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Abstract: Urn models are popular and useful for adaptive designs in clinical studies.
Among various urn models, the drop-the-loser rule is an efficient adaptive treatment
allocation scheme, recently proposed for comparing different treatments in a clinical
trial. This rule is superior to other randomization schemes in terms of variability
and power. In this paper, the drop-the-loser rule is generalized to cope with more
popular and practical circumstances, including (1) delayed responses when test
results cannot be obtained immediately, (2) continuous responses, and (3) a pre-
specified target of allocation proportion. In addition, our proposed procedure has
several favorable asymptotic properties such as strong consistency and asymptotic
normality of the allocation proportions.
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1. Introduction

In clinical trials, patients usually accrue sequentially. One of the fundamen-
tal concerns treatment allocation. Which treatment should be assigned to the
next patient? The general consensus is that a randomization scheme should be
adopted to minimize selection bias and to provide a solid basis for statistical
inference. Adaptive designs can be valuable and ethical randomization schemes
that formulate treatment allocation as a function of previous responses. One
major objective of research in adaptive design is to develop treatment allocation
schemes, so that more patients receive the better treatment.

Pioneering works in the area of adaptive design can be traced to [Thompson
(1933) and [Robbind (1952). Since then, an unremitting generation of research
products in this area offers various approaches to treatment allocation schemes
applicable to clinical studies. For a discussion of recent developments in this
area, refer toRosenberger (199€), Rosenberger and Lachin (2002), and references
therein.

Among different classes of adaptive designs, the one based on urn models
receives the most attention. FEarly works include |Athreya and Karlin (196&),
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Wei and Durham (1978) and Wei (1979). The basic idea is as follows: there
are various types of balls representing particular treatments; patients accrue se-
quentially; at each stage, the probability of allocating a particular treatment
to a patient depends on the numbers of various types of balls in the urn. The
response of each patient after treatment plays an essential role in the determi-
nation of subsequent urn compositions. The basic strategy is to “reward” more
balls to successful treatments. The multi-treatment randomized play-the-winner
rule (Andersen, Faries and Tamura (1994)) is an illustrative example. An urn
contains K different types of balls, representing K different treatments. When a
patient arrives, a ball is drawn at random with replacement. If it is a type ¢ ball,
the patient receives treatment i. A successful response to the treatment brings
an addition of a type ¢ ball to the urn. If the response is a failure, a ball is added
to the urn. This ball is partitioned according to the existing proportion of balls
for other treatments in the urn.

A sophisticated formulation of the urn model was given by Durham, Flournoy
and Li (1998). They derived a valuable randomized version of the generalized
Pélya urn that does not satisfy the regularity conditions of those studied by
Athreya and Ney (1972). One major feature of the randomized Pdlya urn scheme
is to reward only successful treatments, balls are not added to the urn if the
treatment is a failure. Parallel ideas can be useful in other areas besides clini-
cal applications. For example, Beggd (2005) and [Hopkins and Posch (2005) use
related urn concepts to model reinforcement learning in their study of economic
behaviors.

The importance of the randomized Pdlya urn scheme is that it can be em-
bedded in the family of continuous-time pure birth processes with linear birth
rate (Yule processes). This enables the formulation of important limiting be-
haviors of the urn process (Ivanova and Flournoy (2001)). With the frame-
work of embedding the urn scheme in a continuous-time birth and death pro-
cess ([vanova, Rosenberger, Durham and Flournoy (2000), Ivanova and Flournoy
(2001), Ivanova (2003)) constructed the drop-the-loser (DL) urn.

The DL rule differs from the randomized Pélya urn of Durham, Flournoy and
Li (1998). Instead of adding balls to reward successes, balls are removed when
failures are observed. In the urn, besides treatment balls, there are immigration
balls. When an immigration ball is selected, balls will be added to all types
(except immigration), preventing extinction of types of treatment balls. The
mechanism, and other properties of the DL rule, will be outlined in Section 2.

The DL rule was reported to have small variability and high statistical power
(Ivanova (2003)). One sensible objective of clinical studies is to increase the
power of treatment comparisons. Power depends heavily on the variability of
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the treatment allocation scheme. Simulation evidence indicating the strong as-

sociation between power and variability can be found in Wﬁ_and_Eagd M)v

as well as in ths.e_nbm‘_Ter Stallard. Ivanova. Harper and Rickd (IZO_OJ]) A proof

in [Hu_and Rosenbergerl (2004) confirmed that average power of a randomization

procedure is a decreasing function of the variability of the randomization proce-
dure. Therefore, adaptive designs with smaller variability are much preferred.

Recently I]:h]_a.nd_BQs_au.bﬂgﬁﬂ (IZOQj) launched a comparative study of sev-

eral recent adaptive randomization procedures for binary responses: the se-

quential maximum likelihood procedure (SMLP? 1|M.&Lﬁ_a.n.d_Ea.g£| (2000)), the

doubly adaptive biased coin design (DBCD) ), the generahzed

DBCD (IZQ_OAA the randomized play—the—wmner RPW rule
(Wei_and Durham )), and the drop-the-loser (DL) rule

Their study yielded results favoring the adoption of the DL rule due to its vari-

ability. For details, one can refer to [Hu and Rosenberger (|2D.O.Ei) and Hu, Rosen-

berger and Zhang (2006).
The DL rule has been shown to yield satisfactory results in terms of reducing

the number of failures and variability (Rosenberger and Hu (2004)). Neverthe-

less, it has limitations. First, there is a lack of clear methodology to cope with de-

layed test responses which are common in clinical studies. Second, the application
of the rule is limited to clinical trials with binary responses. Third, it can only
be applied to target one particular allocation proportion (m )) while
different targets might be of interest in clinical studies ( i
)). In fact, there is a growing interest in target-based designs which are
derived with a pre-specified allocation target (see for example | (@),

[Eisele and Woodroofd (1993), Melfi and Pagd (1998, 200d))

We derive a generalized DL (GDL) rule that differs from other popular urn

models in its capability to handle delayed responses and to include pre-specified
targets. In Section 2, the DL rule and its major properties will be outlined. Then
the GDL rule is defined. Simulation results indicate that with delayed responses,
our proposed scheme performs reasonably well. In Section 3, asymptotic prop-
erties and variability comparisons are presented. Some general comments and
remarks are given in Section 4. When the responses are dichotomous, the GDL
rule is shown to be asymptotically most powerful. Proofs are given in the last
section. The main technique used in this paper involves the strong approximation
of a martingale, and is different from the techniques employed in )
and [[vanova. et. all (IZO_O_d) Furthermore, we show that the allocation process can
be approximated by a standard Wiener process. The asymptotic normality, the

rate of convergence and a law of the iterated logarithm are directly obtained from
this approximation.
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2. The Generalized Drop-the-Loser Rule

In this section we first describe the drop-the-loser rule (Ivanova (2003)) and
its major statistical properties. Then our proposed generalized drop-the-loser
rule will be introduced.

