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Abstract: We investigate the stability, in terms of V-uniform ergodicity or tran-
sience, of cyclic threshold autoregressive time series models. These models cycle
through one of a number of collections of subregions of the state space when the
process is large. Our results can be applied in cases where the model has multiple
cycles and/or affine thresholds. The bounds on the parameter space are sharper
than those in previous results, and are easily verified. We extend these results to
autoregressive nonlinear time series that can be approximated well by a threshold
model (threshold-like).
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1. Introduction
1.1. Background

The threshold autoregressive model of order p, delay d < p, and s regimes
(TAR(p;d; s)) is the piecewise linear autoregression

1 1
HYia o Y, + 6 Yiea <11
Yi=Q 6o+ oYy, + & =2, 5—1 i <Yiq<w, (L1)

¢§8)Y2—1 +- ¢z(zss)Yt—ps + &, Yi_a>rs1
where gbgi), . ,¢§)? are the autoregression coefficients, p; < p, i = 1,...,s, the
{&} are mean zero i.i.d. random variables, and the constants r;, i =1,...,s —1,
are called the thresholds of the process. We consider more general thresholds of
the form a;z;_q + b; = 0, where z;_q = (y¢—1, .- - ,yt_d)/, and a;, b; are vectors
inRP, ¢=1,...,s — 1. These generalized thresholds allow for a richer variety of
behaviors.

Stability refers to the set of parameter values {gzﬁg-i)}, ji=1,...,pii=1,...,s
that allow {Y;} to reach a stationary distribution. There exist stability conditions
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explicitly for, or that can be applied to, TAR(p; d; s) models. However, much of
the existing research applies to specific models and is not generally applicable.
Other results are general, but are either difficult to verify or are so strong that
they unnecessarily restrict the parameter space. We attempt to remedy these
defects by providing easily verified conditions that are applicable to a wide class
of models, and that allow the recovery of more, if not all, of the stable parameter
space.

1.2. Markov chain embedding

The TAR(p; d; s) model from ([ILT)) can be embedded in the following general
state Markov chain on RP:
!
X; = ZAi[(Xt—l S Ri)Xt_l + v, (1.2)
i=1
with Xy = (Y, Yq,... ,i/t_p_i_l)/, vy = &(1,0,...,0), and the space R is parti-
tioned into [ regions R;, ¢ = 1,...,[, with the R; determined by, but not always
corresponding exactly to, the s — 1 thresholds a;Z;_4+b; =0,i=1,...,s — 1.
The A; are called the companion matrices and are given by

Vo) o)) )

1 0 0 0

A= 0 L0 0o
) 0 0
0 ' 1 0

Since the regions do not always correspond to the thresholds, a particular com-
panion matrix may apply to more than one region.

Embedding the time series in the Markov chain allows one to take ad-
vantage of existing Markov chain stability results. These results are often ex-
pressed as Foster-Lyapunov drift criteria. Authors such as |Cline_and P (2001)),
Meyn and Tweedid (1993), and [Tjastheim (199(0), among others, have followed
this strategy.

1.3. Cyclic Models

Cyclic threshold autoregressive time series models exhibit asymptotic cyclic
behavior, i.e., the Markov chain {X;} tends to cycle through one of a num-
ber of collections of subregions of the state space when the process is large.
Tong and Lim (198(0) originally introduced threshold autoregressive models to
account for, among other things, cyclic phenomena in time series data.
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Define the deterministic skeleton {x;} of the Markov chain {X;} to be the
process with the additive errors removed, i.e.,

l

Ty = Z AiI(ZL't_l € Ri)l't—l- (1.3)
=1

A k-cycle for the deterministic skeleton is a collection C = {R(M ... R®)} of k
regions with corresponding companion matrices {A™M), ... A®)} so that = € R
implies AWy e R(+1) mod (k) - The general cyclic case has 1 < m < oo cycles
Cy,...,Cyy, each of length k;, : = 1,...,m. A cyclic TAR(p;d; s) occurs where
the skeleton has one or more cycles, all points are mapped by the skeleton to
a cycle by a uniformly finite time, and the behavior of {X;} mirrors that of
{z;} when {X;} is large. This entails certain assumptions on the behavior of
the skeleton and the error distribution. We formalize this in our assumptions in
Section 3. [Tjgstheim (1990) dealt briefly with the case of a single-cycle cyclic
TAR(p, d, s) model, and we have borrowed and modified some of his notation.

In dealing with stability of Markov chains, IMeyn and Tweedid (1993), Num-
melin (1984), and [Tjastheim (1990) each employed a k-step method which takes
advantage of the fact that stability of the one-step chain {X;} and the k-step
chain { Xy} are equivalent for a finite positive integer k, though this equivalence
has not been demonstrated when V-uniform ergodicity is the criteria. Stabil-
ity conditions for {X;} are then determined through analysis of {X}. Cyclic
TAR(p, d, s) models are particularly amenable to this approach with k = [] k;;
these models need not shrink in expectation at every transition, just at each pass
through the cycle.

In summary, we develop stability criteria for cyclic TAR(p, d, s) models by
embedding the time series {Y;} in the Markov chain {X;}. Due to cyclicity
we consider the k-step chain {Xy}. Stability of {Xy} is defined as V-uniform
ergodicity; stability conditions for { Xy} are based on the stability of its skeleton
{zy} and stability of the error distribution. The sufficiency of these conditions is
demonstrated through the use of Foster-Lyapunov drift criteria. We then employ
an original result which equates the V-uniform ergodicity of { Xy} with that of
{X:}. Stability of {Y;} follows.

