribution 7. Let Yy be initialized from the stationary
distribution 7. Then {y; : t € N'} is the unique stationary solution to (1.1) and
it is geometrically ergodic. Furthermore, by (A.12), E|y¢|* < cc.

We next consider the necessity. Assume {y; : t € N'} is the strictly stationary
solution to (1.1). Then the Markov chain {Y;} has a stationary distribution 7.
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Since {Y;} and {Y;} have the same transition kernel density, the Markov chain
{Y;} has the stationary distribution 7. Let Y be initialized from the stationary
distribution 7. Then, {Y; : t € N} is the stationary solution to model (A.6).

By (A.8) with s = p, we have

ﬁp = Btp + ‘thpi/(t—l)pv (A13)

where By, = 7 + Z?;% Hi;(l) Agp—rfitp—j. Note that now flt = A Api.
Since & is normal and In(1 + ) < z as © > 0, we have that Eln™ || A, =
Emax{ln | Ay, 0} = BI{| Ayl > 1} [ Ayl] < B{(| Ayl — DI{|Ap] > 1}] <
E||Agp|l +1 < oo. Similarly, we can show that Eln™ ||By,|| < co. By the assump-
tion of model (A.6), {Y;, : t € N'} is a nonanticipative solution to (A.13). Since
{Yi, : t € N'} is strictly stationary, it follows that

P(Yy € AlY_1)p, = ) = P(Y, € A|Yy = 2) = P?(z, A). (A.14)

By (A.2) and (A.14), the density of f/}p given ff(t_l)p = x is positive. Let H be
any affine invariant subspace of R? under model (A.13) (i.e., {By, + Apz : z €
H} C H as.). If v,(RP — H) # 0, then, for any x € H,

P(By + Az € H) = P(Yy, € H|Y;_1), = @)
=P(Yy € RP|Y_1yp =) — P(Yyp € RP — H|Y;_y), = ) < 1. (A.15)

It is obvious that RP is an affine invariant subspace. By (A.15), the affine invari-
ant subspace is unique. Thus, model (A.13) is irreducible. By Theorem 2.5 in
Bougerol and Picard (1992), the necessary condition for a nonanticipative strictly
stationary solution fﬁp to model (A.13) is that the top Lyapounov exponent

1 L -
’y:inf{ZElnHApAgpu-AtpH,t2 1} <0. (A.16)

Note that flp[lgpu-fltp = Ay---Ay. By (A.16), there exists an s such that
Eln|A; -+ Agp <0. Write Af=A; -+ A_gpy1. Then Eln ||A%|| = Eln |4y -
Agpll < 0. As for (A.3), there exists u € (0, 1) such that E||/~1§p||“ < 1.

For any n, let n = msp 4+ r, where r = 0,...,sp— 1. We have Ay --- A4, =

A:pAZSp A Amspr1 Apsptr, Where Apspit1 -+ Amsprr = 1 when 7 = 0.

Since {A;} is a sequence of i.i.d. random matrices, we have
E||A1A2 T AnHu < EHA:p stp T Ain,spHuEHAmSp-l-l T AmSP-H“Hu
< [BIAGITENA") = OB AL [1T™) — 0,

as n — 0o, which implies m — oo. Thus, there exists an n such that E'ln ||A; -
Apll €utlnE||A; - A" < 0, and hence vy < 0.
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Proof of Theorem 2.2. Let {V;} and {Y;} be defined as in the proof of Theorem
2.1. Since {Y;} and {Y;} have the same transition kernel density, similar to the
proof of Theorem 2.1 we only need to show that p[E(A; ® Ay)] < 1 is necessary
and sufficient for the existence of a unique strictly stationary solution Y; to
(A.6) with E||Y;]2 < oo. The sufficiency and the uniqueness were given by
Feigin_and Tweedid (1985), while the necessity was given by [Nicholls and Quinn
(1987) and Lind (1999).

Appendix B. Proof of Theorem 3.1

The first lemma is Theorem 3.1 in [Ling_and McAleer| (2003).

Lemma B.1. Let g(y,6) be a measurable function of y in Fuclidean space for
each 0 € ©, a compact subset of RP, and a continuous function of 0 € © for each
y. Suppose that {y;} is a sequence of strictly stationary and ergodic time series,
such that Eg(yt,0) = 0 and E supgee |9(yt,0)| < co. Then

sup —Zg (ye, 0 ‘_O;n 1).

0cO

We now give the first- and second- derivatives of [;(\) as follows.

alt()\) _ Ylt—lgt()\)
(281 AyYar—q

alt()\) _ Ygt_l [1 _ E%()\) :|
0o 20, Y9 ANyYo gL
PLO) _ YiaVi,

IMON, Yo

Plu(N) - YauYy {1 B 26?0\)]
ONON,  2(\y Yoy )2 NyYor 11’
a2lt()‘) Yie-1Yg 186(N)

ONON, (MY 1)?