2.1. Drop-the-loser rule

For explanatory purpose, assume that we have two treatments even though
the DL rule can be applied to multi-treatments. The DL rule is as follows.

Consider an urn containing three types of balls. Balls of types 1 and 2 rep-
resent treatments. Balls of type 0 are termed immigration balls. We start with
Zp,; balls of type i, i = 0,1,2. Let Zo = (Zo,0, Zo,1, Zo,2) be the initial urn com-
position. After m draws, the urn composition becomes Z,,, = (Zy,.0, Zm,1, Zm,2)-
When a subject arrives, one ball is drawn at random. If a treatment ball of
type k (1 or 2) is selected, the kth treatment is given to the subject and the re-
sponse is observed. If it is a failure, the ball is not replaced, Z,,11 1 = Zp 1 — 1,
Zm41,j = Zm,j, J # k. If the treatment is a success, the ball is replaced and
consequently, the urn composition remains unchanged, Z,,+1 = Z,,. If an immi-
gration ball (type 0) is selected, no subject is treated, and the ball is returned to
the urn together with two additional treatment balls, one of each treatment type.
Therefore, Z,,110 = Zmo and Zy 11, = Zyp i + 1, k = 1,2. This procedure is
repeated until a treatment ball is drawn and the subject treated accordingly. The
function of the immigration ball is to avoid the extinction of a type of treatment
ball.

Let P, be the probability of success on treatment k, and Qn = 1 — Py,
k = 1,2. [vanova (2003) studied the properties of the DL rule by embedding
the urn composition process Z,, in an immigration-death process. She defined
a two-dimensional process Z*(t) = (Zf(t), Z;(t)), which is a collection of two
continuous-time linear immigration-death processes having common immigra-
tion processes with immigration rate Zp o and independent death processes with
death rates @1, Q2, such that Z,, , = Z;(tn), k = 1,2. Here t,, is the “time” of
the mth draw and it is the partial sum of a sequence of independent exponen-
tially distributed random variables with rate parameter 1. Note that ¢ represents
a “virtual” time instead of the real time. The embedding technique was devel-
oped by |Athreya. and Karlin (1968) and |Athreya and Ney (1972) for the study of
the Pélya urn model. Later it was adopted by [Durham, Flournoy and Li (1998),
Ivanova et all (2000), Ivanova and Flournoy (2001) for studying sequential clini-
cal trials.

Now, let us state a couple of important asymptotic results of the DL rule.
Let Ng(t) be the number of trials on treatment &k up to time ¢, k = 1,2. [Ivanova
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(2003) showed that

1

Ny(t) P R
— Y — V] = ———— ast— 00, 2.1
N1 (t) + No(t) ! T (2.1)

5]

Ni(t) + Na(t) (% — vl) 5 N(0,0%;) ast— o0, k=1,2, (2.2)

where

o2 Q1Q2(P1 + P)
br (Q1+Q2)3

is the asymptotic variance. The DL rule has two fundamental properties: (1) it
preserves the randomization ingredient of the randomized play-the-winner rule,

(2.3)

which yields a non-deterministic scheme; (2) when compared with many other
adaptive designs which have the same limit proportions of the DL rule, such as
the SMLP, the DBCD and the RPW rules, the DL rule generates an allocation
procedure with the minimum asymptotic variance, hence produces higher power
for the test of the difference of proportions (Hu_and Rosenberger (2003)).

In practice, subjects frequently do not respond immediately. Therefore, the
response of an individual may not be available prior to the randomization of
the next subject. Delayed response is a scenario in clinical trials that deserves
much attention. Besides delayed response, the DL rule is incapable of dealing
with non-dichotomous responses. Basically, when the outcomes are delayed or
non-dichotomous, it is difficult to embed the sequence of urn compositions in an
immigration-birth-death process.

2.2. Generalized drop-the-loser rule

In this section, the GDL is outlined. The treatment allocation scheme is more
flexible than the DL rule and accommodates the possibility of delayed responses
and pre-assigned allocation proportion targets.

Similar to the DL rule, there are three types of balls in the urn. Balls of types
1 and 2 represent treatments, balls of type 0 are immigration balls. We start with
Zp,i (> 0) balls of type i, t = 0,1,2. Let Zo = (Zo,0, Zo,1, Zo,2) be the initial urn
composition, and Z,, = (Zm,0, Zm,1, Zm,2) be the urn composition after m draws.
Let ZTJ’Y_L,i = max(0, Zy,), ©« = 0,1,2, and Z} = (ZT—:L,O’ Zr';’l, Z;;Q). When a
subject arrives to be allocated to a treatment, a ball is drawn at random according
to the urn composition Z; for the appropriate m. That is, the probability of

selecting type @ ball is Z /|Z}|, with |2} = Z) o+ Z | + Z;, 5.
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If an immigration ball (type 0) is drawn, no treatment is assigned and the
ball is returned to the urn along with a; type k treatment balls, £k = 1,2. Let
A = ay + as where a1,a9 > 0. This step is repeated until a treatment ball is
drawn.

If a type k (k = 1,2) treatment ball is drawn, the subject is assigned to
treatment k£ and the ball is not replaced immediately. To allow for delayed
responses, the addition of balls is made after the subject’s response is observed.
We denote the outcome of this subject on treatment k by Y,, .. The outcome Y,
may not be available prior to the arrival of the next subject. In fact, the delayed
outcome may only be available after several subjects (a random variable) have
been allocated to treatments. After the response Y, is observed, D,, (> 0)
balls of type k are added to the urn.

We allow the urn to have a fractional or negative number of treatment balls.
According to the definition of Z:[L’Z-, the treatment balls with negative numbers
will never be selected. As a result, the number of treatment balls of each type
will not decrease when it is negative. So Z;,, > —1 for all m and 4.

Let Ny, 1 be the number of subjects assigned to treatment k, k = 1,2, after
the allocation of treatments to n subjects. It is important to study the statistical
behavior of the proportions of patients Ny, ;/n, k = 1,2, assigned to the two
treatments.

