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Abstract: This paper deals with generalized confidence intervals (GCIs) for the

maximum value of functions of parameters of interest in the presence of nuisance

parameters. For k(≥ 2) normal populations, we propose GCIs for, respectively, the

largest mean, the largest quantile and the largest signal-to-noise ratio.

For the case of the largest mean, it is shown that the proposed GCIs are better

than those of Chen and Dudewicz (1973a, b). A new measure of efficiency is

proposed and some Monte Carlo comparisons between the proposed method and

the known method are performed. We also show that in several situations the

GCIs are equivalent to Bayesian confidence intervals by employing improper prior

distributions. Illustration is made to some real data.
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1. Introduction

To illustrate the underlying problem and to formulate the generalized confi-
dence interval (GCI), consider an observable random vector Xi from population
πi, i = 1, . . . , k, with cumulative distribution function Fζi

, where ζi = (θi, δi)
is a vector of unknown parameters, θi the parameter of interest and δi a vec-
tor of nuisance parameters. For convenience, let xi be an observation of Xi,
i = 1, . . . , k, X = (X1, . . . ,Xk), x = (x1, . . . ,xk), and ζ = (ζ1, . . . , ζk). Based
on x, our goal is to derive a 100(1 − α)% GCI for θ = max1≤j≤k θj.

It is well known that confidence intervals (CIs) in statistical problems in-
volving nuisance parameters are available only in special cases. To remedy this,
Weerahandi (1993, 1995) proposed a generalized pivotal quantity and derived the
GCI as an extension of the classical CI. Based on that work, we make

Definition 1.1. Let R = R(X ,x, ζ) be a function of X and possibly x and
ζ as well. Then R is said to be a generalized pivotal quantity if it satisfies the
following conditions :
(1) the distribution of R is free from unknown parameters;
(2) robs defined as robs = R(x,x, ζ) does not depend on nuisance parameters.
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Definition 1.2. Let Θ be the parameter space of θ. If a subset C1−α of the
sample space of R satisfies P (R ∈ C1−α) = 1 − α, then the subset Θc of the
parameter space given by Θc(1−α) = {θ ∈ Θ|robs ∈ C1−α} is said to be a 100(1−
α)% GCI for θ.

As in a Bayesian treatment, the idea is to do the best with the observed data
rather than treat all possible samples. The GCIs are not based on conventional
repeated sampling considerations, but rather on exact probability statements.
For further discussions and details in this direction, see Weerahandi (1995). In
fact, by Meng (1994), the distribution of R sometimes can be obtained as a limit
of the posterior distributions of robs|X = x in a Bayesian formulation, and the
GCI can be obtained as a limit of Bayesian CIs. However, this is not always the
case.

Let π1, . . . , πk be k(≥ 2) populations where observations Xij from πi are
independently distributed as N (µi, σ

2
i ), i = 1, . . . , k, j = 1, . . . , ni. All means µi

and variances σ2
i are unknown. Let g(µ, σ2) be some function of the mean and

variance. We consider πi to be better than πj if g(µi, σ
2
i ) > g(µj , σ

2
j ). Our goal

is to construct an interval estimator of max1≤i≤k g(µi, σ
2
i ).

When g(µi, σ
2
i ) = µi and the variances are equal, the problem has been

considered by several authors (e.g., Dudewicz (1972), Chen and Dudewicz (1973a,
b), Alam, Saxena and Tong (1973), Alam and Saxena (1974), among others).
A discussion of these approaches and various related methods can be found in
Gupta and Panchapakesan (1979). When the variances are unequal, we consider
100(1−α)% generalized upper confidence intervals (GUCIs) for the largest mean
by using the generalized pivotal quantity derived in Section 2.

In many practical situations, an experimenter is not only interested in select-
ing the population in terms of the means, but also in considering other quantities
such as the signal-to-noise ratio (Box (1988)). The latter is an important measure
in industrial statistics.

In this paper, we consider two specific cases: g(µ, σ2) = µ + σΦ−1(p) and
g(µ, σ2) = µ/σ, i.e. the pth quantile and the signal-to-noise ratio. They are
studied in Section 3 and Section 4, respectively. Proofs are presented in the
Appendix.

