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Abstract: In this paper, we develop local polynomial estimation procedures to fit
deterministic dynamic models with a focus on the estimation of time-varying pa-
rameters. Three local estimation methods for estimating time-varying parameters
are proposed: two-step local linear estimation, two-step local quadratic estimation,
and a two-step local hybrid method. Although the proposed estimation methods
are applicable for general dynamic models, we establish the asymptotic properties
of the proposed estimators for a linear deterministic dynamic model and show that
the proposed estimators for linear dynamic models achieve the optimal convergence
rate. Simulation studies reveal that the proposed two-step estimation methods per-
form better than the naive one-step local estimator. An application from an AIDS
clinical trial is presented to illustrate the methodologies.
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1. Introduction

In the study of infectious diseases such as HIV and hepatitis viruses, model-
ing immune response and viral dynamics is critical for understanding pathogen-
esis of viral infection and providing guidance toward development of treatment
strategies. Typically, the immune response and viral dynamic models are de-
terministic differential equations that may not have closed form solutions. See
Perelson_and Nelson (1999), Nowak and May (2000) and [Tan_and Wii (2005) for
a good survey on these models. For example, the HIV dynamic model with antivi-
ral treatment can be expressed as (Huang, Rosenkranz, Wil (2003), Michele et al’
(2004), Wi (2005) and [Huang, Liu and Wu (2006))

%Xl () = A — k[1 — r(£)] X1 (1) X3(t) — pX1(t) = 01(t) — pX1(t),
X (1) = KL~ r(0] X2 ()X (1) — 6Xa (1) = Ba(t) — 6 X (1) (L1)
d

%Xg(t) = N(;Xg(t) — CXg(t) = (93(75) — CXg(t),
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where X7 (t) is the concentration of uninfected target cells, Xs(t) is the concen-
tration of infected cells, and X3(t) is the concentration of free plasma virus (viral
load) at time ¢; p is the death rate of uninfected T' cells, ¢ is the death rate
of infected cells, and c is the clearance rate of free virions; 61(t) = X\ — k[1 —
r(t)] X1(t)X3(t) denotes the T cell production rate, 09(t) = k[1 — r(¢)] X1 (t) X35(t)
denotes the rate of target cells becoming infected cells, and 05(t) = NJXs(t)
denotes the virus production rate at time ¢. The time-varying functions 6;(t),
02(t) and 05(t) are three important indices that characterize viral dynamics in
HIV infected patients. In general, it is difficult to establish a closed form solution
to the nonlinear differential equation model (([CT]) without making more assump-
tions. [Perelson ef. all (199€) considered a simple HIV dynamic model under the
assumptions of a constant uninfected cell concentration X;(¢) and a perfect an-
tiviral treatment effect. Given these assumptions, closed form solutions of the
infected cell concentration Xo(t) and the viral load X35(t) are given by
% [cexp{—0dt} — dexp{—ct}],

X
X3(t) = Xge™ + CC_% {c f 5 [eiét - e*d} - 5teCt} ,

Xo(t) =
(1.2)

where Xo = X3(0) is the initial value of viral load (baseline value). In AIDS
clinical studies, the viral load X3(¢) can be observed with measurement error.
Thus the parameters § and ¢ can be estimated by fitting the nonlinear parametric
model

Y3(t) = X5(t) + es(t), (1.3)
X3(t) = Xge™“ + 00)_((15 {c E 5 [e_‘st - e_ﬂ - 5te_Ct} , (1.4)

where Y3(t) is the observed viral load at time ¢, and e3(t) is the unobserved
measurement error with mean zero and variance o3(t). Furthermore, the time-
varying parameter 0(t) = [01(t), 02(t),03(t)]" can be estimated by using (I with
fixed ¢ and §. Over the past several years, a variety of nonlinear exponential-
type parametric models have been used to fit short-term clinical data from AIDS
clinical trials, seeHo_ et _all (1997), [Perelson et al! (1997, 11996), Wu, Ding and De-
Gruttola (1998), Wu_and Ding (1999), [Han_and Chaloner (2004) and [Wu (2003),
among others.

During long-term AIDS treatment, the antiviral treatment effect may be
imperfect and the concentration of uninfected target cells may change over time.
Thus short-term models such as (C2) are not applicable. Since the dynamic
model ([ZTJ) is composed of differential equations without a closed form solution,
one requires numerical solutions, see papers by [Putter et all (2002), Xia (2003),
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Michele et all (2004) and Huang, Liu_and Wu (2006). Numerical methods can
lead to intensive computations when complex statistical methods are employed
for parameter estimation.

In this paper we develop nonparametric smoothing methods for the unknown
time-varying parameter 0(¢) in the general deterministic dynamic model speci-
fied in Section 2. In order to achieve this aim, first we need to estimate the state
variable X (¢) and its derivative X'(¢). In Section 2, we introduce local estima-
tion procedures for this purpose. Three local estimation methods for the time-
varying parameter @(t) are proposed: two-step local linear estimation, two-step
local quadratic estimation and a two-step local hybrid estimation. The proposed
methods can avoid numerical solutions to the differential equations. In Section
3, we investigate the proposed two-step estimators for a linear dynamic model
and derive explicit formulas for them. The asymptotic biases and variances of
the estimators are obtained, and we show that the proposed estimators achieve
the optimal convergence rate. We show that a naive one-step local estimator of
the time-varying parameter 8(t), unlike the proposed two-step estimators, does
not achieve the optimal convergence rate. We also discuss bandwidth selection
problems and interval estimates in Section 3. In Section 4, the proposed meth-
ods are illustrated and compared, via simulation, with the data generated from
an HIV dynamic model. The proposed methods perform well in estimating the
time-varying parameter. An application to HIV dynamics data from an AIDS
clinical trial is also presented in Section 4. Some concluding remarks are given in
Section 5. Technical proofs of the theorems are provided in an online supplement.