Let py = E[Dy ), k =1,2. We assume 0 < py < 1land gy =1—pg, k=1,2.
Thus, after each treated subject, the expected number of balls added according
to the outcome observed is not larger than the number of outgoing balls (which
is 1).

The DL rule is a particular case of our GDL allocation scheme. For instance,
with dichotomous responses and two treatments, the DL rule corresponds to the
GDL rule with a1 = 1, ap = 1 and D,,, ;, = 1 if the outcome of treatment % is a
success, and 0 otherwise. In addition, pi = Pk, the success probability of a trial
on treatment k, k =1, 2.

When the outcomes are not dichotomous, one may choose suitable adding
rules { Dy, 1. } to define a design. For example, the outcome of a patient after treat-
ment of cancer can be classified as “clinically ineffective”, “gradual improvement
with extended treatment” or “fully recovered”; one may define D,,; = 1 if the
outcome is a “fully recovered”, D,, = A (0 < A < 1) if the outcome is “grad-
ual improvement with extended treatment”, and D,,; = 0 if the outcome is
“clinically ineffective”.

Under some suitable conditions (stated in Section 3), we can show that the
proportion of subjects assigned to treatment k is

N,
mk =2 g5 k=1,2. (2.4)
n 9 4 G
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With dichotomous outcomes, if a1 = ag, Dy, = 1 for success and Dy, 1, =
0 for failure when type k treatment is assigned, the limiting proportions vy,
k = 1,2, are the same as in (). One can choose a;s to adjust the allocation
proportions. By choosing ajs suitably, the GDL rule can be used to target any
desired allocation.

A more convenient approach to target a pre-specified allocation proportion
is to take Dy, = 0 for all m and k. Hence, ¢ = 1 — ED,,;, = 1. If the
target allocation proportions is vg (k = 1,2), we can simply define a design by
choosing a;. = C'vg where C'is a constant and vy, is a function of P. For example,
Rosenberger et _all (2001) studied the allocation proportions

VP,
VP + VP

which minimize the expected number of failures under fixed variance of the esti-

k=12, (2.5)

mator of the treatment difference. In this case, we take

zcﬂ
VP + VP

and the balls are added only through immigration. The superior treatment (the
one with larger probability of success) will be rewarded more balls each time an
immigration ball is selected. Simulation study in the following section indicates
that there is no significant difference among various choices of C.

ax k=1,2 (2.6)

Remark 2.1. In practice, the Py are usually unknown. In these cases, simply
substitute Py, for Py, where Py is the current estimate of Py, k = 1,2. We propose
the estimate

~ (number of observed successes on treatment k) + 1

ke (number of observed outcomes on treatment k) + 2’

which is the Bayesian estimate of P, with a uniform prior distribution, k = 1, 2.
Variously, one can replace 1 in the numerator by o and 2 in the denominator by
a + (3 if the beta distribution beta(«, 3) is employed as the prior distribution,
with the constants o and 3 estimated from earlier trials.

2.3. Simulation results

In this section, a simulation study is performed to investigate the perfor-
mance of our allocation scheme. Two different allocation targets, (2.1) and (2.5),
are employed as our study cases. Given treatments 1 and 2 with success prob-
abilities P; and P, respectively, our simulation study is performed with P; and
P, being selected with reference to those choices of [Hu_and Rosenberger (2003).
For the allocation process, ]3k given in Remark 2.1 is utilized.
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For both the delayed times for the two treatments and the patient entry
times, exponential distributions are used. The mean parameters of the delay
times for treatments 1 and 2 are A1 and Ay respectively. For patient entry times,
the mean parameter is A3. There are three different configurations for the mean
parameters. The first one corresponds to the case where there are no delayed
responses. The second one corresponds to (A1, A2, A3) = (1,1, 1), which represents
similar delayed times for the responses of the two treatments. Finally, we select
(A1, A2, A3) to be (5,1,1) to represent a large difference in delayed times for the
responses of the two treatments. As explained earlier, for simplicity we pick
Dy, 1 = 0 for the GDL rules.

The number of subjects n is chosen to be 100 and 500. The number of
replications in our simulation study is 10,000. The proportions of subjects being
allocated to treatment 1, N,, ;/n, are tabulated in Tables 1 and 2, since Ny, 2/n
is simply 1 — N, 1/n.

Table 1. Simulated allocation proportion (N, 1/n) of DL rule, GDL rule and
DBCD with allocation target vy given in (2.1).

DL GDL (1) DBCD

D1, P2 v1 n = 100 n = 500 n = 100 n = 500 n = 100 n = 500
Immediate Response
0.8, 0.8 0.50 0.50(0.069 ( ) ( ) ( ) (
0.8, 0.6 0.67 0.62(0.060) 0.66(0.031) 0.63(0.079) 0.66(0.042) 0.65(0.076
0.7, 0.5 0.63 0.60(0.053) 0.62(0.026) 0.60(0.067) 0.62(0.035) 0.62(0.065
0.5, 0.5 0.50 0.50(0.047) 0.50(0.022) 0.50(0.057) 0.50(0.029) 0.50(0.056

( ( (0.042) ( (

(0 © (0.030) © (

0.50(0.041) 0.50(0.102) 0.50(0.058) 0.50(0.103) 0.50(0.049
0.66(0.037
0.62(0.030)

) (
) (
(
0.50(0.026)
(
(0

)
)

0.5,0.2 0.62 0.61(0.035) 0.61(0.016) 0.60(0.042) 0.61(0.021) 0.61(0.043
0.2,0.2 0.50 0.50 0.50
(A1, A2, As) = (1, 1, 1)
0.8, 0.8 0.50 0.50(0.066) (0.041) (0.099) (0.057) (0.103) (0.049)
0.8, 0.6 0.67 0.62(0.058) 0.66(0.031) 0.63(0.078) 0.66(0.042) 0.65(0.076) 0.66(0.037)
0.7, 0.5 0.63 0.60(0.052) 0.62(0.026) 0.60(0.066) 0.62(0.034) 0.62(0.065) 0.62(0.030)
0.5, 0.5 0.50 0.50(0.046) 0.50(0.022) 0.50(0.058) 0.50(0.029) 0.50(0.056) 0.50(0.026)
(0.035) (0.016) (0.041) (0.021) (0.043) (0.020)
(0.025) (0.011) (0.030) (0.015) (0.034) (0.016)

