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In order to prove Theorem 2 in the paper, the lemma 1 (Fan and Zhang,
1999) is needed.

Lemma 1. Let (t1,Y1),...,(tn,Yy) be i.i.d. random wvectors, where the Y/s are
scalar random variables. Assume further that E|Y'|* < oo and sup, [ |y|*f(t,y)dy
< oo where f denotes the joint density of (t,Y). Let K be a bounded positive
function with a bounded support, satisfying Lipschitz condition. Then,

sup |n 1Z{Kh 0)Y; — ElKn(t; — t)Yi] }| = Op{Inh/log(1/m) 2},

teD

provided that n**~1h — oo fore <1 — s 1

Lemma 2. Suppose that Conditions (1)—(4) in Section 3.2. Then for k =
1,...,m, we have

1
EUk01Yk|D) =V + —Hth-o WV op(hi.01),
1 *
E(Uka11Yk|D) = Vl(cl) + _%hk 1 1{V(3) +3V (2)} + OP(h%;m)’
K2/ (4) *(3) 4
E(Ui02Yk|D) = Vi + @mhk 0 Q{V +4V, } + op(hg o),
1
E(Uk12Yk|D) = V;(gl) + _%h ksl QV/(€ )+ OP(hk;;l,Q)’
holds uniformly in a neighborhood of to, where V,(gl) = (X,gl) (tl),...,Xlgl) (t, )T
and Vi = (X (00) /(00 /(1) X ) £/ 6) )T k=1, s | =
0,....4.

Proof. Lemma 2 is easy to prove by using the above Lemma 1 and Theorem 3.1
in the book by Fan and Gijbels (1996), the details are omitted.
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Proof of Theorem 2. (a) First of all, we prove the asymptotic conditional bias
of the two-step local linear estimator 6y, ; (t) for the kth component, k =1,...,m.
By (3.8) and Lemma 2, the conditional mean of 6 1(ty) can be expressed as

E(0r1(to)|D) = ef o(Z] Wy, Z1) ™' Z] W, [E(Uk:;l,lYle)+Zak,jE(Uj;o,1Yj|D)
j=1

= Ifl) + 12(1) + I:gl) + OP(h%,l + hi;m)’ (A1)

where

m
1Y = Ty (ZT W, 20) 12T W, {V;(ﬁl) +> ak,jVj] ,
j=1

m
2) 1 _ 2
I = SHe > k31612 (Z] Wi, Z1) 1ZlTkaV§- ),
j=1

1) = B2 o2, 20) 7 2T W, [V 4 3V

31 iy

By using Vl(:) + 2 ar V= [Ok(t), - ,0:(t,)]T and Taylors expansion, we
have

Ox(t0) +0,(to) (t1 —to) + 50} (m) (m —t0)*

i = el (2T W, 1)~ ZT W, :

01 (to)+0(to) (tn—to) + 30} (n) (N — o)
507 (m)(m — to)?

= Ok(to) + €1 o(Z1 Wy, Z1) ' ZT W, : ; (A.2)
%‘9/;/(7771)(7771 - 750)2
where 7; is between t; and tg for ¢ = 1,...,n. By calculating the mean and

variance, we can easily get

. B 10
Zl kazl — nf(to) (0 Hsz

07 () (m — to)*

) 1+ or (),

SZ0W, s = S (1) o), 017 (1 -+ 0p (1),
Hllg/(nn)(nn - 750)2
X ()
ZIWi | 1 [=nft0) X (t)lue, 0T (14+op(1), 1=0,1,....3. (A.3)

X (t)