The paper is organized as follows: lemmas containing the drift conditions
for V-uniform ergodicity and transience, and establishing the equivalence of the
V-uniform ergodicity of {X;} and {Xy}, are in Section 2. Section 3 contains the
stability results, some examples, and an extension of the stability results to more
general nonlinear autoregressive time series. A brief discussion is in Section 4,
and proofs are in Section 5.
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2. General State Markov Chains

We provide some definitions here, referring the reader to IMeyn_and Tweedie
(1993) for these and additional explanation. In the following we assume {X;} is
a Markov chain.

2.1. V-uniform ergodicity

Following IMeyn_and Tweedid (1993), define for a function V' > 1 the V-norm
distance between two kernels P; and P, as

|[PL(x, 9) — Pa(x, 9)]

Il Pr = P, [[lv:= sup sup : (2.1)
v |gl<V V(z)
where P(z, g) := [ g(y)P(z,dy) for a kernel P and a measurable function g. Let

P and P" denote, respectlvely, the one-step and n-step transition kernels of { X };
if the stationary distribution of {X;} exists, denote it by 7 and define the kernel
m(x, A) = m(A) for all z and sets A. V-uniform ergodicity of {X,} is equivalent
to geometric convergence of P to 7 in the V-norm (Meyn and Tweedid (1993),
Theorem 16.0.1), i.e., ||| P" — 7 |||y < Rr~™, R < oo, r > 1, for any integer n.
Note that V' = 1 implies both uniform ergodicity and geometric ergodicity. In
addition to convergence of the n-step transition probabilities, V-uniform ergodic-
ity implies convergence of moments: if g(z) = z? is bounded by the test function
V(z), then P"(x,g) converges to m(g) in the V-norm. Meyn and Tweedid (1993,
Theorem 17.0.1) established asymptotic results for V-uniformly ergodic Markov
chains with obvious implications for large sample inference about nonlinear time
series. They also made connections between V-uniform ergodicity and mixing
properties (see [Liebscher (2004)) for a more recent paper in a similar vein).

2.2. Equivalence of the V-uniform ergodicity of {X;} and { X}

Suppose k is a positive integer. If the Markov chain {X;} with transition
kernel P is V-uniformly ergodic then so is { Xy}, since { Xy } has transition kernel
P* and, restricting ourselves to positive integers n so that n/k is an integer,

| P*" =7 |||y < Rr™ =||| (P*)"* — 7 |||y < R(rF)™*, R< oo, rF>1.

Thus V-uniform ergodicity of {X;} and {Xy} are equivalent if V-uniform er-
godicity of { X} in turn implies V-uniform ergodicity of {X;}. This is precisely
what the following tells us.

Lemma 1. Suppose {X:} is a Markov chain having transition kernel P with

Il P |llv< oo. Assume for a positive integer k < oo and function V' > 1 that
{ X1} is V-uniformly ergodic. Then {X.} is V-uniformly ergodic.
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Lemma 1 allows us to restrict our search for stability conditions for {X;} to
a search for stability conditions for { X }.

2.3. Drift conditions for V-uniform ergodicity and transience

Let E,[-] := E;[/|Xo = 2| and P,(-) := Py(-|Xo = z). We state brief def-
initions here, reminding the reader of the text by Meyn and Tweedid (1993) as
a reference. These are generalized definitions of standard concepts in the theory
of countable state Markov chains.

A general state Markov chain {X;} with state-space X is called ¢ -irreducible
if there exists a measure 1 on the Borel sets of X such that whenever ¢(A4) > 0,
we have P,(74 < 00) > 0 for all x € X, where 74 is the first return time to the
set A. A 1)-irreducible Markov chain is called aperiodic if there is no collection
of disjoint subsets of the state-space, other than the state-space itself, that the
chain cycles through with probability one.

Assuming aperiodicity and -irreducibility of {X;}, the various types of
ergodicity of Markov chains can be demonstrated through the use of Foster-
Lyapunov drift criteria. Lemma 2 generalizes drift conditions given by Meyn
and Tweedie for V-uniform ergodicity (1993, Theorem 16.0.1), and for transience
(Tweedid, (1976, Theorem 11.3)).

Lemma 2. Assume {X;} is a y-irreducible, aperiodic general state Markov chain

on RP.

1. Suppose V() > 1 is a measurable function, unbounded and locally bounded. If
for some integer 0 < k < oo and all M < oo

limsup ————=<1, sup FE;|[V(Xp)]<oo, sup————=<o0 (2.2
V(z)—o0 V() V(z)<M V() x V() (22)

and the level sets CJ(\}/) = {x : V(x) < M} are petite, then {X;} is V-
uniformly ergodic.

2. Suppose V' is a measurable, nonnegative, unbounded function. Suppose that
Y({x :V(x) > M}) >0 for all M < co. If for some integer 0 < k < oo

V(z)
V(Xk)

limsup F,
V(z)—o0

<1, (2.3)

then {X;} is transient.

By 1)), for any measurable V' > 1 and measurable function g

Py | Eelg(X1)]] E. [V (X1)]
[l P |||v:=sup sup ——~ =sup sup ——————— < sup —————,
v jgl<v V(@) ey V(@) = Vi)
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implying that if {Xy} is V-uniformly ergodic and sup, E,[V (X1)]/V(z) < oo,
then ||| P ||[y < oo, an assumption of Lemma 1. The process {X;} cannot have
unbounded explosions and be stable.