0.61(0.020)
0.50

NGNS NS N2

.025) 0.50(0.011) 0.50(0.030 .015)  0.50(0.034 .016)

0.50(0.041) 0.50(0.099) 0.50(0.057) 0.50(0.103) 0.50(0.049

05,02 0.62 0.61(0.035) 0.61(0.016) 0.60(0.041) 0.61(0.021) 0.61(0.043) 0.61(0.020
02,02 050 0.50(0.025) 0.50(0.011) 0.50(0.030) 0.50(0.015) 0.50(0.034) 0.50(0.016
(A, A2, As) = (5, 1, 1)

0.8, 0.8 0.50 0.47(0.060) 0.49(0.040) 0.49(0.099) 0.50(0.057) 0.50(0.104) 0.50(0.049)
0.8, 0.6 0.67 0.59(0.055) 0.65(0.030) 0.63(0.077) 0.66(0.042) 0.65(0.078) 0.66(0.037)
0.7, 0.5 0.63 0.58(0.049) 0.62(0.026) 0.60(0.066) 0.62(0.035) 0.61(0.066) 0.63(0.030)
0.5, 0.5 0.50 0.50(0.045) 0.50(0.022) 0.50(0.056) 0.50(0.029) 0.50(0.057) 0.50(0.026)
0.5, 0.2 0.62 0.60(0.033) 0.61(0.016) 0.60(0.042) 0.61(0.021) 0.61(0.044) 0.61(0.020)
0.2,0.2 0.50 0.50(0.025) 0.50(0.011) 0.50(0.030) 0.50(0.015) 0.50(0.035) 0.50(0.016)

Simulated standard deviations are given in parentheses.
GDL(1):a1 = 2v1, a2 =2(1 —wv1)
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Table 2. Simulated allocation proportion (N, 1/n) of two GDL rules and
DBCD with allocation target v, given in (2.5)
GDL (2) GDL (3) DBCD
P1, P2 V1 n = 100 n = 500 n = 100 n = 500 n = 100 n = 500.
Immediate Response
0.8, 0.8 0.50 0.50(0.019
0.8, 0.6 0.54 0.53(0.023
0.7, 0.5 0.54 0.54(0.028
(
(

0.50(0.008
0.54(0.011
0.54(0.013

( 0.50(0.018

(

(
0.50(0.015

(

(

0.53(0.023

( 0.50(0.008

(
0.54(0.028

(

(

(

0.54(0.011

( 0.50(0.027

(
0.54(0.013

(

(

(

0.54(0.030

( 0.50(0.012

(
0.54(0.033

(

(

(

) (0.012)
) 0.54(0.013)
) 0.54(0.014)
0.50(0.032 ) 0.50(0.017)
0.59(0.042 ) (0.022)
) (0.026)

0.50(0.051

0.50(0.016
0.61(0.024
0.50(0.029

0.50(0.036
0.61(0.049
0.50(0.058

0.5, 0.5 0.50 0.50(0.032
0.5, 0.2 0.61 0.59(0.042
0.2,0.2 0.50 0.50(0.051
(A1, A2, As) = (1, 1, 1)
0.8, 0.8 0.50 0.50(0.018) (
0.8,0.6 0.54 0.53(0.023) 0.54(0.011
0.7, 0.5 0.54 0.54(0.028) 0.54(0.013
0.5, 0.5 0.50 0.50(0.032) 0.50(0.015
(0.042) (
) (

0.61(0.024
0.50(0.029

0.61(0.022
0.50(0.026

) ) )
) ) )
) ) )
) ) )
) ) )
) ) )

—_ e T T

0.50(0.008) 0.50(0.018
0.53(0.022

( 0.50(0.008

(
0.54(0.027

(

(

(

0.54(0.011

( 0.50(0.027

(
0.54(0.013

(

(

(

0.54(0.030

( 0.50(0.012

(
0.54(0.033

(

(

(

(
0.54(0.013
0.54(0.015

0.50(0.032 (
0.59(0.042 (
0.50(0.051 (

0.50(0.015
0.61(0.024
0.50(0.029

0.50(0.036
0.61(0.049
0.50(0.058

0.50(0.016
0.61(0.022
0.50(0.026

0.5, 0.2 0.61 0.59(0.042) 0.61(0.024
0.2,0.2 0.50 0.50(0.051) 0.50(0.029
(A1, A2, A3) = (5, 1, 1)
0.8, 0.8 0.50 0.50(0.019) 0.50(0.008) 0.50(0.017) 0.50(0.008
0.8,0.6 0.54 0.53(0.023) 0.53(0.011) 0.53(0.023) 0.53(0.011
0.7, 0.5 0.54 0.54(0.028) 0.54(0.013) 0.54(0.028) 0.54(0.013
0.5, 0.5 0.50 0.50(0.031) 0.50(0.015) 0.50(0.032) 0.50(0.015
(0.042) (0.024) (0.041) (
( (

) ) ) ) )
) ) ) ) )
) ) ) ) )
) ) ) ) )
) ) ) ) )
) ) ) ) )

) 0.50(0.027) 0.50(0.012)
) 0.54(0.030) 0.54(0.013)
) 0.54(0.033) 0.54(0.015)
) 0.50(0.037) 0.50(0.016)
) 0.61(0.049) 0.61(0.022)
) (0.058) (0.026)

0.50(0.058) 0.50(0.026

0.5, 0.2 0.61 0.59(0.042) 0.61(0.024) 0.59(0.041) 0.61(0.024
0.2, 0.2 0.50 0.50(0.050) 0.50(0.029) 0.50(0.052) 0.50(0.029
Simulated standard deviations are given in parentheses.

GDL (2): a1 =2v1, a2 =2(1—1v1)

GDL (3): a1 = 2(y/p1 + /P2)(v1) = 2/p1, a2z = 2(\/p1 + /P2)(1 —v1) = 2\/P2

For comparison purposes, the DBCD is also included. The allocation scheme
used in this simulation study follows that of [Rosenberger and Hu (2004) closely.
In addition their suggested value of 2, for the parameter that determines the
variability of the allocation proportions arising from the randomized procedure,
is adopted.