ESTIMATION OF TIME-VARYING PARAMETERS S61

By using the results (A1), (A2) and [A3), we find that

1V =6(to) + 5 buzek<to><1+oP<1>>,

1) = Ly 3" a0, X001+ 0p(1),
j=1

1 t
1 = 520 [X0 00 + 33 0 B2 1+ 0p 1), (A4)
Combining ([(AJ)) and ([A4), the asymptotic conditional bias in Part (a) is ob-
tained. Now we prove the asymptotic conditional variance of 6y 1(to). It follows
from (3.8) that

m
Var (Qkyl(toﬂD) = efz(Z?kazl)71Z?ka Cov <U/§;1,1Y1§ +Zak;,jUj;0,1Yja
j=1

m
Ukg,1Yg +Zak7jUj;071Yj ’D) kazl(Z?kazl)ilelyg. (A5)

j=1
By Lemma 1 and the simple calculation, for £ = 1...,m; v,l = 0,1; 7,7 =
1,...,n, we can show that
1) . 1

C;in),,l(l) = o1 2(Z1 Wiy (0 Z1(i) :Wegﬂ,z(lJroP(l))v (A.6)

2) ..
Cin 1) = b 12(Z T Wiy 0 Z1) ™ K, (85 = )1, (8 — )]

V2U v
(tj — )" Ky, , (L — ti) (1 + op(1)), (A7)

B HQvf(ti)nhi?%l
and
3
Co) () = X1 o (B Wi 190 Z1) ™ 216 Wi a9 Var (V) Wiy, Z(s)

X (2] Wy Z16i))~err2

vooj, (t

mﬂ +op(1)), =0,
i i T A8
WT%GJFOP(U),U—Z_L (A8)
OP(1)7 v 7& l.

Note that the term op(1) holds uniformly in i such that ¢; falls in the neigh-
borhood of ¢y. Further, based on the results (3.8), [(A0), (A1) and [AF), we
have

m m
Z{ Wy, Cov <Uk;1,1Y/~c +> arUjo1 Y Ui Y+ ) ak,jUj;o,le|D> Wi, 21
j=1 j=1
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- (AT,S(k, 1) + B,.(k, 1))2 s o< s<L (A.9)
X
where
Ay (k1) ZK,, )(t: — to)™+* (0(3) <)+20;§:°’3,1<z’)+Zai,j0§?&o<z‘)>
j=1
(1 +op(1))
o st (2 43 i )+ on(a)
=no Vpysh 75T ——— + : +op(1)),
Ko . ﬂ%nhz;u j=1 nhj§071
and
Bl 1) =3 [ka )(t; —to) (c,i?f,lo,z') +Zak,jc§-?3,1<j,i>>]
i=1 Lj= j=1
x[ 3 Kb(tl—to)(tl—to)s(c,f},l(z,i)+Zak,jc§?&l(z,i))]
1=1,1£j j=1
n m CL2 (TL . 1)
=Y K (1~ to) (i — 1) 0 (1) Y (1 + op(1))
i=1 j=1

a2 ;o2 (ko) (n — 1) F(to)rs b (1 + 0p(1)).

),

1

J
By using the results (A3), (A1) and [A9), the asymptotic conditional variance
of the two-step local linear estimator 6y 1(t9), K =1,...,m, is given by

Var (0,1 (to)| D)

_ v Aoo(k,1)+Boo(k,1) 0 1 )
~ w0 0 a2 ) (o) 00r0)

_ vooa(to) [i (n — 1ai . ai,jl/o ) n 12 }(1 +op(1)).
Flto)nbg [\ n ™ o f(to) w3 (to)nhiiy 4

Therefore, the asymptotic conditional variance in Part (a) is obtained by using
([A3), (A8) and the above result.

(b) The proof of Part (b) is quite similar to that given in Part (a). We outline
the key idea of the proof. The asymptotic conditional expectation of the two-step
local quadratic estimator 6y o(t9), k = 1,...,m, is given by

E(0r2(t0)|D)

) 1
= el o2 W3, 20) ' 2T W, [V +Za;” ] “4hk12612(z Wy, Z1) ")
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><ZF{VV1,,€V(3 o Z MMG h402 €1 2(Z Wy, Z1)™!
13

4)

X Z{ W, [V +4V; ( )] +op(hjz + ho o)

(
J
=1+ 1) + 1 + op(hi12 + ho)- (A.10)