An alternative formulation of Lemma 2.1 above would assume {X;} is a
T-chain. Theory concerning petite sets and T-chains may be found in Meyn
and Tweedie (1993). Aperiodicity and t-irreducibility are easy consequences of
the time series having an error distribution which is continuous and everywhere
positive; the relationship between level sets being petite and { X} being a T-chain
is another consequence of this (Cline and Pu (1998)).

The function V referred to in Lemma 2 is called a test function. Applying
drift-criteria to demonstrate the various forms of ergodicity requires constructing
test functions of the process that satisfy these criteria. This is usually done on a
case by case basis that can be tedious, and produces results limited in scope. We
derive a ‘catch-all’ test function which applies in a variety of situations, saving
the time and effort involved in test function construction.

The stability and transience conditions in Lemma 2 nearly partition the
parameter space as is to be expected by the recurrence/transience dichotomy of
Markov chains. One might expect a drift condition sufficient for transience would
be that lim supy (;)_,c £2[V (Xk)/V (x)] > 1, but note the intermediate condition
liminfy ;) oo Bz [V(Xk)/V(2)] > 1 would be sufficient for non-positivity, while
transience is a ‘stronger’ form of instability than non-positivity and thus would
require a more unstable drift condition, leaving us to require the stronger condi-

tion in (ZZ): lim SUDY (2) 00 P [V(x)/V(Xk)] <1

3. Stability Results and Examples
3.1 Cyclic TAR(p; d; s) models

Intuitively, when {X,} is large the errors {{;} become negligible and the
stochastic process {X;} behaves like the deterministic system {z;}. Suppose
the dynamics of {z;} keep it away from the thresholds. When large, {X;} will
therefore tend to avoid the thresholds. Thus {X;} will have a stability criterion
analogous to that of {x;}, i.e., that {X;} shrinks in expectation with each pass
through the cycle. Demonstrating transience is a worst-case affair; if just one of
the cycles were such that {x;} grew with each pass through the cycle, then {X;}
would be transient.

Formally, suppose {X;} is as defined in ([LZ), with state space RP partitioned
into regions R;, each region with companion matrix A;, i =1,...,[, [ < co. Sup-
pose there exist m < oo cycles Cq, ..., C,, for the skeleton {z;} defined as in (L3,
each cycle C; of finite length k;, ¢ = 1,...,m. Suppose each cycle C; consists
of regions Rgz ,...,R,(;Z_) with corresponding companion matrices A3’ ""7‘41(9?7
1=1,...,m.
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For an integer n < co and a sequence i1, ...,14, of elements from {1,...,1},
define an n-path to be a sequence of n regions R;,,...,R; , with companion
matrices 4;,,..., 4, , that the skeleton {x;} of the process moves through, i.e.,
-1 =z € Ry, implies 2y = A;;x € Ry, j=1,...,n— 1. When x begins in a
cycle, the n-path consists of the regions in the cycle; when x does not begin in a
cycle the n-path consists of some other collection of regions.

Let || - || denote the Euclidean norm throughout and let Bs(z) := {y :||
y— =<}

Assumption 1. (Al) There exist M; < oo and, associated with each region
R;, j =1,...,1, a positive, strictly increasing function g;(-) with g(z) — oo as
x — 00, so that for an arbitrary n-path R;,,..., R;,, if || z ||> M,

HARS Rij :>Bgz](||Az]$||)(Alj$) - Rij+1, j=1...,n—1. (3.1)
Assume also that each g;; satisfies a triangle inequality, g;, (z+y) < gi, (z)+gs, (y)-

Assumption 2. (A2) Assume {z;} is such that there exist M2, n* < oo so that
for each g = « ¢ U,C; with || z ||> Ma, there is an integer d = d(z) < n*
implying if || z4 ||> Ma then z4 € U;C;.

(A1) has it that all x € RP with || = || large are mapped by the skeleton away
from the thresholds. (A2) is the condition that all large € RP not in a cycle
that remain large are mapped by the skeleton to a cycle within a uniformly finite
time. In applications, satisfying these assumptions may require subdividing one
or more regions; suppose the partition of the state space R1,..., R; is defined
both by the thresholds and any necessary further subdivision of these regions.

Since the skeleton is piecewise linear, vectors are mapped to vectors and
so, for example, if the rotation of the map is toward the interior of the next
region, the assumptions are satisfied. Many of the classic examples in the liter-
ature (see IChan, Petruccelli, Tong and Woolford (1985), IChen_and Tsay (1991),
Guo_and Petruceelli (1991), Kunitomd (2001) and Petruccelli and Woolford
(1984) for instance) satisfy these assumptions, and their results follow immedi-
ately from ours.

Example 1. [Petruccelli and Woolford (1984) considered the SETAR(2;1;1)
model
X = ¢11(Xi—1 > 0)Xp1 + G2l (Xi—1 <0)Xp1 + &

Assume ¢y # 0, ¢po # 0. Note {X;} is a Markov chain. The skeleton of {X;}
is given by z; = ¢1I(x4—1 > 0)xy—1 + ¢p2l(x4—1 < 0)xy—1. Denote the regions
Ry ={x:2 >0}, Rp = {z : v < 0}. Let R; — R; denote z;_; € R; implies
Tt ER]', 1,7 =1,2.



50 THOMAS R. BOUCHER AND DAREN B. H. CLINE

Depending on the values of sgn(¢;) and sgn(¢s), the cycles could be R} — Ry
and/or Ry — Rg, or Ry — Ry — Rj. These cycles are reached by any zp =z € R
within one transition (n* = 1 for any My > 0), satisfying (A2). Since ¢1 # 0,
¢2 # 0, (A1) is satisfied for any M; > 0 with ¢1(z) = |p12|, g2() = |p2x].