2. Models and Methodology
2.1. Deterministic dynamic models
A deterministic dynamic model can be written as

CX(1) = F(X(1).0(1) (2.1)
where X(t) = [X1(t),..., X;n(t)]T is an unobserved state vector, 8(t) = [01(t),

., 0 ()]T is an unknown time-varying parameter vector, and F(-) = [F1(-),. ..,
Fyu ()] is a known linear or nonlinear function vector. The dynamic model may
also contain constant parameters, but we only focus on time-varying parameters
in this paper. Some components of the state vector X(t) are often observable. A
linear observation or measurement function can be written as

Y (t) =TX(t) + e(t), (2.2)
where T is usually a known design matrix, and Y (t) = [Y1(t),...,Y,(#)]7 is

an observation vector with measurement noise being e(t) = [e1(t),. .., em(t)].
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Dynamic systems (1) and ([Z2) are widely used in modeling viral dynamics for
infectious diseases, as mentioned, in Section 1. The goal of this paper is to apply
local polynomial techniques to estimate the time-varying parameter 6(t).

2.2. Two-step local pth order polynomial estimation

First we suggest a two-step local estimation procedure for (Z1)—(2). As-
sume that the component of the state vector Xy (), k =1,..., m, possesses p+ 1
(p > 1) derivatives and that the component of the time-varying parameter vector
0;(.), 5 = 1,...,m, has a second order derivative. Write {Y;(¢;),7i = 1,...,n}
as the observed data of the kth component of the state vector at time pomts.
t1,...,t,. The proposed procedure consists of two steps.

Step 1 For a given point ¢y, use a pth order polynomial (p > 1) to fit model
(Z2) to obtain the estimates of X(t9) and X'(to) = dX(t)/dt|i=, si-
multaneously, say X »(to) = [le(to) X »(t0)]T and X! H(to) =
[X{,p(tO)a cee ’X;n,p(tO)]T'

Step 2. Substitute the estimates }A(p(ti) and ﬁ;(ti), i=1,...,n,in the dynamic
equation (ZI]) to obtain the regression model

X, (t:) = F (X, (t:), 0(t:) ) + ealti), (2.3)

where e3(t;) denotes the substitution error vector, then apply a local
linear method to estimate the time-varying parameter 6(tg).

The first step is to use a standard local polynomial smoothing method. Since
the components of the state vector X (¢) possess p+ 1 derivatives, for each given
time point to we approximate the function X (¢;), k =1,...,m, by

t; — to)P X P (t
Xi(t) = Xulto) + 1~ o)X ) -+ L) g

for t;, i = 1,...,n, in a neighborhood of the point to, where By ,(to) = [Bk,0(to),
By ()T, with Bi(to) = X\ (to)/vl, v = 0,....p, and 7, = [L,(t;
to)..., (tto)P]T. Following the local polynomial fitting (Fan_and Gijbeld (1996)),

the estimators X ( ) [ﬂl,O(tO) .. ,ﬂm O(tO)] and X/ (to) [ﬁl,l(tO) cay ﬁmJ
(to)]” can be obtained by minimizing the locally Welghted least-squares criterion,

> (Yi - TZ,,Bs(t0))" Wiy, (Yi — TZ,B,(t0)) , (2.4)

k=1

with respect to By, ,(to), k = 0,...,m. Here Yi = [Yi(t1),...,Yi(tn)]", Z, =
(Z1,p - s Znp)T and Wy, = diag(Kp, (t1 —to), ..., Knp, (tn — t )), with th( ) =
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K (-/hy)/hi obtained by re-scaling a kernel function K (-) with bandwidth h; > 0
to control the size of the associated neighborhood for the kth component.

In the second step, we apply a local linear method to estimate the time-
varying parameter vector 0(t) based on (3. We assume that the component
functions Fx(-), k = 1,...,m, have a continuous second derivative. Then 0(t;),
k=1,...,m,i=1,...,n, can be approximated around the point t¢ by

Ok(ti) = . o(to) + a1 (to)(ti — to)-

Thus, (ty) = [01(to),. . .,0m(to)]” can be estimated via minimizing the locally
weighted function

Zm: Zj: {Xhp) = B (Xp(t), (I @ 2] (o)) }2 Ko(t: — to), (2.5)

where ® denotes the Kronecker product and I,,, denotes an m-dimensional iden-
tity matrix, Ot(t()) = [a?(to),... ,a?n(to)]T with Otj(t()) = [Oéjp(to),aj,l(to)]T,
while Kj(-) is a kernel function with b being a properly selected bandwidth (see
Section 3.3). Let a(tp) minimize the locally weighted function ([ZH). Then the
local estimator of 8(tp) is §p(t0) = [Q1,0(t0); - -+, Qmo(to)]T. We use the notation
ap(to) to denote a two-step pth order local polynomial estimator of 8(tp). In
particular, 81 (to) and 65(ty) denote the two-step local linear estimator and the
local quadratic estimator, respectively, and are popular special cases in practical
implementations.

