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S1 Proof of Theorem 1

Since y1, . . . ,ym are mutually independent, the consistency of γ̂ follows from the standard argument,
so that τ̂2 and β̂ are also consistent. In what follows, we derive the asymptotic expressions of the
estimators.

First we consider the asymptotic approximation of τ̂2 − τ2. From (6), we obtain

τ̂2 − τ2 =
1

N

m∑

i=1

ni∑

j=1

{
(yij − x′

ijβ̂OLS)
2 − σ̂2ij

}
− τ2

=
1

N

m∑

i=1

ni∑

j=1

{
(yij − x′

ijβ)
2 − σ2ij

}
− τ2 − 1

N

m∑

i=1

ni∑

j=1

σ2ij(1)z
′
ij(γ̂ − γ)

− 2

N

m∑

i=1

ni∑

j=1

(yij − x′
ijβ)x

′
ij(β̂OLS − β) + op(γ̂ − γ) + op(β̂OLS − β)

=
1

m

m∑

i=1

u1i −
1

N

m∑

i=1

ni∑

j=1

σ2ij(1)z
′
ij(γ̂ − γ) + op(m

−1/2) + op(γ̂ − γ), (S1)

where u1i = mN−1∑ni
j=1

{
(yij − x′

ijβ)
2 − σ2ij

}
− τ2 and we used the fact that β̂OLS−β = Op(m−1/2)

and N−1∑m
i=1

∑ni
j=1(yij − x′

ijβ)xij = Op(m−1/2) from the central limit theorem.
For the asymptotic expansion of γ̂, remember that the estimator γ̂ is given as the solution of the

estimating equation

1

N

m∑

i=1

ni∑

j=1

[{
yij − ȳi − (xij − x̄i)

′β̂OLS

}2
zij − σ2ij(zij − 2n−1

i zij + n−1
i z̄i)

]
= 0

Using Taylor expansions, we have

0 =
1

m

∑

i=1

u2i −
2

N

m∑

i=1

ni∑

j=1

{
yij − ȳi − (xij − x̄i)

′β
}
zij(xij − x̄i)

′(β̂OLS − β)

− 1

N

m∑

i=1

ni∑

j=1

σ2ij(1)(zij − 2n−1
i zij + n−1

i z̄i)z
′
ij(γ̂ − γ) + op(γ̂ − γ) + op(m

−1/2),
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where

u2i = mN−1
ni∑

j=1

[{
yij − ȳi − (xij − x̄i)

′β
}2

zij − σ2ij(zij − 2n−1
i zij + n−1

i z̄i)
]
.

From the central limit theorem, it follows that

1

N

m∑

i=1

ni∑

j=1

{
yij − ȳi − (xij − x̄i)

′β
}
zij(xij − x̄i)

′ = Op(m
−1/2),

so that the second terms in the expansion formula is op(m−1/2). Then we get

γ̂ − γ =
N

m

⎛

⎝
m∑

i=1

ni∑

j=1

σ2ij(1)(zij − 2n−1
i zij + n−1

i z̄i)z
′
ij

⎞

⎠
−1

m∑

i=1

u2i + op(γ̂ − γ) + op(m
−1/2).

Under (A1)-(A5), we have

m∑

i=1

ni∑

j=1

σ2ij(1)(zij − 2n−1
i zij + n−1

i z̄i)z
′
ij = O(m).

From the independence of y1, . . . ,ym and the fact E(u2i) = 0, we can use the central limit theorem
to show that the leading term in the expansion of γ̂ − γ is Op(m−1/2). Thus,

γ̂ − γ =
N

m

⎛

⎝
m∑

i=1

ni∑

j=1

σ2ij(1)(zij − 2n−1
i zij + n−1

i z̄i)z
′
ij

⎞

⎠
−1

m∑

i=1

u2i + op(m
−1/2).