When one or more of the companion matrices are not of full rank, we can
have x large in magnitude 'mapped small’ by the skeleton. This does not prove to
be a problem since stability concerns the behavior of large values of the process.
If all of the A; are of full rank, then large = are all mapped large by the skeleton.
Moreover, note that we need the cyclicity assumption to hold only for large x.

We apply these points in the next example. The model is reminiscent of
the ASTAR models discussed by [Lewis and Stevend (1991), fit using adaptive
regression splines.

Example 2. Consider the TAR(2;2;3) model

§1)Yt_1 + <Z>§1)Yt—2 +&, Yii12>e¢, Yia2>0,
Y, = ¢§2)Yt—1 + &4, Y1 <cg,
§3)Yt—1 + &, Yio12>2¢, Yi2<O.

Suppose & ~ N(0,02), gl) > 0, qﬁgl) > 0, ¢>§2) < 0, gbgg) < 0, ¢c>0. Let
Xt - (}/ll,aift—l) , Tt = (ytayt—l) , Vg = (§t70) a‘nd

1 (@) (2) (3)
Al — ¢1 ¢2 ) A2 — 1 0 ) A3 = 1 0 .
1 0 1 0 1 0

Define regions Ry = {(y1,¥2) : v1 > ¢,y2 > 0}, Ro = {(y1,92) : y1 < ¢},
Rs = {(y1,92) : 1 > ¢,y2 < 0}. The general state Markov chain {X;} on R? and
its skeleton {x;} are

Xt = AlXt—II(Xt—l S Rl) + AQXt_ll(Xt_l S Rg) + AgXt_ll(Xt_l S Rg) + g,
= A1z I(z4—1 € Ry) + Agxp11(x4—1 € Ra) + Azxy—11(x4—1 € R3).

Let R; — R; denote x;_1 € R; implies x; € R;. When the magnitude is large
the dynamics for the skeleton are R — Ry, Ro — Ry, Ry — R3, R3 — Ro. The
region Ry feeds into two regions: when |y;—1| is small, points in Ry are mapped
back to Rg; when |y;—1| is large, points in Ry are mapped to Rs. Suppose
xg=x € Ry. For Ms < 00,

2) 1\ M,
I =l Ase 1= a1 (62,1 1> Mo & fyr] > —r 2
(917 + 1

Update the definition of regions by defining R, = {z :|| Aoz ||< My} and
Ry = {z :|| Agz ||> Mas}. Picking My large enough leaves us with Ry — R; and
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Ry — R3 — Ry as the cycles of interest, satisfying (A2) with n* = 1. The points
in R/2 likewise satisfy (A2) since, though they do not reach a cycle, they do not
grow large in magnitude.

Points « € Ry are mapped to the ray (qﬁ&z),l)/, while points x € Rj3 are
mapped to the ray (qﬁgg), 1)/. The matrix A; is full-rank. Clearly then an M; < oo
and functions g1 (-), g2(-), g3(-) exist so that (Al) is satisfied.

We turn to the stability result. For a square matrix A, let p(A) denote the
spectral radius of A.

Theorem 1. Suppose {X;} is as defined in (L2), with state space RP partitioned
into regions R; and each region with companion matriz A;, i =1,...,1. Suppose
(A1), (A2) are satisfied, E|&|" < oo for some r > 0, and & has a continuous
density everywhere positive. Then
1. {Xy} is V-uniformly ergodic if

z'e{nlnaxm}p< i Ay)) <5
e

<

2. {Xy} is transient if
k;
()
max ,0< A > > 1.
ie{l,...,m} ]]‘:_Il J

Assumptions (A1) and (A2) on the skeleton, when combined with the appro-
priate stability condition on the skeleton and a ’stability’ condition on the errors,
give us sufficient conditions for V-uniform ergodicity of {X;}. When (Al) and
(A2) are combined with an instability condition on the skeleton and a ’stability’
condition on the errors, we have sufficient conditions for transience of {X;}.

Previous authors have employed the strategy of analyzing the dynamics of
the skeleton to find the cycles and combining the stability condition on these cy-
cles with one on the error distribution to construct a test function which satisfies
the appropriate drift criterion. I(Chan et all (1985), [Kunitoma (2001)), [Lim (1992)
and [Petruccelli and Woolford (1984), among others, all used this logic in dealing
with specific models. We emphasize again that our results allow one to proceed
directly from analysis of the skeleton to stability without having to devise a test
function specific to a given model.

Example 1. (cont.) With an appropriate condition on the error distribution,
we have Petruccelli and Woolford’s (1984) sufficient condition for ergodicity (ge-
ometric in their case, V-uniform in ours), that ¢1 < 1, ¢ < 1, ¢p1¢9 < 1, and
the sufficient condition for transience that ¢1 > 1 or ¢o > 1 or ¢1¢9 > 1.
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Theorem 1 applies beyond existing results, and is able to handle more elab-
orate models whose stability properties are not detailed in the literature.

Example 2. (cont.) Supposing & ~ N(0,0?), the assumptions behind Theorem
1 are satisfied and we have {X;} is V-uniformly ergodic if ngl) > 0, qﬁgl) > 0,

§2> <0, qbf’) < 0if

p(A1) <1e o) + o) <1, p(Axds) <16 Dol <1;
{X:} is transient if either
p(A) > 16 ¢V 4o > 1 or p(dy43) > 1 ¢Pel® > 1.