For Table 1, the allocation target given in (2.1) is used. Even though the
DL rule was not designed for delayed responses, for exploratory purposes it is
included in the cases with delayed responses. A simplistic approach is adopted.
When a treatment ball is chosen, the action of whether to return the ball or
not is deferred until the response is observed. We have the following findings.
For large sample sizes (n = 500) and/or without delayed responses, both the
DL rule and the GDL rules are able to provide allocation proportions very close
to the target. For smaller sample sizes (n = 100) and delayed responses, the
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DL rule is outperformed by the GDL rule and the DBCD, especially when both
treatments have high success rates (example: P; = 0.8, P, = 0.6). Note that
the variances of the GDL rule and the DBCD are slightly larger due to the
requirement of estimating P; and P, at each stage when an immigration ball is
selected. In return, these estimates provide precise estimates of the efficacies of
the treatments, especially when delayed responses are present. This also explains
why the GDL rule and the DBCD surpass the DL rule in terms of the convergence
of the allocation proportions in such cases.

In Table 2, the optimal allocation target in (2.5) is used. All allocation
proportions are quite close to the pre-specified target. In addition, the two
choices of C for the immigration rates, a; and a9, which represent the addition
of roughly two treatment balls when an immigration ball is selected, do not yield
much differences in terms of the allocation proportions. In fact several other
possible values of C were tried and, as long as the number of balls added to the
urn remained less than 4, similar results were obtained and hence not reported.
The immigration ball has two important functions: the first is to prevent the
possibility of extinction of a particular type of treatment ball; the second is to
add treatment balls to the urn according to the current estimates of P; and P».
Therefore, to allow the immigration ball to play these two roles continuously
during the allocation process, the principle is not to add so many treatment balls
to the urn that the chance of selecting an immigration ball becomes too small.

Simulation results in Table 2 also reveal that the DBCD’s performance is
comparable to the GDL rule. The DBCD has an infinitesimal advantage in
accuracy in attaining the target allocation, but has slightly larger variances for
n = 100. However a complete theoretical justification of DBCD with delayed
responses, similar to the one provided for the GDL rule in this paper, is still
unavailable.

Finally, the use of the Bayesian estimates of Py (k = 1,2) works very well.
We have also computed the final estimates of the success probabilities, and these
are always close to the actual values.

3. Asymptotic Properties of the GDL Rule

In this section several useful asymptotic properties for the GDL rule are
given. We consider only the case in which the numbers of the immigrated balls
ag, k= 1,2, are fixed. More complicated scenarios in which as vary from time
to time are an interesting topic for future study.

Now, let t,, be the entry time of the mth subject. Assume that {t,,41 —
tm;m > 1} is a sequence of independent and identically distributed random
variables. The response time of the mth subject with treatment k is denoted by
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rm(k). Suppose {rn,(k);m > 1} are sequences of independent random variables,
k = 1,2. Further, let the response times be independent of the entry times. We
also assume that the draw, removal and addition of balls requires no time, and
so the mth subject is randomized at time ¢,,,. For the response time r,(k), we
have the following assumption.

Assumption 3.1. Let 0;(m,n) = I{r,,(k) > tmin—tm} be an indicator function
that takes the value 1 if the outcome of the mth subject on treatment k occurs
after at least another n subjects are randomized, and 0 otherwise. Suppose
for some constants C' > 0 and v > 2, ux(m,n) = P{ox(m,n) = 1} < Cn™7,
mn=12,.., k=12

Since the above probability is a decreasing function of n with a power rate,
the chance is slim that too many patients arrive before a delayed response is
observed.

Remark 3.1. For generalized Friedman’s urn models (also known as generalized
Pélya urn models) with delayed responses, the assumptions of delayed time have
been discussed by [Bai, Hu and Rosenberger (2002) and [Hu and Zhang (20044)).
Similar to the arguments in [Bai, Hu and Rosenberger (2002), we can show that
Assumption 3.1 is satisfied if (i) the yth moment of 7, (k) exists and (ii) E(tm+1—
tm) > 0 and El|t,i1 — tm|?’ < co. These two conditions can be easily verified in
applications.

Assumption 3.2. {D,,;; m > 1}, k = 1,2, are two sequences of i.i.d. random
variables with 0 < p, = E[D,,, 1] < 1 and E|D,,, x|P < oo for any p > 0, k = 1,2.

Let a,% = Var (D), 1) be the variance of the adding rules and ¢, = 1 — py,
k=1,2.

Theorem 3.1. Suppose Assumptions 3.1 and 3.2 are satisfied. Let vy, k= 1,2,
be defined in ). Then there exists a standard Brownian motion {W(t); t >
0} such that for any § > 0, Npy —nvy = oW(n) + o(nOTV/GNT) a5 and
Ny —nvg = —aW(n) 4+ o(nOFD/GNT) a5 where

o2 — a1a2(azq207 + a1q103) (3.1)
(a2q1 + a1q2)? '

The proof of the theorem will be given in the last section. By the properties
of Wiener processes, the following is an immediate corollary of the theorem.

Corollary 3.1. Under Assumptions 3.1 and 3.2,

N, log'1
,k_vk:()(,/w) ws k12 (52)
n n
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Nn,k

ﬁ( - vk) L N(@0,0?), k=1,2, (3.3)
where vy, k = 1,2, are defined in ([Z4), and o? is defined in B1).

Equation (B2]) gives strong consistency with its rate of convergence for the
proportions N, ,/n, k = 1,2. Comparing with (22), where the result is given
through a “virtual” time, (B3]) provides the direct asymptotic distributions of
the proportions. The asymptotic distributions and the asymptotic variance can
be used to compare with other adaptive designs (Hu_and Rosenberger (2003)).

Remark 3.2. From Corollary 3.1, the asymptotic properties of the GDL process
does not depend on the delayed mechanism as long as Assumption 3.1 is satisfied.
However, in Theorem 3.1, the convergence rate of the error depends on v which
is affected by the degree of the delayed responses.

Example 3.1. Binary response: Based on the result of Hu, Rosenberger and
Zhang (2006), we can calculate the lower bound of the asymptotic variance for
the allocation proportion vy given as in (Z4]). For the case with dichotomous
outcomes, U]% = prqx, kK = 1,2. Here pp, = Py, qx. = 1 — P, and P; is the
probability of a success on treatment k, k = 1,2. Let p = (p1,p2) and

ai

1-y1
y)=——"7—="
1—1y1 + 1—2312

According to Theorem 1 of [Hu, Rosenberger and Zhang (2006), the lower bound
of the asymptotic variance is

Tiin(P) = (% p)I‘l(p)<% p)l,

) is Fisher’s information matrix. Taking derivatives

v1 V2

where I(p) = diag( 7, 572

of f we find that

of | _ (ﬁ of ) _ <_vw2 vwz)
dylp  \Oy1lp’ Oy2lp g/
It follows that o2, (p) = o2 by some elementary calculation, where o2 is defined
in (BJ)). Based on Corollary 3.1, the GDL rule attains this lower bound and
hence it is asymptotically the most powerful design.