2.3. Two-step local hybrid estimation

The two-step estimation procedure estimates X(¢p) and X'(¢g) simultane-
ously in Step 1 using the same local polynomial approximation. This may not
be efficient. In this subsection, we extend the procedure to a two-step local hy-
brid estimation method in which X(¢y) and its derivative X'(¢y) are estimated
separately using different orders of local polynomial approximation. If necessary,
different smoothing parameters may also be used. For example, we may estimate
X(tp) using a local linear estimator and X'(tp) using a local quadratic estimator,
since X'(tp) needs a higher order polynomial approximation to achieve a similar
approximation accuracy compared to that of X(¢p). The two-step local hybrid
estimation procedure can be described as follows.

Step 1. Use a local linear estimator Xi(t;) = [)?171(750), o ,)?myl(to)]T to esti-
mate the function X(¢p), and use a local quadratic estimator X (¢y) =
[X{2(to), .-, X],2(to)]” to estimate the derivative function X'(to).
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Step 2. Substitute Xy (;) and }A(’z (t;) into (ZTJ) to obtain the regression model
Xy(t) = F (Xa(t:),0(1) ) + es(t), (2.6)

where e3(t;) denotes the approximation error vector; use a local linear
approach to estimate the time-varying parameter 0(tp) based on (0.

We denote the two-step local hybrid estimator of the time-varying parameter
by a(to). We expect the two-step local hybrid estimator to be more efficient than
the two-step local linear estimator or the two-step local quadratic estimator due
to its increased flexibility. In order to evaluate the three estimation procedures,
we study their asymptotic properties for a linear dynamic model in the next

section.

3. Linear Deterministic Dynamic Model
3.1. Estimation

We derive the explicit formulas of the proposed estimators for a linear dy-
namic model. The asymptotic biases and variances of these estimators are then
developed. We expect asymptotic results for the linear dynamic model to shed
some light on the performance and behavior of the proposed general estimators.
The linear dynamic model can be written as

LX) = 6(t) — aX(t), (3.1)

dt
Y (t) = X(t) +e(t), (3.2)

where X(t) = [X1(t),..., X:m(t)]7 is an unobserved state vector and Y (t) =
[Y1(t),...,Ym(t)]" is a measurement vector of X (t) with e(t) = [e1(t), ..., em(t)]”
being a the measurement error vector. We assume that e (t), k = 1,...,m, has
mean zero and covariance Cov (ex(t), ex(s)) = 0j(t)1 s}, with Cov (e(t), e(t)) =
diag (0%(t),...,02,(t)). The time-varying parameter 0(t) = [01(t),. .., 0, (t)]" is
an unknown vector, while a = (a1,...,a,)’, with a; = (ak71,...,ak,m)T, is
a known constant. This model is useful in modeling infectious diseases; for
example, the HIV viral dynamic model ([T]) can be cast in this form with a =
diag (p, 9, c).
It is worth noting that for the linear dynamic model [BI)—(BZ), a naive
estimator of 0(tg) is R R
0,(to) = X},(to) + aX,(to). (3.3)

We call this direct substitution estimator a one-step local pth order polynomial
estimator. In particular, we take 01(t) and 02(t) as the one-step local linear
and local quadratic estimators, respectively. Similarly, X(¢9) and X'(to) can be
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estimated separately by different orders of the local polynomial approximation,
say, local linear or local quadratic smoothing, denoted by X;(tg) and X%(¢o),
respectively. Then we obtain an alternative one-step local hybrid estimator as

B(to) = X)(to) + aXi (o). (3.4)

In the following, we show that the square-root of the conditional mean squared
errors for the naive one-step estimators can only achieve a convergence rate of
Op(n=2/T); this is slower than those of the three two-step local estimators that
are discussed below.

Based on (BI0)-(B2), the solution to ([Z4]) can be expressed as

A~

X, (to) = [X1p(t), - X p(to)]" (3.5)
X3 (to) = [X] y(t0). .. X (0)] (3.6)

with
T T T -1.,7
Xip(to) = €1 pi1 (Zy Wi, Zp)  Zp Wiy, Y
o T T 1,7
Xl/c,p(to) = C2p+1 (Zp th;l,pzp) 2y Wi, Yk

where €,41,p41, v = 1,2, is a (p + 1) dimensional vector with 1 on the (v + 1)t
position and 0 elsewhere, and hy.q, and hy,; ), are the bandwidths for estimating
X (to) and X} (to), respectively. The matrices Yy, Z, and W}, were defined in
Section 2.1.

For (BI)-B2), the two-step local estimation is reduced to a linear locally
weighed least squares problem. Based on (), the two-step local pth order
polynomial estimator ap(to) = [Q1,0(t0);- -+, Qmo(to)]T of B(t) can be obtained
by minimizing the linear locally weighted function

SO0+ Xy (t) — 2houlto)) Ky (6 —n). (37)

k=1 1i=1

where z;1 = [1,t; — to]T, au(ty) = [k 0(to), akyl(to)]T, and K3, is a kernel func-
tion with b; as bandwidth for the kth component 0(t).