2. GCIs for the Largest Mean

Let π1, . . . , πk be k(≥ 2) populations where observations Xij from πi are
independently distributed as N (µi, σ

2
i ), i = 1, . . . , k, j = 1, . . . , ni. Let n∗ =∑k

i=1(ni−1), X̄i =
∑ni

j=1 Xij/ni, S2
p =

∑k
i=1

∑ni
j=1(Xij−X̄i)2/n∗, S2

i =
∑ni

j=1(Xij

−X̄i)2/ni, and x̄i, s2
p, and s2

i the observed values of X̄i, S2
p , and S2

i , respectively.
We want to construct 100(1 − α)% GUCIs for max1≤i≤k µi.

2.1. When σ2
1 = · · · = σ2

k = σ2 are known
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Consider the identity µi = X̄i − n
−1/2
i σZi, where Zi = n

1/2
i (X̄i − µi)/σ ∼

N (0, 1), and Z1, . . . , Zk are independent. Let Yi = x̄i − n
−1/2
i σZi and R =

max1≤i≤k Yi. Clearly, the observed value of R is max1≤i≤k µi and the distri-
bution of R is free from the unknown parameters. Therefore, R is a general-
ized pivotal quantity. In fact, the components of the random vector (n1/2

1 (Y1 −
x̄1)/σ, . . . , n

1/2
k (Yk − x̄k)/σ) = (−Z1, . . . ,−Zk) have independent normal distri-

butions. The following theorem shows that the distribution of (Y1, . . . , Yk) is
equivalent to a posterior distribution of (µ1, . . . , µk)|x based on a linear trans-
formation of independent normal random variables.

Theorem 2.1. Suppose the joint prior distribution of (µ1, . . . , µk) is the im-
proper prior p(µ1, . . . , µk) ∝ 1. Then the joint posterior distribution of (n1/2

1 (µ1−
x̄1)/σ, . . . , n

1/2
k (µk − x̄k)/σ)|x is equivalent to k independent normal distribu-

tions.

The proof is staightforward and thus is omitted. Now, for given 1 − α, we
need to find a constant c such that

1 − α=P

(
max
1≤i≤k

Yi ≤ c

)
= P (Yi ≤ c for all i = 1, . . . , k)

=P
{
Zi ≥ n

1/2
i (x̄i − c)/σ for all i = 1, . . . , k

}

=
k∏

i=1

{
1 − Φ

[
n

1/2
i (x̄i − c)/σ

]}
, (2.1)

where Φ(·) denotes the standard normal distribution function. It is evident
that (−∞, c1−α(x̄1, . . . , x̄k)) is a 100(1 − α)% GUCI for max1≤i≤k µi, where
c1−α(x̄1, . . . , x̄k) is the value of c that satisfies (2.1). By Theorem 2.1, it is equiv-
alent to a 100(1 − α)% Bayesian upper CI.

Chen and Dudewicz (1973a) (see also Gupta and Panchapakesan (1979)) also
proposed a 100(1−α)% upper CI given by (−∞,max1≤i≤k(x̄i +n

−1/2
i σΦ−1((1−

α)1/k))). The following theorem shows that the proposed 100(1 − α)% GUCI is
always contained in this upper CI, henceforth abbreviated as UCI1.

Theorem 2.2. Let c1−α(x̄1, . . . , x̄k) denote the value c satisfying (2.1). Then
c1−α(x̄1, . . . , x̄k) ≤ max1≤i≤k(x̄i + n

−1/2
i σΦ−1((1 − α)1/k)), and equality holds if

and only if x̄i + n
−1/2
i σΦ−1((1 − α)1/k), i = 1, . . . , k, are all equal.

To compare the empirical coverage probabilities of the proposed GUCI and
UCI1, suppose that k = 5, n1 = · · · = n5 = 10, µi = i, and σ2 = 1. Figure 1 is
based on 10000 simulations.
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Figure 1. Empirical coverage probabilities of GUCI and UCI1 based on 10000
simulations, k = 5, n1 = · · · = n5 = 10, µi = i, σ2 = 1.