When a; = a2, Dy, = 1 for success and D,, = 0 for failure when type
k treatment is assigned, the GDL rule becomes the DL rule. The asymptotic

variance, nVar(N,_1/n), is
sz _ e tp) @ (h+ )
PET (g + 2)? (Q1+@2)3 7

which is the smallest among all the adaptive designs considered in Hu and Rosen-
berger (2003).
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4. Discussion

One important application of the GDL rule in clinical studies is that it can
be used for continuous responses. For instance, we may apply the GDL rule
to the example studied in Section 8 of Eisele and Woodroofe (1995), where the
responses are normally distributed and the desired target proportion is the pop-
ular Neyman allocation. Similar to Remark 2.1, we can choose the a; and D, j
sequentially to target the desired proportion. It would be interesting to com-
pare this design with the doubly adaptive biased coin designs (Hu_and Zhang
(2004a)) in which the allocation probabilities are functions of sequential estima-
tors of unknown parameters, and the sequential estimation-adjusted urn models
(Zhang, Hu and Cheung (200€)). However, when the aj; depend on the process
(as indicated in Remark 2.1), the asymptotic properties of the allocation propor-
tion Ny, 1/n are unknown. This is an interesting future research topic.

For the randomized play-the-winner rule with delayed responses, [Wei (1988)
suggested updating the urn when responses become available. For a generalized
Friedman’s urn model (the randomized play-the-winner rule is a special case) with
delayed responses, the limiting distribution of the urn composition was derived
in [Bai, Hu and Rosenbergen (2002). Further, [Hu and Zhang (20041) obtained
the limiting distribution of the allocation proportion. Both papers showed that
the delayed responses do not affect the asymptotic properties of the generalized
Friedman’s urn model. Here we obtain similar results for the GDL rule. Never-
theless, the arguments are only valid in the context of large samples. In practice,
the delayed mechanism is important and should not be ignored, as indicated by
our simulation findings.

5. Proofs

Theorem 3.1 is proved in this section. Recall that Z,, = (Z,0, Zn1,2Zn2)
represents the numbers of balls after n draws and |Z;}| = Z:[’O + Z:;l + Z:;Q.
Because every immigration ball is replaced, Z:; 0 = Zno = Zpp for all n. Let
X, be the result of the nth draw, where X,, ;, = 1 if the selected ball is of type
k and X, ) = 0 otherwise, k = 0,1,2. Further, let N} = (N; o, Ny 1, Ny o) =
Som 1 X, SO N;;k is the number of selected type k balls in the first n draws.
Let up, = max{m : N, ; + Ny, o < n}. Then u, is the total number of draws of
treatment type balls in the first n assignments, and N,, j, = Ny k=12

Let Ix(m,n) be the indicator function, which takes value 1 if the outcome
Y, x on treatment k of the subject assigned at the mth draw occurs after the
(m + n)th draw and before the (m + n + 1)th draw, k£ = 1,2. Remember that,
when Y,,  occurs, we add D, = D(Y,, 1) balls of type k into the urn. So, for

given m and n, if Iy(m,n) = 1, we add X,, y D, balls of type k to the urn.
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Consequently, if m = 0, Ix(n — m,m) = Ix(n,0) and the outcome on treatment
k assigned at time n occurs after the nth draw and before the (n + 1)th draw;

g ifm=n—1, Ix(n —m,m) = Ix(1,n — 1) and the outcome on treatment
k assigned at time 1 occurs after the nth draw and before the (n + 1)th draw.
Hence, after the nth draw and before the (n + 1)th draw, the numbers of balls
of each type added according to the outcomes are

n—1

Wn,k = Z Ik(n —m, m)Xn—m,an—m,k

m=0

n
= Z Iy(m,n —m) Xy kD, k=1,2.
m=1
The change in the number of type k balls after n draws from the time of the
(n—1)th draw is Zp , — Zn—1k = akXno0 — Xnk + Wi, £ = 1,2. Recall that

ay, here is the number of added type k balls when an immigration ball is drawn.
So, for k£ = 1,2, the number of type k balls added after n draws is

n n n
Znk — Lok = ak Z X0 — Z Xjk + Z Wik
j=1 j=1 j=1

n n n n
= ag Z Xm7() — Z XmJ{; + Z Z Xm,kDm,ka(maj - m)
m=1 m=1

m=1j=m
n n n [e.e]
=k Y Xmo— > X+ > Y XD eIi(m, j — m)
m=1 m=1 m=1j=m
n o
~ > > XpDoIn(m, j —m)
m=1 j=n+1
n n n [e.e]
=ar Y Xmot+ > XokDmp=1) = > > XpypDmple(m,j —m)
n n
=tax Y Xmo+ > Xms(Dmp —1) = Rog. (5.1)
m=1 m=1
That is

AZpk=apXno+ Xnk(Dnp —1) — ARy, k=12,
(5.2)
where A denotes the differencing operand of a sequence {z,}. From &I, it
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follows that

n
T — Zok = arNyio— Ny g+ > Xon k(D — E[Dpk]) = Rk

m=1

=: akN;:’O - qu;,k + Mn,k — Rn,ka k=1,2. (53)

We prove Theorem 3.1 by showing that R, ; and Z,, ;, can be neglected, and the
major term M, ; can be approximated by a Wiener process. Notice that Z,, ; is
a function of {I;(m,j)}. We show that Z, ; can be neglected by using the fact
that E[Ix(n,j)] decays very rapidly. So we first replace Assumption 3.1 by the
following one on Ik (n, j).

Condition A. For some ¢ > 1, 3722 E[I;(m,j)] < Cn™%, for all n, m and
k=1,2.

The summation in Condition A is the probability of the event that the subject
who is assigned to treatment k at the mth draw responds after at least another n
draws, and it is required that this probability decays with a power rate, similar
to Assumption 3.1. The following claim provides the connection.

Claim. Assumption 3.1 implies Condition A with ¢ =~ — 1 — € for any € > 0.