Using the approximation of γ̂ − γ and γ̂ − γ = Op(m−1/2), we get the asymptotic expression of
τ̂2 − τ2 from (S1), which establishes the result for τ̂2 and γ̂.

Finally we consider the asymptotic expansion of β̂−β. From the expression in (4), it follows that

β̂ − β = β̃ − β +
q∑

s=1

(
∂

∂γs
β̃

)′
(γ̂s − γ) +

(
∂

∂τ2
β̃

)′
(τ̂2 − τ2) + op(γ̂ − γ) + op(τ̂

2 − τ2).

Since
∂

∂τ2
Σi = Jni ,

∂

∂γs
Σi = W i(s), s = 1, . . . , q,

for W i(s) = diag(σ2i1(1)zi1s, . . . ,σ
2
ini(1)

zinis), we have

∂

∂τ2
β̃ =

(
X ′Σ−1X

)−1

(
m∑

i=1

X ′
iΣ

−1
i JniΣ

−1
i Xi

)(
β̃
∗
τ − β̃

)
,

∂

∂γs
β̃ =

(
X ′Σ−1X

)−1

(
m∑

i=1

X ′
iΣ

−1
i W i(s)Σ

−1
i Xi

)(
β̃
∗
γs − β̃

)
, s = 1 . . . , q,

(S2)
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where

β̃
∗
τ =

(
m∑

i=1

X ′
iΣ

−1
i JniΣ

−1
i Xi

)−1 m∑

i=1

X ′
iΣ

−1
i JniΣ

−1
i yi,

β̃
∗
γs =

(
m∑

i=1

X ′
iΣ

−1
i W i(s)Σ

−1
i Xi

)−1 m∑

i=1

X ′
iΣ

−1
i W i(s)Σ

−1
i yi, s = 1, . . . , q.

Under (A1)-(A5), we have β̃
∗
a −β = Op(m−1/2) for a ∈ {τ, γ1, . . . , γq}, whereby β̃

∗
− β̃ = Op(m−1/2).

Since γ̂ − γ = Op(m−1/2) and τ̂2 − τ2 = Op(m−1/2) as shown above, we get

β̂ − β =
(
X ′Σ−1X

)−1
m∑

i=1

XiΣ
−1(yi −Xiβ) + op(m

−1/2),

which completes the proof.

S2 Proof of Corollary 1
Let θ = (θ1, . . . , θp+q+1)′ = (β′,γ ′, τ2)′. Note that ψθk

i , k = 1, . . . , p + q + 1 does not depend on
y1, . . . ,yi−1,yi+1, . . . ,ym and that y1, . . . ,ym are mutually independent. Then,

1

m2
E

⎡

⎣

⎛

⎝
m∑

j=1

ψθk
j

⎞

⎠

⎛

⎝
m∑

j=1

ψθl
j

⎞

⎠
∣∣∣∣yi

⎤

⎦ =
1

m2

m∑

j=1,j ̸=i

E
[
ψθk
j ψ

θl
j

]
+

1

m2
ψθk
i ψ

θl
i

= Ωkl +
1

m2

{
ψθk
i ψ

θl
i − E

[
ψθk
i ψ

θl
i

]}
,

where Ωkl is the (k, l)-element of Ω and we used the fact that E[ψθk
j |yi] = E[ψθk

j ] = 0 for j ̸= i.

Hence, we get the result from the asymptotic approximation of θ̂ given in Theorem 1.

S3 Proof of Theorem 2
We begin by deriving the conditional asymptotic bias of γ̂. Let γ̃ be the solution of the equation

F (γ;β) ≡ 1

N

m∑

i=1

ni∑

j=1

[{
yij − ȳi − (xij − x̄i)

′β
}2

zij − σ2ij(zij − 2n−1
i zij + n−1

i z̄i)
]
= 0

with σ2ij = σ2(z′
ijγ). For notational simplicity, we use F instead of F (γ;β) without any confusion and

Fr, r = 1, . . . , q denotes the r-th component of F , namely F = (F1, . . . , Fq)′. Define the derivatives
F (a) and Fh(ab) by

F (a) =
∂F

∂a′ , Fr(ab) =
∂2Fr

∂a∂b′
.