To compare the two CIs, we propose a new measure of efficiency between
two intervals. For any observations x̄1, . . . , x̄k and confidence level 1−α, a UCI1
for max1≤i≤k µi can be constructed and, based on this, we can find 1 − α′ such
that

1 − α′ =
k∏

i=1

(
1 − Φ

{
n

1/2
i

σ

[
x̄i − max

1≤i≤k

(
x̄i + n

−1/2
i σΦ−1

(
(1 − α)1/k

))]})
.

We define the efficiency of the proposed GUCI to UCI1 by

eff =
1 − α′

1 − α
. (2.2)

Based on 10000 simulations with k = 5, n1 = · · · = n5 = 10, µi = i, σ2 = 1,
efficiencies are shown in Figure 2.

2.2. When σ2
1 = · · · = σ2

k = σ2 are unknown

Consider the identity µi = X̄i − (n∗S2
p/niV )1/2Zi, where

Zi = n
1/2
i (X̄i − µi)/σ ∼ N (0, 1), V = n∗S2

p/σ2 ∼ χ2
n∗ , (2.3)

and Z1, . . . , Zk and V are independent. Let Yi = x̄i − (n∗s2
p/niV )1/2Zi and

R = max1≤i≤k Yi. Clearly R is a generalized pivotal quantity. In fact, the
distribution of the random vector (n1/2

1 (Y1 − x̄1)/sp, . . . , n
1/2
k (Yk − x̄k)/sp) =

(−Z1(V/n∗)−1/2, . . . ,−Zk(V/n∗)−1/2) has a k-variate t distribution with n∗ de-
grees of freedom. The following theorem shows that the distribution of (Y1, . . . ,

Yk) is equivalent to a posterior distribution of (µ1, . . . , µk)|x which is a linear
transformation of a k-variate t distribution.
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Figure 2. Efficiency of GUCI to UCI1 defined by (2.2) based on 10000 simu-
lations, k = 5, n1 = · · · = n5 = 10, µi = i, σ2 = 1.

Theorem 2.3. Consider the improper prior p(µ1, . . . , µk, σ
2) ∝ σ−2. The joint

posterior distribution of (n1/2
1 (µ1− x̄1)/sp, . . . , n

1/2
k (µk − x̄k)/sp)|x is a k-variate

t distribution with n∗ degrees of freedom.

Now, for given 1 − α, we need to find a constant c such that

1 − α=P

(
max
1≤i≤k

Yi ≤ c

)
= P

{
Zi ≥

(
niV

n∗

)1/2
(

x̄i − c

sp

)
for all i = 1, . . . , k

}

=
∫ ∞

0

k∏
i=1

{
1 − Φ

[(
niv

n∗

)1/2
(

x̄i − c

sp

)]}
pχ2

n∗ (v)dv, (2.4)

where pχ2
n∗ (v) is the probability density function of a χ2 distribution with n∗

degrees of freedom. It is evident that

(−∞, c1−α(x̄1, . . . , x̄k, sp)) (2.5)

is a 100(1−α)% GUCI for max1≤i≤k µi, where c1−α(x̄1, . . . , x̄k, sp) is the value of
c satisfying (2.4) and, by Theorem 2.3, is equivalent to a 100(1 − α)% Bayesian
upper CI.

Chen and Dudewicz (1973b) proposed a 100(1 − α)% upper CI for the case
n1 = · · · = nk = n which is given by (−∞,max1≤i≤k(x̄i + n−1/2spF

−1
k,k(n−1)(1 −

α))), where F−1
k,k(n−1)(1−α) satisfies Fk,k(n−1)(F

−1
k,k(n−1)(1−α), . . . , F−1

k,k(n−1)(1−
α)) = 1−α, and Fk,k(n−1)(·, . . . , ·) denotes the distribution function of a k-variate
t distribution with k(n − 1) degrees of freedom and identity correlation matrix.
The following theorem shows that the proposed 100(1 − α)% GUCI is a non-
trivial subset of the 100(1−α)% upper CI given by Chen and Dudewicz (1973b),
henceforth abbreviated as UCI2.
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Theorem 2.4. Let n1 = · · · = nk = n and c1−α(x̄1, . . . , x̄k, sp) be the value of c

satisfying (2.4). Then c1−α(x̄1, . . . , x̄k, sp) ≤ max1≤i≤k(x̄i +n−1/2spF
−1
k,k(n−1)(1−

α)), and equality holds if and only if x̄1 = · · · = x̄k.