Note that the first term in the above is the same as that in ([AJ)), and then
Ifz) = Ifl) = 01 (to) + 503120} (to)(1 + op(1)). Further, by [AZJ), the second and
third terms in ([(AZI0) can be expressed as

1
I§2)—612(Z W, Z1) ™ 1ZTka thm 15;3)
1
3y thlzX(g)( to)(1 + op(1)). (A.11)
and
1 m
3) = 4_2 M2/:6h3102e1 o(ZT Wy, Z0) ' ZT W, [V( ) +4V; *(3 )}
1 m
_Z N2M6h;102 X](4)(t0)+4f( )XJ(.?’)(tO)}- (A.12)
4o 15 f(to)

Therefore, we obtain the asymptotic conditional bias of the two-step local
quadratic estimator 0y 2(t9), k = 1,...,m, in Theorem 2 by using (AT0), (ATT)
and ([AJ2). For the asymptotic conditional variance of 0 2(to), we have

m
Var (01,2(to)| D) = el o(Z] Wy, Z1) "' 2T Wy, Var (Uk;LQYk +) ak,jUj;o,QijD>
j=1
X Wi, Z1(Z1 Wi, Z1) e 0. (A.13)
Similar to the proof of Theorem 1, we have
1 . _
Chin o) = €Ly 5 (2T Wiy a9 Z1i) ™

1 T
= v €y 1,3(1+0P(1))5 (A14)

nf(ti)HQUh%;v,Q "

2 . _
C) o (,1) = e 5 (2 Wiy a9 1)~ By (b — t[L, (1 — 1), (5 — )]
Voy

:—t'—ti”Kh,U ti —t;)(1+ op(1)), A.15
o )nhi%zu ) Ky o (85 — ) (1 + 0p(1)) (A.15)

and
3) . _
C’,f;;,),’l(z) = eg+1,3(zii)thw,g(i)zl(i)) 1ZF{(@-)thw,2(i)Var (Y)th;w(i)zl(i)
X (21 Wiy Z1(i) " er41,3
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(vopi—2vopopa+pdva)od(ti) o
G f s (LT op(1), v =1=0,

14 0'2 i
- Wé;gm(l +op(1)), v=1=1, (A.16)
OP(l)’ v 7é l.

Note that the term op(1) holds uniformly in i such that ¢; falls in the neighbor-
hood of ty. Based on the results in (3.9) and (ATd)—(ATd), for k =1,...,m
we find that

m m
Z{ W, Cov <Uk;1,2Yk + Z ak,;jUj:02Y 5, Ug12Yr + Z ak,jUj;oij\D) W, Z

j=1 j=1
:C%Ah%+3m%J»2f 0<r, s<2 (A.17)
X
where
r+s 3
Aps(k,2) ZK,, t—t)+(C,£;1)71()+20k01 +Z 2,058 (i )
m 2
) el Vo ak,j(VOIM - 2”2#2#4 + p5vs)
=noi(to)Vr4sb (7
k00 V5D nhi, = (14 = p3)?nhij0.
x(1+op(1)),
and
2 .o 2 ..
By (k,2) zmk )(t; — to)" (c,i;fgu,z) +> ak,ﬁc;l?m(a,z))]
i=1 J1=1
[ Z Ky, (t — to)(t; — to)* (C?l)2 1,i) +Zakh j102 (1 z))]
I=1,l#j Jj1=1

3

m a%dl(n -1)

K, (ti = to)(t: — to) " oii(ti) D

1 =1

(I1+o0p(1))

n

i

ai ;o (to) (n — 1) f (to)vrrsb, (1 + op(1)).

Il

Il
-

J

Combining the results (A3), (AI3) and (AID), the asymptotic conditional vari-
ance of the two-step local quadratic estimator 6y (to), k¥ = 1,...,m, can be
obtained. Therefore the proof of the Part (b) in Theorem 2 is completed.

(c) Based on similar arguments in the above procedure, the proof of Theorem
2(c) can be completed similarly. Here we omit the details.
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