In order to obtain explicit expressions for the two-step local linear estimator,
the two-step local quadratic estimator, and the hybrid estimator proposed in the
previous section, we further denote by Z,.;) the matrix Z, at to = t;, and by
Wiy the matrix Wy, at tg = t;. For v=0,1; p=1,2and k =1,...,m, define

eg+1,p+1 (Zg(l)th,v,p(l)Zp(l)) ZZ)—‘(l) th;v,p(l)

Ukjop =

—1
T T T
eerl,erl (Zp(n) th;v,p(n) ZP(”)) Zp(n) th;v,p(n)



994 JIANWEI CHEN AND HULIN WU

Thus the two-step local linear and quadratic estimators can be expressed as
91(750) = [01,1(750), e ,Hmyl(t())]T and Gg(to) = [01,2(750), PN ,Hm,g(to)]T with

m

~ -1

Oea(to) = el (ZTW5,20) " ZIWs, (Ukta Ye+ Y arsUj01Y;),  (38)
j=1

m

~ -1

Orslto) = el (ZT W3, 20) ' ZIWs, (UkaYi+ Y arsUj00Y;). (39)
i=1

Similarly, the two-step local hybrid estimator of 0(to) for (B1])—(B32) is given by
6(to) = [01(t0),- - -, Om(to)]", with

m

~ -1

O(to) = €lo (ZT Wy, Zy) ' ZTWs, (Uk;l,QYk +3 ak,jUj;O,le). (3.10)
j=1

Based on (BF), BJ) and @BI), one sees that different bandwidths can
be used for different components in the estimation procedure. We bandwidth
selection in Section 3.3.

3.2. Asymptotic results

In this subsection, we present the asymptotic biases and variances of the pro-
posed estimators for [BI)—(B2). We summarize the notation of these estimators
and the corresponding bandwidths in Table 1.

For convenience, take u; = [w/ K(u)du, v; = [w K (u)?du, j = 0,1,2,---.
Let D = (t1,...,t,)T denote the observed time point vector. We make the
following regularity assumptions.

(1) The density function f has a continuous second derivative in some neigh-
borhood of ty, and f (o) # 0.

(2) The component functions X,f;l) (1), «9,22) (t) and o2(t), k =1,...,m, are con-
tinuous in some neighborhood of tj.

(3) The kernel function K(-) is a symmetric density function with compact
support.

(4) Let hy0p and hy1p, k=1,...,m, be the bandwidths of the pth order local
polynomial fit for Xy (to) and its first derivate XJ (fo), respectively. When
p — v is odd, hgyp — 0, and nhy., , — 00; when p — v is even, hy.p, — 0

3
and nhkmp

(5) Let by, k = 1,...,m, be the bandwidth of the local linear fit for the kth
component (t). There is an s > 2 and some ¢ < 2 — s~ ! such that
nzsflhk;vvp — o0, for k=1,...,m,v =0,1,p = 1,2, with n* b, —» o0
and nb? /(logn)? — oco.

— OQ.
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Table 1. Notation of the local estimators and the bandwidths

Notation Definition
X(to) X( 0) = [Xl(to),...
)
t

>

, m(to)]T is a state vector

><

1 (t0)]T is a derivative vector of X(to)

0 m ]
Xi(to) Xi (to) =[X1( 0), -, Xma(to)]” is a local linear estimator of X (to)
Xo(to)  Xa(to) = [X1.2(t0), ..., Xm2(to)]” is a local quadratic estimator of X (to)
Xi(to)  Xi(to) = [X{yl(to), , X!, 1(t0)]™ is a local linear estimator of X' (to)
Xh(to)  Xh(to) = (X1 2(t0), - - ,)?,/n (to)]” is a local quadratic estimator of X'(to)
6(to) 0(to) = [f1(t0), - - -, 0m(to)]* is a time-varying parameter vector
01 (to) 01 (to) = [011(t0), .., 0m.1(to)]” is one-step local linear estimator of 6 (to)
02 (to) 02(to) = [01,2(t0), - . ., Om,2(to)]T is one-step local quadratic estimator of 0(t)
0(to) 0(to) = [01(to), . .. ,9~ (t0)]” is one-step local hybrid estimator of 8(to)
01 (to) 51(to) = [61.1(t0), . .., Bm.1(t0)]” is two-step local linear estimator of 6(to)
52(1& ) 02 (to) = [5 2(t0), - .. O 2(t0)]” is two-step local quadratic estimator of 8(to)

0 1
8(to) B(to) = [01(to), . é\m (to)]” is two-step local hybrid estimator of @(to)

hi;0,1 Bandwidth of the local linear fit for the kth state variable Xy (to), k=1,...,m
hi;0,2 Bandwidth of the local quadratic fit for the kth state variable X (to), k=1,...,m
hi;11 Bandwidth of the local linear fit for the kth derivative X (t0), k=1,...,m

hi;1,2 Bandwidth of the local quadratic fit for the kth derivative X}, (to), k=1,...,m

by Bandwidth of the local linear fit for the kth component 6x(to), k=1,...,m

Theorem 1. Suppose Conditions (1)—(4) hold. Let hoy = maxj—1,._m hj01 and

ho2 = max;—1,.. m hj,02.