Based on 10000 simulations with k = 5, n1 = · · · = nk = 10, µi = i, σ2 = 1,
Figure 3 shows that UCI2 is rather conservative and that the empirical coverage
probability of GUCI is very close to (never below) the confidence level.
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Figure 3. Empirical coverage probabilities for the case of equal unknown
variances.

In Figure 4 the efficiencies of GUCI relative to UCI2 is based on 10000
simulations with k = 5, n1 = · · · = n5 = 10, µi = i, σ2 = 1.
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Figure 4. Efficiency of GUCI to UCI2 when the variances are equal and
unknown.

2.3. When σ2
i are unequal and unknown
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Following an identity of Weerahandi (1995), µi = X̄i − n
−1/2
i σiZi = X̄i −

SiZiV
−1/2
i , where

Zi = n
1/2
i (X̄i − µi)/σi ∼ N (0, 1), Vi = niS

2
i /σ2

i ∼ χ2
ni−1, (2.6)

and Zi and Vi, i = 1, . . . , k are independent. Let Yi = x̄i − siZiV
−1/2
i and R =

max1≤i≤k Yi. Clearly R is a generalized pivotal quantity. It can be shown that
the random variables (ni−1)1/2(Yi− x̄i)/si = −Zi{Vi/(ni−1)}−1/2, i = 1, . . . , k,
follow independent t distributions with ni − 1 degrees of freedom, respectively,
and the distribution of the random vector (Y1, . . . , Yk) is equivalent to a posterior
distribution of (µ1, . . . , µk)|x which is a linear transformation of independent t

distributions.

Theorem 2.5. Consider the improper prior p(µ1, . . . , µk, σ
2
1 , . . . , σ

2
k)∝

∏k
i=1 σ−2

i .
The joint posterior distribution of ((n1 − 1)1/2(µ1 − x̄1)/s1, . . . , (nk −1)1/2(µk −
x̄k)/sk)|x is equivalent to k independent t distributions with ni − 1 degrees of
freedom, respectively.

The proof is similar to that of Theorem 2.3 and is omitted. Now, for given
1 − α, there is some constant c satisfying

1 − α=P

(
max
1≤i≤k

Yi ≤ c

)

=P

{
Zi√

Vi/(ni − 1)
≥ (ni − 1)1/2(x̄i − c)/si for all i = 1, . . . , k

}

=
k∏

i=1

P
{
tni−1 ≥ (ni − 1)1/2(x̄i − c)/si

}
, (2.7)

where tni−1 denotes a random variable with t distribution with ni − 1 degrees of
freedom. Thus

(−∞, c1−α(x̄1, . . . , x̄k, s1, . . . , sk)) (2.8)

is a 100(1 −α)% GUCI for max1≤i≤k µi, where c1−α(x̄1, . . . , x̄k, s1, . . . , sk) is the
value of c that satisfies (2.7) and, by Theorem 2.5, is equivalent to a 100(1−α)%
Bayesian upper CI.

Figure 5 shows the empirical coverage probabilities of the proposed GUCI,
based on 10000 simulations with k = 5, n1 = · · · = n5 = 10, and µi = σ2

i =
i, i = 1, . . . , 5. It is seen that the empirical coverage probability is larger than
the associated confidence level.
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Figure 5. Empirical coverage probabilities when the variances are unequal
and unknown.