Note the ergodic parameter spaces in the examples are unbounded, contrary
to what we would expect through analogy with linear AR(p) time series. Both
examples reflect the fact that commonly stated global conditions for stability can
unnecessarily restrict the parameter space. Focusing on only the relevant cyclic
behavior gives sharper bounds, leading to a wider variety of better performing
models. The gain can be tremendous; as in the examples, other threshold au-
toregressive models have been shown to have unbounded parameter spaces.

3.2 Nonlinear autoregressive models

The nonlinear autoregressive model of order p (NLAR(p)) with additive noise
&t is
Vi=f(Yie1,...,Yip) + &, (3.2)
where {{;} is a mean zero i.i.d. sequence and f is a nonlinear function. Consider
the general state Markov chain {X;} with X; = (Y,,... ,Y}_pﬂ)/. By Chan (in
Tong (1990), Prop. A1.7), if f is bounded on bounded sets and &; has a pdf that
is everywhere continuous and positive, then {X,} is aperiodic and t-irreducible,
1) being Lebesgue measure.
Tong (1990) suggests finding stability conditions for (B2) through local lin-
earization. Describe the transitions of {X;} by the mapping ®(-), where
®(x-1) = QW1 Yp) = (FWt - Yp)s Yeots- > Yipt1) -
Supposing f is continuous and everywhere differentiable, we can use a Taylor
expansion to approximate {X;} by X; = J(x)X;_1 + ¢(x) + v; around the point
x=(y1,... ,yp)/, where

g (@) o g f@) G- f(x)
0

f

1 .. 0
J(2) =
0
0
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is the Jacobian of ®() evaluated at z, vy = 2i(1,0,...,0) and c¢(z) = ®(z) —
J(z)x plus the remainder of the Taylor expansion. With appropriate condi-
tions on c(z) and the errors, the condition for stability would then be
limsup”ac”_)oo ,O(J(IL‘)) < 1.

We loosen the restriction that f(-) be continuous and differentiable (or even
Lipschitz) and instead require {X;} be asymptotically threshold-like, i.e., ®(x) =
2221 A;I(z € R;)x+ h(x), with appropriate conditions on h for large x. We then
apply the work done for cyclic TAR(p;d; s) models, allowing us to weaken the
global condition lim sup |~ p(J(x)) < 1 to a condition on the relevant cyclic
behavior, so that the process need not shrink in expectation at every transition
as lim sup oo p(J(2)) < 1 implies, just at every pass through the cycle, giving
sharper bounds on the parameter space.

Theorem 2. Assume there exists M3 < 0o so that for Xy = x with || = ||> M3
we can embed the NLAR(p) model (B2) in the Markov chain

l
Xp =Y Ad(Xi1 € R)Xy1 + h(Xi1) + 1, (3.3)

i=1
where x; = Zi.:l Ail(xy—1 € R;)xy—1 satisfies the conditions of Theorem 1,
h(z) = O(]] = ||, 0 < € < 1, E|&]" < oo for some r > 0, and & has a

continuous density everywhere positive. Then
1. {Xy} is V-uniformly ergodic if

ADY <1, 3.4
ZE{I{l,.a}fm} <j=1 ]> ( )
2. {Xy} is transient if
k;
A >, 3.5
e o (1147 )

Example 3. Consider the threshold-like EXPAR model (Tong (1990)) which
generalizes the TAR(2;2;3) model in Example 2:

(@) 401 e Yt (0 48y e Y + &, Vi 2 e, Yiea 20,
Y= (a§2) + 552)6_}@2*1)5@—1 + &, Vi1 <e,
2
(@ + 8P e Y20y + ¢, Yio12>¢ Yia <O,

Let X; = (Y;t,Y;f—l)’, Ry = {(y1,92) : y1 > ¢,y2 > 0}, Ry = {(y1,42) : y1 < ¢},
R3 = {(y1,92) : y1 = ¢,y2 < 0}. Then

X; = ZAiI(Xt—l € RZ‘)Xt_1 + h(Xt_l) + Vg,
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where

1 1 2 3
(o) (). (0.
1 0 1 0 1 0

(ﬂ;l)e_ytz*lyt—l + 551)6_3@2*15/%—2,0)l, Xi—1€ Ry

WXi-1) =4 (8P e Y 1y;_4,0) X1 € Ry
_v2 /

(B e Y2y, 0), Xi_1 € Rs.

Note that h(x) is bounded. By this and reasoning similar to Example 2, if

E|&|" < oo then {X;} is V-uniformly ergodic in the case where agl) >0, aél) >0,

oz§2) < 0 and agg) <0if p(4) <1 & agl) + agl) < 1 and p(A243) < 1 &
a§2)o¢§3) < 1, while {X;} is transient if either p(4;) > 1 & agl) + agl) > 1 or
p(AQAg) >1& Ozgz)()égg) > 1.

4. Discussion

When max;ei . m} p(]_[fizl Ag-i)) = 1, the processes {X;} and {Y;} are most
likely null recurrent, though this is an open question. If intercept terms are
included, however, the process can be ergodic or transient as well. The error dis-
tribution can also have an effect. See, for example, the TAR(1) models considered
in ICline_and Pl (1999).

Note assumptions (A1) and (A2) exclude chaotic dynamics of the skeleton.
There can be no arbitrarily long cycles or dense orbits before reaching a cycle—
unless the process stays small in magnitude. Interestingly, this points out the
need for uniformity in the behavior of the skeleton in order to determine stability.
Chaotic dynamical systems with bounded attractors have ergodic distributions of
their own. Processes with a chaotic skeleton perhaps have a limiting distribution,
where it exists, that is a mixture of the chaotic ergodic and the error distributions.