(a) The asymptotic conditional bias and variance of the one-step local linear es-
timator Oy,1(to) for the kth component in 0(tg) = [01(to), - - -, Om(to)]” are

. ~ 1 "(t
bias(Ba (1)1 ) = g, 2 (3580 X ) + X7 <to>)

3! p2 \ f(to)
1\ 2
2
+§,u2 21 ak,jh?;O,IXj (to) + OP(h(Q),l + h%;l,l)’
j=

Var (G2 (to)| D) = T <Zm: 0 )(1+0P(1)).

[ (to) “nhjo1  panhi

(b) The asymptotic conditional bias and variance of the one-step local quadratic
estimator O 2(to) for the kth component in 0(ty) = [01(to), - .. ,0m(to)]’ are

W
! ” _:U'2,U'6 Z k,] j 0,2 ( f((t(?)) X](g) (tO) + X](4) (tO))

1 Ha (3
+§hi;1,QEX](€ )(to) + OP(h6172 + hz;1,2)7

blas(é?k. 2(t0)|D) =
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- 2(¢ ™ a2 (vou2 — 2u + uiv
Var () ) = H08) (57 SO P L) )

fto) \ (ha — pi3)*nhj0,2 panhik g
X (1 + Op(l)) .

(c) The asymptotic conditional bias and variance of the one-step local hybrid
estimator Oy (to) for the kth component in 8(ty) = [01(to), ..., 0m(to)] are

. 1w 2 1 Ha (3
bias(0(to)| D) = 3 Z ak,jh?;0,1M2Xj( (to) + ghi;mEX;g (to)
j=1

+0P(h(2),1 + h%;m),

m a2 ¥y U
Var (a0 D) = AL (570 e (1 op.

f(to) = "hioa panhiy o

The proof of Theorem 1 follows from Theorem 3.1 in[Fan_and Gijbeld (1996).
It is then clear that the asymptotic biases and variances are different for the
three one-step estimators, and that the asymptotic bias and variance of the one-
step local hybrid estimator (o) are the simplest. Based on the arguments
in [Fan_and Gijbels (1996), we can see that the one-step hybrid estimator takes
advantage of the smaller variance in estimating X (¢) using a local linear smoother
compared to the one-step local quadratic estimator, and gains the benefit of a
smaller bias in estimating X’'(¢) using a local quadratic smoother compared to
the one-step local linear estimator.

Remark 1. The optimal bandwidths for the one-step estimators are

port Op(nfﬁ) if p—wv isodd,

kvp = (3.11)

1
Op(n %+5) if p—v iseven.
When the optimal bandwidths (k = 1,...,m;v = 0,1;p = 1,2) are used in
Theorem 1, the asymptotic conditional biases of the three one-step estimators
for 0x(ty), k =1,...,m, are, respectively,

f'(to)
f(to)

L 1
bias(Or2 (1)) = rhk o X (t0) + 0p ().

. ~ 1
bias(0r.1(to)| D) = —hzm% (3

5 XP(tg) + x¥ (to)) +op(hi.g 1),

L 1
bias(Be(10)|D) = gih1 2 X (10) + 0p(I.0)

while the corresponding asymptotic conditional variances are each

Z/QO'I%(tO)

M%f(tO)nh%;Lz (1 + OP(l))7
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where the optimal bandwidths are hy,11 = hy12 = Op(n_1/7). Thus, the square-
root of the conditional mean squared errors (MSEs) of the three one-step local
estimators can only achieve the convergence rate O p(n*Q/ 7, which is slower than
the standard optimal convergence rate of Op(n=2/%).

Notice that, when the optimal bandwidth is used, the asymptotic biases and
variances of the one-step local quadratic estimator and hybrid estimator are the
same. This is because the asymptotic bias and variance are dominated by that
of the estimate of X/ (t), k¥ = 1,...,m, which is in the same order for both
estimators. The asymptotic biases of both the one-step local quadratic estimator
and the hybrid estimator are simpler under the optimal bandwidth case compared
to that of the one-step local linear estimator.

The asymptotic conditional biases and variances for the three two-step local
estimators are given next.

-----

Theorem 2. Suppose Conditions (1)—(5) hold. Let hp; = max;j—;
hogzmaX] 1 h]02
(a) The asymptotic conditional bias and variance of the two-step local linear es-

timator Gk,l(to) for the kth component in 0(ty) = [01(to), . .., 0m(to)]T are

-----

o~ 1 "(t
bias (B 1 (t0)| D) = =b2u20' (t0) + — hk L 1 (311 O)X,S)(to) + X3 (1)
2 p2 \ f(to)
1
"‘5 Z ak,jhio,lMXJ(?) (to) + op (b} + hg,l + hi;l,l)
=1
2 m 2 n—1 2
~ Z/Oo'k(to) [ <a/w(n ) ag. 70 ) 2) }
Var (051 (to)|D) = ——~ + +
Cralfo)lD) f(to)nby, ; n flto)nhjoa /) p3f(to)nhi,,

X (14 0p(1)).