What is the efficiency loss if GUCI for the unequal variances case is applied
when the variances are in fact all equal ? Under the same setting as in Section
2.1, we computed the efficiency of (2.5) relative to (2.8). Figure 6 shows that,
over the range 1 − α ∈ [0.8, 1), (2.8) is almost as efficient as (2.5). Therefore,
unless there is strong evidence for equality of variances, it is recommended to use
the GUCI at (2.8) derived under the unequal variances assumption.
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Figure 6. Efficiency of GUCI for the case of equal variances against that of
unequal variances based on 10000 simulations, k = 5, n1 = · · · = n5 = 10,
µi = i, σ2

i = 1.

It is noted that a two-sided GCI can also be obtained by the same method.
In fact, a 100(1 − α)% two-sided GCI is given by (c1,1−α(x̄1, . . . , x̄k, s1, . . . , sk),
c2,1−α(x̄1, . . . , x̄k, s1, . . . , sk)) where c1,1−α(x̄1, . . . , x̄k, s1, . . . , sk) and c2,1−α(x̄1,
. . . , x̄k, s1, . . . , sk) respectively satisfy

k∏
i=1

P
{
tni−1 ≥ (ni − 1)1/2 (x̄i − c1,1−α(x̄1, . . . , x̄k, s1, . . . , sk)) /si

}
= α1,
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k∏
i=1

P
{
tni−1 ≥ (ni − 1)1/2 (x̄i − c2,1−α(x̄1, . . . , x̄k, s1, . . . , sk)) /si

}
= 1 − α2,

and α1 + α2 = α.

3. GCIs for the Largest Quantile

Let the pth quantile corresponding to πi be denoted by θp
i , θp

i = µi+σiΦ−1(p).
We want to construct a 100(1 − α)% GUCIs for max1≤i≤k θp

i .

3.1. When σ2
1 = · · · = σ2

k = σ2 are unknown

Consider the identity θp
i = X̄i − (n∗/V )1/2Sp{n−1/2

i Zi − Φ−1(p)}, where
Zi and V are defined in (2.3). Let Yi = x̄i − (n∗/V )1/2sp{n−1/2

i Zi − Φ−1(p)}
and R = max1≤i≤k Yi. Clearly R is a generalized pivotal quantity. Also, the
distribution of the random vector(

n
1/2
1 (Y1 − x̄1)

sp
, . . . ,

n
1/2
k (Yk − x̄k)

sp

)

=

(
−Z1 − n

1/2
1 Φ−1(p)

(V/n∗)1/2
, . . . ,−Zk − n

1/2
k Φ−1(p)

(V/n∗)1/2

)

has a k-variate noncentral t distribution with n∗ degrees of freedom and
noncentral parameter vector (n1/2

1 Φ−1(p), . . . , n1/2
k Φ−1(p)). Connection of the

distribution of the random vector (Y1, . . . , Yk) and a posterior distribution of
(θp

1, . . . , θ
p
k)|x is shown by the following.

Theorem 3.1. Consider the improper prior p(µ1, . . . , µk, σ
2) ∝ σ−2. The joint

posterior distribution of (n1/2
1 (θp

1 − x̄1)/sp, . . . , n
1/2
k (θp

k − x̄k)/sp)|x is a k-variate
noncentral t distribution with n∗ degrees of freedom and noncentral parameter
vector (n1/2

1 Φ−1(p), . . . , n
1/2
k Φ−1(p)).

For given 1 − α, find a constant c such that

1−α=P

(
max
1≤i≤k

Yi ≤ c

)

=P


Zi ≥

(
niV

n∗s2
p

)1/2

(x̄i − c) + n
1/2
i Φ−1(p) for all i = 1, . . . , k




=
∫ ∞

0

k∏
i=1

P


1 − Φ


( niv

n∗s2
p

)1/2

(x̄i − c) + n
1/2
i Φ−1(p)




 pχ2

n∗ (v)dv. (3.1)

Then (−∞, c1−α(x̄1, . . . , x̄k, sp)) is a 100(1 − α)% GUCI for max1≤i≤k θp
i , where

c1−α(x̄1, . . . , x̄k, sp) is the value c satisfying (3.1) and, by Theorem 3.1, is equiv-
alent to a 100(1 − α)% Bayesian upper CI.
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3.2. When σ2
1, . . . , σ

2
k are unequal and unknown

Consider the identity θp
i = X̄i −SiV

−1/2
i {Zi −n

1/2
i Φ−1(p)}, where Zi and Vi

are defined in (2.6). Let Yi = x̄i−siV
−1/2
i {Zi−n

1/2
i Φ−1(p)} and R = max1≤i≤k Yi.