5. Proofs

Proof of Lemma 1. Since || P ||[y< oo, there exists < oo such that
[l P|llv< Q. Denote the common invariant distribution of { X} and {X;} by
7. Note { Xy} has transition kernel P*. Since {X} is V-uniformly ergodic,

==

nk
I P& =7 (=] (P*)* =7 [lv< Rr™" = Rr™ % = R(r¥)™"* = Rr;™, (5.1)

where 7, = 7'/ > 1. Then for integers n and 1 < j < k, k fixed, using (GI]) and
the invariance of 7,

i . n . n ' —(kn+7
Il PR+ — e [ly=[|| PAPP =) [[lv< (Il P lllv)? || PP = [lv< Ry ®" 49,
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where R’ = max(Q, QF)Rr¥. Since each integer n' = nk+jforsomen,1 < j <k,
this implies || P —7 |||y < R'ry™ ,r* > 1, R’ < oo, which by Meyn and Tweedie
(1993, Theorem 16.0.1) is true if and only if {X;} is V-uniformly ergodic.

Proof of Lemma 2. (1) By (Z2), and since V is unbounded, there exists
M < oo so that V(z) > M implies E,[V(X;)]/V(x)] < 1. Since C{)) = {x :
V(z) < M} is petite, V() > 1 and locally bounded, there exist K < oo, > 0 so
that E,[V (V)] —V(z) < =BV (x) + KIc(z); thus by Meyn and Tweedid, (1993,
Theorem 16.0.1), { Xy} is V-uniformly ergodic. Since sup, E,[V(X1)/V (z)] < o0
then ||| P |||y < oo and, by Lemma 1, {X;} is V-uniformly ergodic.

(2) Transience follows immediately from [Cline and Pu (2001, Lemma 4.1) and
Meyn and Tweedid (1993, Theorem 8.2.6).

Recall we defined an n-path to be a sequence of n regions R;,, ..., R;, , with
companion matrices A4;,,. .., A;,, that the skeleton of the process moves through,
Le, xp1 =2 € Ry, implies z; = Aijaj €ER;, ,,j=1,...,n—1 The next lemma

demonstrates any initial Xy = x large enough in magnitude will remain large
and in the n-path with a high probability. We make use of this lemma several
times in the proofs of Theorems 1 and 2. Let P,(-) := P(:|Xy = z) and recall
that || - || denotes the Euclidean norm.

Lemma 3. Suppose {X:} as at (LZ), (Al) holds, and E|&|" < oo for some
r > 0. For an integer n assume, beginning at xo = x, the skeleton {x;} follows the
n-path Ri,, ..., Ri,. Let q(x) := [min(ming{g;, (|| [Tj=; Ai;z D}, | THi=; Ai2 ||
)7, Then

Po (U2 (X  Ri) U (1 X 1< )]) = Ogla). (52)

Proof. Let Cy be the empty set and Cj, = ﬁ?zl[(Xj €ER
for k=1,...,n. Then

)Nl X5 (1> M)

ij+1

n

Po(Cp) = Po(C1) [T Po((Xi € Ry ) 0 (| X 1> M)|Chr). (5.3)
k=2

We can write X, = H;?:l Ajz+ S MITL —) As, )€1, where the process remains
in the n-path until time k.
k

Note that || [T7_; Ai;z =] [Ti=y Aiyj2 | /TT—pqr [| As; Il for k=1,....n,
so defining Dy := [maxgeq1,..ny [[jogyq I| A (177, we have for k =1,...,n that

k
I T =1 Agz = Da || TTj— Aijz |-

Get functions g;,(-) and M = M, from (Al). Pick Dy > [max; || A;; [|]"
Suppose w.l.o.g. Dy > 1. Then since the g;; satisfy a triangle inequality, we have
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for k =1,...,n by Markov’s Inequality,

k—1 k

Po(X & Riy 1 |Ck1) < P16l + D2 Y i (160) > g3 (T 1 i 1))

=1 j=1
< (1+ D2)maxjeq,... n) 9i; (Bl
g (I TT5=y Aiye )"
(1+ Do) maxjeqy .. n) 9i; (E|Ek|")
93, (D1 [ TT =y Ay D)7

k—1 k
Po(|| Xk € MICx1) < P(I&] + D2 Y Il =) [T A | —M)
=1 j=1
< (1+ Do) E&x|"
= Dy, Ay [ =M

Then by complementation for k =1,...,n,

Po((X1 € Rieo) N (| i[> M)|Cin)
> 1= 2max ([ou, (00 1 TL 42 1)] 7 (011 T Age 1 -20) 7). G
= =1

Using (B3) and (B4,
Po(( MRzt (X € Ro )0 () X 1> 21)))
Zﬁ [1—2max ([mlaxgil (Dl [ ﬁAijZ' I )}_’"7 (Dl I ﬁAijaz H—M)—T>
k=1 Jj=1 J=1
= [1—2max ([mlaxgil (Dl I ﬁAijZ' I )]_"7 (Dl | ﬁAijx H—M)_Tﬂn—l
e j=1

The conclusion follows.

The following result is partially due to [Ciarlet (1982). The proof is ours.