Proof. Let N, = N, | + N, 5. Notice that E[Ix(m,n)] is the probability of
the event that the N th subject (who is assigned after the mth ball is drawn)
on treatment k responds after the (m + n)th draw and before the (m +n+ 1)th
draw. So E[I;(m,n)|N;;, = p] < P(E1|N;, = p) + P(E2|N};, = p), where E; is the

event that the pth subject responds after at least another n!—¢

subjects arrive,
and Fj is the event that there at least n — n'~¢ draws of type 0 balls from the
mth draw to the (m + n)th draw. The event E; depends only on the response
time of the pth subject and the waiting times for future subjects. However,
the event {N;; = p} depends only on past draws and assignments. So, E; and
{N; = p} are independent. It follows that P(E1|N}, = p) = P(E;) < Cn~7179)
by Assumption 3.1. For P(E3| N}, = p), we consider the event Fs5 that the largest
run of “1”s in X, 0,..., Xintn,0 is at least n¢. Notice that, for event E?)C, there
are at least n/n® zeros in Xy, 0,. .., Xm4n,0, and then at most n —n/n ones. So,
E5 does not occur. It follows that P(E2|N;;, = p) < P(E3|N;;, = p). Hence we
conclude that

E[Ix(m,n)] < Cn~71-9 4 P(E3)
m+n
<Cn -9 4 Z P{X;p="= im0 = 1}.

i=m
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On the other hand,

P{Xio="= Xitjngo =1}
= E[I{Xi,o =-- i+ne]=1,0 = 1}P[Xit ne} 0 = UFifne— 1]]
:E —[{X’L70:: Z—l—TLE }

|: ’Zz—i- ne| 1’
20,0
<P{X;0="=X;11n—
= PiXio +n-10 }Zoo—i-A([ne]—l)
since at each stage from stage i to i + [n°] — 1 at least A = a; + a9 balls are

added to the run and no ball is removed, where F,, = 0(X1,..., X, Y1,...,Y,)
is the history sigma field. Here and in the remainder of this paper, we take
Y,=%,1,....Y, k), n>1. So,

[n<]
Z0,0 ¢
P{Xio="=Xippo=1} < H Zoo FAG =) < Cexp{—n‘}.
J= ’

It follows that E[Ix(m,n)] < Cn~7179 4+ Cnexp{-n‘} < Cn~71=9). Hence
322, Elli(m, )] < Cn(0=9+1,
The next lemma gives the convergence rate of the remainders R, 1, k = 1, 2.

Lemma 5.1. Assume E[|D,, |P] < oo for anyp > 0 and Condition A is satisfied.
Then for any 6 > 0, we have

E[m§X|Rm7k|} = 0<nm>, k=12, (5.4)
‘Rn,k] = o(n(¢+11)+6> a.s., k=12 (5'5)

Proof. (&) is implied by (&4) if we notice that
S | R k|
ZP( max $>6)<C’Z2’6
T N2 sSns<2 R
Now we need to verify (Bdl). Fix k. For any 1 <i <n,

| Ri | = ‘ ZZ: i Xm,klk(mvj)Dm,k‘

m=1 j=i—m+1

7 e ) 7
. ) )
<Y B DDl H{IDusl <08} + 3 D I{| Dol > )

m=1 j—i—m+1 m=1

Z Z [km]+Z‘Dmk’I{‘Dmk‘>n3}

m=1 j=i—m+1
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The expectation of the second term does not exceed
) _dp

nE[| Dy [ T{| D1 x| > ns}] < n'=SE[Dy ) < C

whenever p > 3/4. So, it is enough to show that

E[ma;cﬁi,k} = O(nﬁ+%), (5.6)

i<

where R;p = S > i%iomi1 Ie(m, j). Let 1 < P < n be an integer whose
value will be specified later. Then Ei,k <Pifi<P. For P<i<n,

i o) i—P 00
Rig= Y. > Limi+Y. > Ilmy)

m=i—P+1 j=i—m+1 m=1 j=i—m+1
i—P oo n oo
SP+Y D L(mj) <P+ > > Ik(m,j).
m=1j=P m=1j=P

It follows that E[max;<, Rix] < P+ Y0 _1 > 52 pE[lk(m, )] < P+ CnP~%.
Choosing P = [n'/(#T1)+9/2] vields (GH).

Lemma 5.2. Let F, = o(Xy,..., X, Y1,....Y,). Let Vo = >0 1 (Xmo —
E[Xm,0|fm—1]) and Vn,k = anzl{Xm,k(Dm,k - 1) - E[Xm,k(Dm,k - 1)|fn—1]}z
k=1,2. Assume E[|Dy, |P] < oo for p > 2. Then there exists a constant Cp, > 0
such that the martingales {Y,, j, Fn; n > 1}, k=0,1,2, satisfy

E[m<ax Vintik — Vm7k|p] < Cpn% for all m and n, k=0,1,2. (5.7)

Proof. Notice that |[AV,, o] <1 and
E[JAVL P |Fit] <27 04 EIDP) < G k=12

(B7) follows from the Rosenthal type inequality.

Let Uy i = apVno + Vir, k= 1,2. Uy, is the sum of conditionally centered
changes in number of type k balls in the first n draws, &k = 1,2. It can be shown
that {Up i, Fn; n > 1} is a martingale satisfying a similar inequality as (B1),
k =1,2. The next lemma gives the convergence rate of the urn proportions Z,.

Lemma 5.3. Under Assumption 3.2 and Condition A, for each k = 1,2 and
any 6 >0,
a 20,0

< 20 . ) .
max Zip < Zogp V ” + 2%0335 \Uj x|l + max |Rj x|, (5.8)
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ElZukl = o(n#1*?), (5.9)
max |Z; k| = o<n3+3W+3+6) in Ly, (5.10)
Jjsn

1,1 45
Ink = o(n3 343 > a.s.. (5.11)

Proof. According to (22), it is obvious that

akZ:Lr 1,0 w7,

Zn,k = Zn—Lk + |Z | oLk + AUn,k - ARn,k
ar 20,0 — QkZ:_l i
Then
. Zo,o
I < Zyp1py +AUp — ARy g, it Zp 1 > &k—q ; (5.13)
k
20,0
Znk < Zp1g+ap+AUpp — ARy, if Z, 1 < akq—
k

Let S, = max{l < j < n : Z;; < apZoo/qx}, where max()) = 0. Then,

according to (BI3),

Zn,k < Zn—l,k + AUn,k - Rn,k + Rn—l,k <---
<Zg,k+AUs, 41+ -+ AUpi — Rpj + Rg,, &

ny

200
< Zok V {akq—} +Unk —Us,k— By + Rs, &
k
200
< ZO,k V {ak—} + U, k= USn,k + max |Rm,k|- (5.14)
U m<n