Clearly, R is a generalized pivotal quantity. It can be shown that (ni−1)1/2(Yi−
x̄i)/si = −{Zi − n

1/2
i Φ−1(p)}/{Vi/(ni − 1)}1/2, i = 1, . . . , k, are independent

noncentral t distributions with ni−1 degrees of freedom and noncentral parameter
n

1/2
i Φ−1(p), respectively, and the distribution of the random vector (Y1, . . . , Yk)

is equivalent to a posterior distribution of (θp
1 , . . . , θ

p
k)|x by the following.

Theorem 3.2. Consider the improper prior p(µ1, . . . , µk, σ
2
1 , . . . , σ

2
k)∝

∏k
i=1 σ−2

i .
The joint posterior distribution of ((n1 − 1)1/2(θp

1 − x̄1)/s1, . . . , (nk − 1)1/2(θp
k −

x̄k)/sk)|x is equivalent to k independent noncentral t distributions with ni − 1
degrees of freedom and noncentral parameters n

1/2
i Φ−1(p), respectively.

The proof is similar to that of Theorem 3.1 and is omitted. Now, for given
1 − α, there is some constant c satisfying

1−α=P

(
max
1≤i≤k

Yi ≤ c

)

=P

{
Zi − n

1/2
i Φ−1(p)√

Vi/(ni − 1)
≥ (ni − 1)1/2(x̄i − c)/si for all i = 1, . . . , k

}

=
k∏

i=1

P
{
t′ni−1

(
−n

1/2
i Φ−1(p)

)
≥ (ni − 1)1/2(x̄i − c)/si

}
, (3.2)

where t′ni−1(λi) denotes a random variable of noncentral t distribution with ni−1
degrees of freedom and the noncentral parameter λi. Thus

(−∞, c1−α(x̄1, . . . , x̄k, s1, . . . , sk)), (3.3)

is a 100(1−α)% GUCI for max1≤i≤k θp
i , where c1−α(x̄1, . . . , x̄k, s1, . . . , sk) is the

value c satisfying (3.2) and, by Theorem 3.2, is equivalent to a 100(1 − α)%
Bayesian upper CI.

4. GCIs for the Largest Signal-to-noise Ratio

Let θi denote the signal-to-noise ratio corresponding to πi, θi = µi/σi. We
want to construct 100(1 − α)% GUCIs for max1≤i≤k θi.

4.1. When σ2
1 = · · · = σ2

k = σ2 are unknown

Consider the identity θi = (V/n∗)1/2X̄i/Sp − n
−1/2
i Zi, where Zi and Vi are

defined in (2.3). Let Yi = (V/n∗)1/2x̄i/sp − n
−1/2
i Zi and R = max1≤i≤k Yi.
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Clearly R is a generalized pivotal quantity. For given 1 − α, find a constant c

such that

1 − α = P

(
max
1≤i≤k

Yi ≤ c

)

= P

{
Zi ≥

(
niV

n∗

)1/2
(

x̄i

sp

)
− n

1/2
i c for all i = 1, . . . , k

}

=
∫ ∞

0

k∏
i=1

{
1 − Φ

[(
niv

n∗

)1/2
(

x̄i

sp

)
− n

1/2
i c

]}
pχ2

n∗ (v)dv. (4.1)

Then (−∞, c1−α(x̄1, . . . , x̄k, sp)), is a 100(1 − α)% GUCI for max1≤i≤k θi, where
c1−α(x̄1, . . . , x̄k, sp) is the value c satisfying (4.1) and, by the following, it is
equivalent to a 100(1 − α)% Bayesian upper CI.