Lemma 4. If a matriz A has p(A) < 1, then there exists a matriz norm || - || mat
induced by a vector norm || - ||vec and a constant 0 < A < 1 such that
| Az [Joee<I| A lmatll T [lvee< A || T [vec, V- (5.5)

Also, with || - || the Euclidean norm, || x ||— oo implies || x ||yec— 0.
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Proof. It is a well-known fact (Martelli (1992), Lemma 4.2.1, for example) that
p(A) < 1 implies the existence of an integer ¢ < oo and a vector norm

I foee=ll 2 | + | Az || +---+ || A7 e | (5.6)

with the matrix norm || - || induced by || - [[vec having || A |lmar< 1. Also,
| A ||[mat< 1 implies the existence of a constant 0 < A < 1 with A >|| A ||;mae-
Then for all z by a norm inequality, || A% ||vec<|| A |lmat|| T llvee< A || @ [|vec-
From (&6l and the non-negativity of || - || we have that || x ||— oo implies
| @ [lvec— 0.

Lemma 5. Suppose {X;} as at (L) and the conditions of Theorem 1 (1.) hold.
Let || - ||; denote the vector norm for cycle C;, ¢ = 1,...,m, implied by Lemma
4, let || - || denote the Euclidean norm, and define

Vi)=Y lallf Hz € C}+ | o |7 I{z ¢ UL, Ci}.
1=1

Then the level sets Cﬁ[lv} = {x: E,[V'(X,)] < M1} are petite for any integer n
and each My < co.

Proof. By the definition of || - ||; in (&8)), clearly E,[|| X, [|"/?] < E [V (X,)].
Since all matrix norms are finite, using norm inequalities and (B6) again, there
exists C' < oo with E,[V'(X,,)] < CE[|| X, ||"/?]. Thus E,[V'(X,)] — oo iff
E.[|| X ||] = oo. From this and E|&|" < oo, we can clearly find M, My < o0
so that
inf Py(|| X ||< Ms) > 0.
{z: Eo[V'(Xn)]<M1}

By Meyn and Tweedid (1993, Prop. 5.5.4) this implies {z : E,[V'(X,)] < M}
is petite for the sampled chain {X,,;}, and thus is petite for {X;}.

In the following proofs of Theorems 1 and 2 the strategy is simple: find
a test function V so that the appropriate drift condition, whether (22) for V-
uniform ergodicity or (Z3)) for transience, is satisfied. The bulk of the proofs
involves creating the test function V' by piecing it together from consideration of
the dynamics of the skeleton and the assumptions on the Markov chain in which
the time series is embedded.
Proof of Theorem 1. (1) We need a test function V(-) for {X;} so that 22

is satisfied. By the assumptions and Lemma 4, there exists A = max(A1,...,\p)
and for each cycle C; there exist vector norms | - ||; with z € C,; satisfying
0<po(JTA) <a<1, IT[AYz li<Alzll i=1,...,m. (5.7)

j=1 j=1
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Get r from E|&|" < co. Suppose r < 1 and define
m T
=Y =) HeeC+ || = |? H{a & UZ,Ci}.
i=1

Get n* and let k := [[ ki, M = max(M;, M2) from the assumptions. Suppose
w.l.o.g. that z,+ € R%l), and zo = z follows the n*-path R;,,..., R before
entering the cycle.

1
Let T = I, (Xaesy € BYD] N0 (I Kooy > M)]) and denote

Ex,.(-) == E(|X,-). Then if || X,- € R, from E2) and by
E|&|" < oo there exists K1 < oo so that

! L !
EXn* [V (Xn*—l—k)fk] < ARV (Xn*) + K. (58)
Let I} denote the indicator of the complement of the argument of I,. Suppose
w.lo.g. that min;[g;(y)] < y for large y. Then by (BIl), applying Lemma 3
with n = k, conditioning on X,-, and applying Cauchy-Schwarz there exist
Ky, K3 < 00 so that || X« ||> M and X+ € R§1) implies

!

Ex [V (X 1) If] < (Ko (X)) + K) (HHA “5E) 69)

n

From (B8) and (£9), X« € Rgl) with || X,

!

Ex [V (Xp11)]

n

K
k

ATV (Xpe )+ Ky + (Ko V' (X )+ ) (HHA“

~ g ) (5.10)

By BI), applying Lemma 3 with n = n* — 1, conditioning on Xy = z, and
applying Cauchy-Schwarz, we have similar to (B2I0) that if || X,»
X RrW

n* ¢ )

!

EBx,. [V (Xpe )] < (KoV (Xoe) + K3)O( | H A =), (5.11)

Note O(|| TT¥_; AV Xpe [=E-1r/2) = O,(|| T2, Asyz ||-®D7/2). Note also
from the definition of V' and the triangle inequalities that there exists C' <
oo such that E.[|| Xp« ||"/?] < E [V (Xpr)] < CE[|| Xp ||"/?]. Combining
this with Jensen’s Inequality applied to E,[|| Xn+ ||"/?] and CE.[|| Xn= ||"/?],
implies we have E,[V'(X,+)] — oo iff || [T
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implies E,(Ex . [V (Xps1)])) = EolV' (Xpei1)] = Ex(Ex, [V (Xp44)]). From
this, (B10) and (&1T),

ESC(EXk [V/ (Xn*+k)])
B[V (Xn-)]

k
lim sup =\ <1 (5.12)

Eo[V' (X)) —00

Let V(z) := 1 + E,[V'(Xpn+)]. Note V > 1 is locally bounded, unbounded and
measurable and, by (BI2)), V satisfies (Z2). Applying Lemma 5 with n = n*, it
follows the level sets C']‘\//[1 = {x : V(x) < My} are petite; thus by Lemma 2 the
process {X;} is V-uniformly ergodic.
(2) We need a test function V() for {X;} so that (3) is satisfied. Suppose
w.lo.g. Cy has p := P(Hflzl Agl)) >1land Xg =2 € R§1) € Cq. Let e; denote
a normalized eigenvector corresponding to the eigenvalue A1 with p = |\;| > 1,
and let a1 (z) denote the projection of x onto e;.