(b) The asymptotic conditional bias and variance of the two-step local quadratic
estimator Oy o(to) for the kth component in 0(tg) = [01(to),. .., 0m]! are

bias B (1)L D) = 50l (t0) + g5 22X 1) + 00 0 + i+ 11

1 (¢
L1 MZ ashto s (4f (t0) (2 ) +X§-4><to>) |

4! M4 — M f(tO)
2 2 2
~ Voo (to) a,w-(n = 1) aj (vopi — 2vapaps + pova)
Var (0 2(tg)|D) = —"—=
wruottolD) = S5 ( n T G 18Py

V2

+—M§f(to)nhz;172} (1+0,(1)).
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(c) The asymptotic conditional bias and variance of the two-step local hybrid
estimator Oy (to) for the kth component in 0(to) = [01(to), ... ,0m(to)]" are

1ﬁaﬂ5kﬁoﬂlﬂ“—5z29@) }:(%J ]01M2X()U0)+ hk12ﬂzxéa(m)
] 1
+0P(bi+h31+hi12)

2
~ Voo'k t() |: <ak;j n-— 1) akvjyo > V2

Var (0, (tg)| D) = + +
(Ox(to)| D) = f(to)nby, Z_: f(to)nhjo1 15 f (to)nhit,;

X (14 0p(1)).

Proof. see Appendix (online supplement).

The results in Theorems 2 show that the asymptotic bias of the two-step
local hybrid estimator é\k(to) has the simplest structure. It is interesting to
notice that the asymptotic conditional variances of the three two-step estima-
tors for the kth component 0 (to), k = 1,...,m, are asymptotically same, i.e.
[(voo2(to))/(f (to)nby)] >ty aid (14 0,(1)), and the asymptotic conditional vari-
ances are independent of the initial bandwidths hy.,,. Thus we can choose
the initial bandwidths as small as possible as long as they satisfies the con-
straints in Conditions (4) and (5). In particular, when the initial bandwidths
hiwp = Op(br) = hy for k =1,...,m,v = 0,1,p = 1,2, the square-root of the
conditional MSEs of the two—step estimators achieve the optimal convergence
rate of Op(n=2/%).

Remark 2. When the initial bandwidths hy,,, = oP(n_1/5) = h;, are used in
Theorem 2, then the asymptotic conditional biases of the three two-step estima-
tors of O(tg), k = 1,...,m, are each (1/2)b%,u2¢9,(§2) (to) + op(b?). Furthermore,
the optimal bandwidth for the second step is by, = Op(n~'/%) for k=1,...,m

In summary, the asymptotic properties of the proposed two-step local esti-
mators are more appealing than those of the simple one-step estimators, with the
latter only achieving the convergence rate of the order Op(n*Q/ ™). We compare
the performance of these methods via finite sample simulations in Section 4.

3.3. Bandwidth selection

The selection of the smoothing parameters is important in all nonparametric
model fitting. Here we need to determine the bandwidths Ay, k = 1,...,m,
for the one-step estimators in B3])—(B4), and the bandwidths hy and by, k =
1,...,m, for the two-step estimators in (BJ])— BI0).

For the one-step local estimators, we use the pre-asymptotic substitution
method in [Fan_and Gijbels (1996) to obtain the estimated optimal bandwidths
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?LZ%I) = ﬁ((Yk(ti),ti),i =1,...,n),k=1,...,m, to estimate Xj(t) and X, (), re

spectively. [Fan_and Huang (1997) have shown that the estimated optimal band-

width by the pre-asymptotic substitution method is a consistent estimator of
the asymptotically optimal bandwidth, and is of order Op(nfl/ %) when the local
linear fitting is used.

For the two-step local estimators, we have shown that, if the initial band-
width hg.o in Step 1 is selected between the rates Op(n~'/3) and Op(n~1/%), we
can achieve the optimal convergence rate. The choice of the initial bandwidth
is not very sensitive as long as it is small enough to satisfy the optimal rate
conditions. Based on our experience, we suggest selecting the initial bandwidth
hr = d x hk 0.1 where 0.5 < d < 0.9 and hk 0.1 is the optimal bandwidth for local
linear estimation of X (), k=1,....,m. We summarize the bandwidth selection
procedure for the two-step estimators as follows.

1. Obtain the optimal bandwidth for the local linear estimation of Xg(t), th é 1
fork=1,....,m

2. Select the initial bandwidths h; = d x thél, E =1,...,m, where 0.5 <
d < 0.9 for the first step smoothing, and obtain the estimates X p(ti) =
[Rip(te)s s X ()] and X (k) = [X](t0)s s Kby p (1)) p = 1,2, for
1=1,...,n

3. For the two-step local linear and local quadratic estimators, compute a rough
estimate of 8(t) by 0" (t;) = X0 (t;) + aX,(t;), i = 1,...,n, (p = 1,2). Then
use the pre-asymptotic substitution method to find the second bandwidths
b°pt — W((0;(t:),t:),i = 1,...,n) for k = 1,...,m. The estimated optimal
bandwidths bzpt, E=1,..., k:, can be used in ([BX)—(E3) to obtain 51(750) and
52(750), respectively.

4. For the two-step local hybrid estimator, compute the rough estimate of 8(t) by
0*(t;) = )A(’z(tz) + aﬁl(ti), i =1,...,n. Use the pre-asymptotic substitution
method to determine the estimated optimal bandwidth for the second step,
gzpt = h((0:(t:),t:),i = 1,...,n). These bandwidths can be applied to (BIT)
to obtain §(t0).