Theorem 4.1. Consider the improper prior p(µ1, . . . , µk, σ
2) ∝ σ−2. The joint

posterior distribution of (µ1/σ, . . . , µk/σ)|x is equivalent to the joint distribution
of (Y1, . . . , Yk).

4.2. When σ2
i are unequal and unknown

Following an identity of Weerahandi (1995), θi = (Vi/ni)1/2X̄i/Si −n
−1/2
i Zi,

where Zi and Vi are defined in (2.6). Let Yi = (Vi/ni)1/2x̄i/si − n
−1/2
i Zi and

R = max1≤i≤k Yi. Clearly R is a generalized pivotal quantity. Now, for given
1 − α, there is some constant c satisfying

1 − α=P

(
max
1≤i≤k

Yi ≤ c

)

=P

{
Zi + n

1/2
i c√

Vi/(ni − 1)
≥ (ni − 1)1/2x̄i/si for all i = 1, . . . , k

}

=
k∏

i=1

P
{
t′ni−1(n

1/2
i c) ≥ (ni − 1)1/2x̄i/si

}
. (4.2)

Then

(−∞, c1−α(x̄1, . . . , x̄k, s1, . . . , sk)) (4.3)

is a 100(1 − α)% GUCI for max1≤i≤k θi, where c1−α(x̄1, . . . , x̄k, s1, . . . , sk) is the
value c satisfying (4.2) and, by the following, is equivalent to a 100(1 − α)%
Bayesian upper CI.

Theorem 4.2. Consider the improper prior p(µ1, . . . , µk, σ
2
1 , . . . , σ

2
k)∝

∏k
i=1 σ−2

i .
The joint posterior distribution of (µ1/σ1, . . . , µk/σk)|x is equivalent to the joint
distribution of (Y1, . . . , Yk).
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The proof is similar to that of Theorem 4.1 and is omitted.

5. Real Data

Table 1 presents repeated determinations of bilirubin, a red bile pigment at
intervals of a week or more in the serum of healthy young men. Data are from
Table 10.1 of Bliss (1967) and originated from Drill (1947).

Table 1. Concentration of bilirubin in serum samples from each of 8 young
men, in units of milligrams per milliliter, listed in order of size. (Drill, 1947.)

Term A B C D E F G H
0.14 0.20 0.32 0.41 0.61 0.53 0.61 0.48
0.20 0.27 0.41 0.68 0.61 0.55 0.83 0.68
0.23 0.32 0.41 0.68 0.68 0.68 0.83 0.75
0.27 0.34 0.55 0.68 0.68 0.75 0.89 0.96
0.27 0.34 0.55 0.68 0.74 0.79 0.96 1.03

x 0.34 0.38 0.62 0.75 0.75 0.82 0.96 1.23
0.41 0.41 0.71 0.75 0.75 0.82 1.10 1.30
0.41 0.41 0.91 0.98 0.82 1.16 1.10 1.30
0.55 0.48 1.00 0.83 1.23 1.44 1.30
0.61 0.55 1.03 1.03 1.51 1.51
0.66 1.16

ni 11 10 8 10 11 9 10 10
x̄i 0.372 0.370 0.560 0.764 0.787 0.814 1.023 1.054
si 0.165 0.095 0.177 0.181 0.163 0.228 0.263 0.315
x̄i + siΦ−1(.9) 0.583 0.493 0.787 0.996 0.996 1.106 1.361 1.458
x̄i/si 2.253 3.879 3.159 4.225 4.835 3.580 3.884 3.347

From Table 1, it can be seen that the sample standard deviation is large when
the sample mean is large. To test homogeneity of variances, apply Bartlett’s test
and find a p-value of 0.0441. Thus, significant differences in the variances at the
0.05 significance level. Applying the proposed methods at (2.8), (3.3), and (4.3),
Table 2 gives the associated generalized upper confidence bounds for the largest
mean, the largest 0.9-quantile, and the largest signal-to-noise ratio at various
confidence levels.