Let Iy, = I{[N",(X; € RV )10 [E (| X5 > M)} and IS denote the
indicator of the complement of the argument of I,. Get r from the assumptions
and pick ¢ < /2. Define ¢(z) = min[g;(z)]. The assumptions on the g; imply
that ¢(-) is strictly increasing. By Cauchy-Schwarz,

1+ [p(Jar (z)])]? }
1+ [¢(lax (X, )]

1 q
< Ex|: + [#(lax (2)])]
1+ [¢(lar (Xi,)])]
1 (ke —1)r (ke —1)r
Note that. £,(I€) = O((| 15, AV [)]-6-7) = O([o(ar (@)))~+-7)
follows from E|&;|" < oo, the definition of ¢(-), and Lemma 3 with n = k1. Then
since ¢ < r/2, we have |a;(z)| — oo implies (1 + [¢(|a1(x)\)]q)[Ex(I,g)]1/2 — 0.

Let Iy := I{$(|a1(Xy,)]) < ¢(las(2)])}. Then

o [ B @)D

1+ [¢(lar (X,)])]
Now E,(Iy,1y) < Pp(Ig = 1|1, = 1) and, as |ai(x)| — oo,

Pu(lg = 1[I, = 1) = O([¢(lar (z))] 7). (5.15)
Define the test function V(z) = (14 [¢(|a1(x)|)]%). Then by (EI3)) through (EI5)

Em[

|+ (U [B(la (@) DI [ ()2 (5.13)

=

qlkl] <1+ (1 [p(lar (@) D) Ex(Ir, 1)) (5.14)

| V@) ) 0t Bla@)))
tmew B[] = e e o

By assumption {X;} is aperiodic and ¢-irreducible, with ¢ being Lebesgue mea-
sure. Clearly ¢ ({z : V(z) > M}) > 0 for all M < co. By Lemma 2, {X;} is
transient.

<1. (5.16)
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In the proof of transience in Theorem 1 we concentrated on what happens
to the process projected along the eigenvector corresponding to the eigenvalue of
maximum modulus. When this is larger than one, the process grows in this di-
rection and is therefore transient. This is the logic used by such previous authors
as [Kunitomd (2001)), [Petruccelli and Woolford (1984) and [Tjgstheim (1990) in
their proofs of transience for simpler models.

Proof of Theorem 2. (1) Define k = [[k; and V'(z) := 37", || = Hr/z I{z €
Ci}+ || = ||/ I{x ¢ U™ ,C;}. Then there exist Kq,...,Ks5 < 00,0 < A < 150
that

!

B[V (X 4) [ X ]

Kk
k

ANV (Xpe) + Ky + (V' (Xpe) + K3) (HHA i

IV (X)) + K3) (HHAwH =)

+ K4V [h( X)) + K. (5.17)

!

Since h(@®) =O(|| z ||), Jensen’s Inequality has E,[(V' [h(X,)])|<KeEx [V (Xns)])¢
for some K¢ < oo. Using this and (&11),

lim sup EI[E(VI(Xn*+k)‘Xn*)]
Eo[V' (X, )] —00 Eu[V' (Xne)]

Let V(z) := 1+ E,[V'(X,)]. Then V > 1 satisfies (Z3), is locally bounded,
unbounded and measurable. The level sets are petite by Lemma 5; by Lemma 2,
the process {X;} is V-uniformly ergodic.

(2) Suppose w.l.o.g. C; has length k; and has p := p(H;“:1 Ag-l)) > 1, and that
Xo=z¢€ R € Cy with ||  [|> M := max(M;, Mo, My). Define a;(z), Iy,, IC,

I, Ig as in the proof of Theorem 1. Pick ¢ < 1/2min(r, [k1 — 1]e).

By @B3)) we can write, when X c RW ji=1,... k1,

<1 (5.18)

j+1»
k1 k1 k1 k1
=X, + | I AVr@) +>° I AVwx;)], (5.19)
j=1s=j+1 j=1s=5+2

where {X,} is defined by (). By the assumptions on h,

k1 k1

3(|lar (3" I AL R@))]) = O([¢(Jar (2)]))*2=De),

j=1s=j+1



AUTOREGRESSIVE TIME SERIES MODELS 61

ki k
¢(lar Y TT ALK = Op([(|ar ()] * D).
j=1s=j+1

We have similar to (2I0) by (BI9) that when |aq(z)| is large,
Er(Ixy 1) < Po(ly = U, = 1) = O([6(|ax(2)))] "), (5.20)

Define the test function V(z) = (14[¢(Jai(z)[)]?). Then by (E20) and arguments
similar to those leading to (BI0l),
V(z)

limsup F;|———| = limsup FE,
V(z)—o0 [V(Xlﬁ)] lai(z)|—o00 |:(

(1 + [¢(las (x)])
1+ [p(Jar (X, ))]9)

] <1 (5.21)

By assumption {X;} is aperiodic and y-irreducible, with ¢ being Lebesgue mea-
sure. Clearly ¢({z : V(z) > M}) > 0 for all M < co. By Lemma 2, {X;} is
transient.
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