The following lemma is a basic result in our proof. It indicates why we need
to bound w and «a; in © and is used to obtain uniform convergence in Lemma

B.3.
Lemma B.2. If the assumption of Theorem 3.1 holds, then

(i) Esup [le(N)] < o0,

) Esup
A€EO

|5
ONON
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Proof. (i) By Theorem 2.1, there exists a u € (0,1) such that E|y:|* < co. Let
w* = max{1l,w}. By Jensen’s Inequality, we have

p p
Eln(o* + Zdiyg_l = —Eln Zd y2 )2
i=1

p u
@F + DAl Bluil”) < o (B.1)

where the following elementary relation is used: (3.7 ;a;)® < P  af for all
a; >0 and s € (0,1). By (B.1), we have

Esup\lnw%—ZaZyt i) \<Esup[{w+2azyt ZZl}lnw—i—Za,yt ;)
A€O i=1 i=1 i=1

+ B sup[— I{W"‘Zazyt ZSl}lnw—i—ZaZyt i)
A€0 =1 =1

P
< Eln(@* + Z&iyf_i) —H{w<1}lhw < oo. (B.2)
i=1

Furthermore, since v, — > 51 diyi—i = €1(Xo) — b1 (Pi — Pio)yi—i and e4(N\g) =
M \/ wo + Yy aioy?;, it follows that

p 2
Esup[(@/t Y1 il z)]
YSC) W+Zz 1042yt B
> (i — bio)yi—1]? wo + 2P| aioyi;
< 2F sup [[lel(@p (blo)%t 1 }+2Esup[ 0 22_1 Zozt_l] < C, (B.3)
xeo L wH D dyp rxeo b w0y

where C' is some finite constant. By (B.2)-(B.3), (i) holds.
(ii). Asin (B.3), we can show that

l¢(N)72 2 [ee(M 4 _i)?
Esup [at( )] — Esup Yi—ilet(Mo) = D=1 (i — dio)yi—i]
reo L 09, A€O (w220 aip)?

Cyt2—i Zj:l yt—j ?Jtz_igg()\o)
(w+ 3 awi ) (w+ >0 i)
yi—i(wo + 2001 cioyi;)

(w+ 30 iy ;)
where C' and C; are some finite constants. Similarly, we can show that other
terms in (ii) are finite. Thus, (ii) holds.

< 5| | +28|

<Cy+28| |=c
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Before giving the proof of Theorem 2.1, we still need three lemmas. Lemmas
B.3(i) and B.4 are used to obtain the consistency of \,,. Based on this consistency,
we can use Lemmas B.3(ii) and B.5 to prove Theorem 2.1.

Lemma B.3. If the assumption of Theorem 3.1 holds, then

() sup ian—Ezt(A)( = op(1),
A€o '

2 2
) sup |53 {[Gat] = Gad =

Proof. This follows directly from Lemmas B.1 and B.2.

Lemma B.4. Under the assumption of Theorem 3.1, Ely(\) has a unique maz-
imum at A\g.

Proof. We first show that
c1=0if Y =0as. and cy=0if 4Yy =0 a.s., (B.4)

where ¢; and cp are p x 1 and (p + 1) x 1 constant vectors, respectively. If
c1 = (e11,...,¢1p) is not a zero vector, for simplicity, we assume that c¢;; =
1. Then, y; = —Zf:2 C1iYt—i+1 a.s. because ¢jY; = 0 as.. Thus, Ent2 =
E{n[(—=NoY1i—1 — Db o c1iti—it+1)// Ny Yat—1]} = 0 since 7, is independent of
Fi—1, which is a contradiction with n; ~ N(0,1). Thus, ¢; = 0. Similarly, we
can show that ¢y = 0.

As in (B.3), we can show that

1 N Y )?
B1,(3) = SB[ + YA

N Yor g
1 Moo Y- [(A1 — A10)'Yie1]?
— I EIn(\Yy_,) + B 2207221 g . (B5
2{ n(Ap¥or-1) + (A/th 1)} 2 ( MY 1 ) (B.5)

The second term in (B.5) reaches its maximum at zero, and this occurs if and
only if (A; — A10)'Y1:—1 = 0 a.s., which holds if and only if A\; = A\jp by (B.4).
The first term in (B.5) is

1 1
- 5{—E1H Mt + EMt} - §E1H(A/20Yét_1), (BG)

where My = Ay Yo;—1/M5Y9;—1. Note that, for any © > 0, —f(z) = —lnz+x > 1,
and hence —E'In My + EM; > 1. When M; = 1, we have f(M;) = f(1) = —1. If
M; # 1, then f(M;) < f(1), so Ef(M;) < Ef(1) with equality only if M; =1
with probability one. Thus, (B.6) reaches its maximum —1/2— E'In(A5Yai—1)/2,
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if and only if AjY2 1 = ANy Y1, which holds if and only if Ao = Ay by (B.4).
Thus, El;(\) is uniquely maximized at Ag.

Lemma B.5. If the assumption of Theorem 3.1 holds, then
(i) Q is finite and positive definite,

1ROl No)
(ii) %;T — 2 N(0,9).

Proof. Since the density of 7; is symmetric, it is easy to show that

P[RR ) = el (). 3 ] = o

By Assumption 3.1, we can see that ||Yi;_1]|?/NyYar—1 and ||Yar—1]|? /Ny Yar—1
are bounded a.s. by some constant C. Thus, € is finite. If € is not positive
definite, then there exists a nonzero p x 1 constant vector ¢; such that ¢jYy; =0
a.s. or a nonzero (p+ 1) x 1 constant vector co such that c4Ys = 0 a.s.. But
this is impossible by (B.4). Thus, (i) holds. Using the Martingale Central Limit
Theorem and the Cramer-Wold device, it is straightforward to show that (ii)
holds.

Proof of Theorem 3.1. By Lemma B.3(i) and B.4, we have established all the
conditions for consistency in Theorem 4.1.1 in |Amemiya (1985), and hence An—
Ao in probability. By Lemma B.3(ii), we can obtain that n =1y} ,[6%1:(\,)/ON O]
converges to {2 in probability for any sequence A, such that A\, — Ag in prob-
ability. Furthermore, by Lemma B.5, we have established all the conditions in
Theorem 4.1.3 in |Amemiya (1985), and hence the conclusion holds.
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