Table 2. Generalized upper confidence bounds for the largest mean, 0.9-
quantile, and signal-to-noise ratio.

confidence level
0.9 0.95 0.99

mean 1.2190 1.2632 1.3639
0.9-quantile 1.7752 1.8702 2.1016

signal-to-noise ratio 6.0856 6.4458 7.1805
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Appendix

Proof of Theorem 2.2. Since
∏k

i=1{1 − Φ(n1/2
i (x̄i − c)/σ)} is increasing in c,

k∏
i=1

(
1 − Φ

{
n

1/2
i

σ

[
x̄i − max

1≤i≤k

(
x̄i + n

−1/2
i σΦ−1

(
(1 − α)1/k

))]})

≥
k∏

i=1

{
1 − Φ

[
−Φ−1

(
(1 − α)1/k

)]}
= 1 − α.

It is noted that the equality holds if and only if x̄i + n
−1/2
i σΦ−1((1 − α)1/k) are

all equal.

Proof of Theorem 2.3. By the technique of Lee (1997), the joint posterior
distribution is

p(µ1, . . . , µk, σ
2|x)

∝ (σ2)−1−n∗/2 exp
{
− 1

2σ2
n∗s2

p

}
(σ2)−k/2 exp

{
− 1

2σ2

k∑
i=1

ni(µi − x̄i)2
}

.

Consider the transformation µ′
i = n

1/2
i (µi − x̄i)/σ, i = 1, . . . , k, and τ = σ−2.

Then, conditioning on x,

µ′
i ∼ N (0, 1), n∗s2

pτ ∼ χ2
n∗, (A.1)

and µ′
1, . . . , µ

′
k and n∗s2

pτ are independent. Therefore, by Johnson and Kotz

(1972), the posterior distribution of (n1/2
1 (µ1 − x̄1)/sp, . . . , n

1/2
k (µk − x̄k)/sp)|x

is a k-variate t-distribution with n∗ degrees of freedom and identity correlation
matrix.

Proof of Theorem 2.4. When n1 = · · · = nk = n, (2.4) becomes

1 − α = P

(
Zi√

V/(k(n − 1))
≥ n1/2

(
x̄i − c

sp

)
for all i = 1, . . . , k

)
.

Since the distribution of the random vector (Z1{V/(k(n − 1))}−1/2, . . . , Zk{V/

(k(n − 1))}−1/2) has a k-variate t distribution with k(n − 1) degrees of freedom
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and P (Zi{V/(k(n − 1))}−1/2 ≥ n1/2(x̄i − c)/sp for all i = 1, . . . , k) is increasing
in c,

P

(
Zi√

V/(k(n − 1))
≥ n1/2

sp

{
x̄i− max

1≤i≤k

(
x̄i + n−1/2spF

−1
k,k(n−1)(1 − α)

)}

for all i = 1, . . . , k

)

≥P

(
Zi√

V/(k(n − 1)
≥ −F−1

k,k(n−1)(1 − α) for all i = 1, . . . , k

)

=1 − α,

and the equality holds if and only if x̄1 = · · · = x̄k.

Proof of Theorem 3.1. Similar to the proof of Theorem 2.1, by (A.1), the
posterior distribution of(

n
1/2
1 (θp

1−x̄1)
sp

, . . . ,
n

1/2
k (θp

k−x̄k)
sp

)∣∣∣∣∣x=

(
µ′

1+n
1/2
1 Φ−1(p)

(s2
pτ)1/2

, . . . ,
µ′

k+n
1/2
k Φ−1(p)

(s2
pτ)1/2

)∣∣∣∣∣x
is the k-variate noncentral t-distribution with n∗ degrees of freedom and noncen-
tral parameter vector (n1/2

1 Φ−1(p), . . . , n1/2
k Φ−1(p)).

Proof of Theorem 4.1. It is similar to the proof of Theorem 3.1. Note that
µi/σ = (n∗s2

pτ/n∗)1/2x̄i/sp − (niτ)1/2(x̄i − µi)/n
1/2
i . By (A.1), the proof is com-

plete.
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