3.4. An approximate confidence interval

Without loss of generality, we consider an approx1mate confidence interval
estimate based on 919,2(750) k=1,...,m. Since f(tg), o%(to) and blas(Hk 2(t0)| D)
are unknown, Theorem 2 cannot be directly used to construct the confidence
interval for 0y (tp), so we bring in estimates of the conditional bias and variance.
Following the generalized pre-asymptotic method of [Ean_and Gijbeld (1996), the
conditional bias of §k,2(t0) can be approximated by

~ -1 ~ ~
Bio(to) = el o (2] Wo, Z1)  Zi Wy, [P (to), - - Tn(to)] (3.12)
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where 7y, ;(to) = @ 5(to)(t; — to)* + @j 5(to) (t; — to)®. The estimators @ ,(t9) and
a 3(to) can be obtained by minimizing the locally weighted function

n

2
Z{)/(:]/g’p( )—i—akX Zakl to t —to)} Kbk(ti_to)-

=1

The conditional variance of §k72(t0) is approximated by

~ -1
Via(to) = ef o (ZT W), Z1) ZlTka[(Uk,l,z+ak,kUk,o,2)(Uk,1,2+ak,kUk,0,2)T01%(to)

m
—1
+ Z ai,jUj,072UfO,QJ]2(t0):| kazl (Z{kazl) 6172, (313)
j=lij#k

where 7j ( 0), j=1,...,m, can be estimated by
53 (to) = 2oy (Yi(t) = Yj(8:))2Kn(ti — to)
’ ST Kalt — fo)

With the estimated bias and variance in I2) and [BI3]), an approximate
(1 — a)100% confidence interval of the two-step local quadratic estimator for
Qk(to), k= 1, e,y is

~ ~ ~ 1
Ok,2(to) — Br2(to) £ 21-2{Vik2(to)}2,

where 21_q /5 denotes (1 — «/2) quantile of the standard Gaussian distribu-
tion. The approximate confidence intervals of the two-step local linear estimator
Hk 1(to) and the two-step local hybrid estimator Hk(to) can be constructed in a
similar fashion.

4. Numerical Examples
4.1. Simulation studies

Monte Carlo simulation studies were designed to evaluate the finite properties
of the proposed estimators. We generated the simulation data from the HIV
dynamic model at ([ITJ),

X'(t;) = 0(t;) — aX(t;), i=1,...,n, (4.1)
where X(t;) = [X1(t;), Xa(t;), X3(t;)]T, a = diag(p,d,c), and O(t;) = [01(t;),
Oa(ti), 03(t:)] " with 01 (t;) = A—K[1—r(t:)] X1 (t:) Xs(t:), 02(t:) = [—7“ )X (t:)
X3(ti) and 03(t;) = N6Xa(t;). The measurement models for Xy (¢;), k = 1,2, 3,

are

Yi(t:) = Xu(ti) + enlts). (4.2)
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First we generated data, {(X(;), X2(t;), X3(t;))}, at time points ¢; = day x t}
with ¢tf = i/(n+ 1), i = 1,...,n, by solving @Il with the following param-
eter values and initial values: A = 36.0, p = 0.108, k = 9 x 107>, § =
N = 1,000.0, ¢ = 3.0, X;1(0) = 600, X2(0) = 33, X3(0) = 100,000, and
r(t) = 0.9 cos(7t/10000). The observed data {(Y1(t;), Yo(t;), Y3(t:)),i =1,...,n}
were generated based on the model ([E2)) with the error term ey (¢;), k = 1,2, 3 fol—
lowing an iid normal distribution with mean 0 and variance o3 (t;) = (1+t; )1/ 202,
where [01,09,03] = [20,5,100] or [40,10,200]. Our objective was to estimate
the time-varying parameter 0(t) = [01(t),02(t),03(t)]” from the observed data
{(Y1(t;), Ya(t:), Y5(ti)),i = 1,...,n}, where n = 100 and 200.

We applied the one-step and the two-step estimation methods proposed in
the previous sections to the simulated data. To evaluate these estimators, we em-
ployed the Epanechnikov kernel K () = 0.75(1 —2), for all the estimators. The
performance of these estimators was assessed using the Square-Root of Average
Squared Errors (RASE) defined as

RASE(@L(t}) —(Wf{ek -ty (4.3

where {t}*-, Jj=1,...,ngiq} were the grid points at which the time-varying pa-

rameters 0i(-), k = 1,2,3, were estimated. The bandwidth selection strategy
opt

discussed in Section 3.3 was used to determine the optimal bandwidths ﬁk vp

and b, k =1,2,3,0=0,1,p=1,2.

For the one-step estimators, only the hybrid estimator was used since it is
the best among the three one-step estimators. We compared the three two-step
estimators to the one-step hybrid estimator based on 500 simulations. Boxplots
of the RASEs for the four estimators for 6;(t), 62(¢) and 03(t) are given in Figure
1 (a)—(c), respectively. There we can see that the three two-step estimators
outperform the one-step hybrid estimator, and the two-step hybrid estimator
is slightly better than the two-step local linear and local quadratic estimators.

The initial bandwidths in the two-step local estimators were h;, = 0.7 X EZPS 1

k = 1,2,3, with the estimated optimal bandwidths hk01 obtained using the
pre-asymptotic substitution method.