(EX) is proved. Notice that S, < n is a stopping time. It follows that EU,, j =
EUs, x- By &) and ([EI4) we conclude that EZ,; < o(n!/(?+D+9)  @H) is
proved by the fact that Z,, , > —1 and |Z,, ;| = Z,, 1 + 2Z_

Next, we verify (BI1)). Fix m. By replacing Z; j, with Zmﬂ & in the definition
of the stopping time S,,, with similar arguments as in showing (E28]) we can show
that

ax 20,0
max Z; < Zmik V ~— + 2 max |U, + max |R;g|. (5.15
0<i<n i+m,k m,k " 0<i<n | m+i,k — m,k| j§n+m| ],k| ( )
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Now, for each p > 2 and 0 < ¢t < 1/2, if n > 1/(4t), then by (&), (&) and
ET5),

Emax Z,, < E[max max Zm,k}
m<n i i[nt]<m<(i+1)[nt]

Z
< ay qoko + Z F [!Zi[mm] +E [1;133 \Rj,k!}
+2E {m?xi[nﬂgglgz}ﬁl)[m] \Un.ie — Ui[nt]Jﬁ‘]

1
< C{t_lnﬁ+6+nﬁ+6} +2<E[max max U ke — Ui[nt]k|p])p
v gnt]l<m<(i+1)[nt] ’

C{t—lnﬁﬂS + nﬁ”} + 2<Z E[i[mkﬁa(ﬁl)[m] |Um,k — Ui[nt},k’pD
< Oft a0 4 ety (Zdnﬂ)?)%}

1

1
< C’{t_lnﬁ_HS + ﬁ_in%},

hSAe

IN

where the sums and maximums are taken over {i > 0 : i[nt] < n}. Here C > 0

is a constant and does not depend on t and n. Notice that Z,,; > —1. If
t =n~1/3+2/Be+3)  we have

1, _1 .5 1, _ 1 +l(l_ 2 )
E[m3X|Zm,k|] <2+ E[mngmvk] < Cn3736FD T 4 Cp3 7 36FD Tr 3T 36D
msn mn

Choosing p such that 1/p(1/3 — 2/[3(¢ + 1)]) < 6 yields (BI0) immediately.
With the same arguments as in showing (B4)) from (E7), (EIT]) can be derived
easily from (BI0) and the Borel-Cantelli Lemma. The proof of the lemma is now
complete. (BIT]) and (B4 indicates that the terms Z,, , and R, in (B3) can be
neglected.

Now we begin the proof of Theorem 3.1. Let s = a1/q1 + a2/q2. Then
V = (ak/qk)/s, k=12 Let A4, = O’(Xl, vy Xy X1, Y, e ,Yn), Mn,k =
S Xk (Dmg — EDpg), k = 1,2, Then {(My1,Mp2), An; n > 1} is a
martingale with

n

> E[(AM )24, | = Y XupVar (Do) = N ot (5.16)
m=1

m=1
E[AM, i, - AM, j|An,—1] = 0, j # k, and E[|AM, 1|P|A,_;] < 2PE[|D1P]. Ac-
cording to the law of the iterated logarithm for martingales, we have

M, = O(y/nloglogn) a.s..

(5.17)
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Combining (B3)), (EH), (1) and (BI7) yields that, for any 6 > 0,
* * l+;+§
apNp o — Ny = =My + 0(713 3913 2)

=— mk—l—o(nW ) (5.18)

=O(y/nloglogn) a.s., k=12
Together with the fact that Ny o+ Ny, | + Nj o = n, we have

Ak

ok =ng——a——+ O(y/nloglogn)

a a
oy

v +O0(y/nloglogn) a.s., k=1,2, (5.19)

n
s+1
a1Q2N5,2 - @2Q1N;:,1 = a2(a1NZ,0 - C]1]\7;,1) - al(a2NZ,0 - CJ2N;,2)
+1
= aleg — CLQMn’l + O(n'yg’i’yﬁ_(s) a.s.. (520)

We consider the martingale {M,, =: a1 M, 2 — aa My, 1}. From ([ET6) and (BI9),
it follows that

> E[AM)2A,]
m=1

n

= > GE[(AMy )2 A | + f: E[(AMy1)2 A

m=1 m=1
j_ T (a2vy03 + a3vi07) + O(y/nloglogn) a.s..

By the Skorokhod Embedding Theorem (cf., [Hall and Heydd (198()), there exists
an Ajp-adapted non-decreasing sequence of random variables {7}, } and a standard
Brownian motion B, such that

E%%M%ﬂ:E@Mm%%qLEMR&SQ&AMﬁg%,W>Z

M, = B(T,), n=1.2,....
(5.21)
Note that {} " _; (AT, —E[AT,,|Ann—1])} is also a martingale. According to the
Law of the Iterated Logarithm, we have

T, = Z E[AT | Am-1] + O(y/nloglogn)

m=1

=n il(a%U2U%+UJ%U1O’%)+O( nloglogn) a.s..
s
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On the other hand, by (EId), we have N ; + Ny o = [s/(s+1)]n+O(y/nloglogn)
s.. So, up = max{m : Ny 1 + Ny, 5 < n} =[(s+1)/sjn + O(v/nloglogn) a.s..
It follows that

T, = n(atvyos + a3viot) + O(y/nloglogn) a.s..
(5.22)

Substituting (522)), (B21)) into (E20) and applying the properties of Brownian
motion (cf., Theorem 1.2.1 of ICsérgd and Révésa (1981)), we have

W+1+6
a1q2Np2 — a2q1 N1 = a12 N, 5 — a2qu N, 1 = B(Ty,) + o < )

_B< (a?vy03 +a2vlal)) —|—O<(nloglogn % (logn) %) < >

+1
= B( (afva03 + CL2’0101)) + o(nvﬁ +5> a.s..

Together with the fact that N, 1 + N, 2 = n, we have

4165 B <n(a%v2cr§ + a%vla%)) s
Np1= n— + o(n 3v ) a.s..
a1q2 + a2q1 a192 + a2q1

Notice that 02 = (a3v10? + a?v203)/(a1q2 + a2q1)?, where o? is defined in (BI).
Let
1 B( (a3vy02 + azvlo'%))

Wi(t) =
®) o a1q2 + a2q1

Then {W(t);t > 0} is a standard Brownian motion. The proof of Theorem 3.1
is complete.
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