The estimates of [Xj(t), X;(t),0,(t)], k = 1,2, 3, using the two-step hybrid
method are presented in Figures 2. We can see that these estimates are very close
to the true functions. Other estimators also gave reasonable estimation results
(data not shown). We conducted simulations for larger measurement errors and
different sample sizes, with similar conclusions reached.
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Figure 1. Simulation comparisons of RASE for different estimation methods

t
2

— v

with the sample size n = 100 and the variances (o1, 02,03) = (20,5,100):
(a)—(c) Boxplots of the RASEs for the one-step local hybrid (OSH) esti-
mates, the two-step local linear (T'SL) estimates, the two-step local quadratic
(TSQ) estimates and the two-step local hybrid (TSH) estimates for 6 (¢),
02(t) and 03(t), respectively.

4.2. Application to AIDS clinical trial data

We applied the proposed methods to a viral load data set from an AIDS clin-
ical trial to further illustrate the usefulness of the proposed estimation methods.
The AIDS clinical trial was developed by the Adult AIDS Clinical Trials Group
(AACTG), and the viral load (HIV RNA copies in plasma) was monitored at
weeks 1, 3, 4, 5, 6, 8,9, 12, 14, 16, 21, 25, 29 and 33 in HIV-1 infected patients
after receiving highly active antiretroviral therapy (HAART). Viral load data
from two patients are plotted in Figure 3. More frequent viral load data within
the first three days are also available from these patients and could be used to
estimate the constant viral dynamic parameters in the model (C3)—(TC4l). For
methodological details, see papers by [Perelson et all (1996), [Han and Chaloner
(2004) and Wi (2003).

We use the proposed nonparametric local estimation methods to fit the HIV
dynamic model (1)) to the viral load data from individual AIDS patients in this
clinical study. In particular, we smoothed the viral load X3(t), estimated the
viral load change profile X'(t), and the production rate of free HIV virions 03(t)
for individual patients. The two-step local hybrid estimator was used to estimate
the production rate 03(t). The corresponding estimated bandwidths (hs, b3) of
05(t) for patients 1 and 2 were (58.19,70.53) and (95.42, 40.55), respectively. The
model fitting results for the two patients are plotted in Figure 3. From this figure,
we can see that the fitted data compare well to the observed viral load data. The
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Figure 2. Estimation results from the two-step hybrid estimation method
with the sample size n = 100 and the variances (o1, 02,03) = (20,5,100)
in the simulation study: solid curves — true functions and dashed curves —
estimated functions. (al-a3) pointwise averages of local linear estimates for
the state functions X1 (t), X2(t) and X3(t) from 500 simulations,respectively;
(b1-b3) pointwise averages of local quadratic estimates for the derivatives
X1 (), X5(t) and X4(¢) from 500 simulations,respectively; (c1-c¢3) pointwise
averages of the two-step hybrid estimates and their 95% confidential intervals
for 01(t), O2(t) and 3(t) from 500 simulations, respectively.

estimates of the derivative of the viral load (viral load change) and the time-
varying parameters (viral production rate) are reasonably estimated (Figure 3).
These estimation results may provide important information and help clinicians
make treatment decisions for individual AIDS patients.
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Figure 3. Estimation results for two patients from an AIDS clinical study.
The bandwidths for patient 1 are (hs,b3) = (58.19,70.53) and for patient
2 are (hg,bs) = (95.42,40.55). (a) and (d): The estimated viral load over
the treatment days. The solid line indicates the local linear estimator of the
viral load Xs5(¢) and the dashed line is the observed viral load profile for
the two patients, respectively. (b) and (e): The estimated viral load change
profile over the treatment days. The solid line indicates the local quadratic
estimator of the derivative X%(t) for the two patients, respectively. (c) and
(f): The estimated virus production rate of free HIV virions over the treat-
ment days. The solid line indicates the two-step local hybrid estimator of the
time-varying virus production rate 03(t) for the two patients, respectively.

5. Concluding Remarks

Although we have mainly focused on a linear deterministic dynamic model
with a single time-varying parameter in this paper, these techniques can be ex-
tended to multivariate models with multiple unknown time-varying parameters.
This is not a trivial generalization; in the case of multiple time-varying param-
eters, the second step of our proposed methods may need to resort to time-
varying coefficient models or generalized time-varying coefficient models that
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have been actively studied by many authors in the past years (e.g., Hoover et al;
(1998), [Ean_and Zhang (1999), ICai, Fan and 14 (2002), [Fan_and Zhang (2003)
and [Wu_and Zhang (200€)). In the development of theoretical results, we have
focused on linear dynamic models although our methodologies can apply to more
general dynamic models. In particular it is more difficult to derive asymptotic
theories for nonlinear dynamic models, and this is a good future research topic.
Also note that we only considered the estimation of the time-varying parameters
in the dynamic models. We have made an assumption that all other parame-
ters in the model are known or can be estimated from other sources. Thus, we
do not have the identifiability problem in our numerical examples. However, in
practice, it is very important to study the identifiability of the dynamic models
before parameter estimation. This is beyond the scope of this paper; we refer
readers to Xid (2003), Xia_and Moog (2003) and LIeffrey and Xia (2005).
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