It is noted that Fh(βγ) = 0. Expanding F (γ̂; β̂OLS) = 0, we obtain

0 = F + F (γ)(γ̂ − γ) + F (β)(β̂OLS − β) +
1

2
t1 +

1

2
t2 + op(m

−1),
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where ts = (ts1, . . . , tsq), s = 1, 2 for

t1r = (γ̂ − γ)′Fr(γγ)(γ̂ − γ), t2r = (β̂OLS − β)′Fr(ββ)(β̂OLS − β).

It is also noted that

F (γ) = − 1

m

m∑

k=1

nk∑

j=1

σ2kj(1)(zkj − 2n−1
k zkj + n−1

k z̄k)z
′
kj

F (β) = − 2

N

m∑

k=1

nk∑

j=1

{
ykj − ȳk − (xkj − x̄k)

′β
}
zij(xkj − x̄k)

′,

so that F (γ) is non-stochastic. Thus we have

E[γ̂ − γ|yi] = −(F (γ))
−1

{
E[F (γ;β)|yi] + E

[
F (β)(β̂OLS − β)

∣∣∣yi

]
+

1

2
E[t1|yi] +

1

2
E[t2|yi]

}
+ op(m

−1).

In what follows, we shall evaluate the each term in the parenthesis in the above expression. For the
first term, since y1, . . . ,ym are mutually independent and E(u2i) = 0, we have

E[F (γ;β)|yi] =
1

m
u2i.

For evaluation of the second term, we define Zkr = diag(zk1r, . . . , zknkr), where zkjr denotes the r-th
element of zkj . Then it follows that

E
[
F r(β)(β̂OLS − β)

∣∣∣yi

]
= − 2

N

m∑

k=1

E

[
(yk −Xkβ)

′EkZkrEkXk(β̂OLS − β)
∣∣∣∣yi

]

= − 2

N

m∑

k=1,k ̸=i

E
[
(yk −Xkβ)

′EkZkrEkXk(β̂OLS − β)
∣∣∣yi

]
− 2

N
(yi −Xiβ)

′EiZirEiXiE
[
β̂OLS − β

∣∣∣yi

]
.

Noting that it holds for ℓ = 1, . . . ,m and k ̸= i

E
[
(yℓ −Xℓβ)(yk −Xkβ)

′
∣∣∣yi

]
= 1{ℓ=k}Σk, E[β̂OLS − β|yi] =

(
X ′X

)−1
X ′

i(yi −Xiβ),

we have

E

[
(yk −Xkβ)

′EkZkrEkXk(β̂OLS − β)
∣∣∣∣yi

]

=
m∑

ℓ=1

tr
{
EkZkrEkXk(X

′X)−1X ′
kE
[
(yℓ −Xℓβ)(yk −Xkβ)

′
∣∣∣yi

]}

= tr
{
(X ′X)−1X ′

kΣkEkZkrEkXk

}
,

which is O(m−1) and

1

N
(yi −Xiβ)

′EkZkrEkXkE
[
β̂OLS − β

∣∣∣yi

]
= op(m

−1).
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Thus, we get

E
[
F r(β)(β̂OLS − β)

∣∣∣yi

]
= − 2

m

m∑

k=1

nk∑

j=1

tr
{
(X ′X)−1X ′

kΣkEkZkrEkXk

}
+ op(m

−1), (S3)

where the leading term is O(m−1). For the third and forth terms, note that

Fr(γγ) = − 1

N

m∑

k=1

nk∑

j=1

σ2kj(2)(zkj − 2n−1
k zkj + n−1

k z̄k)z
′
kjzkjr Fr(ββ) =

2

N

m∑

k=1

X ′
kEkZkrEkXk,

which are non-stochastic. Then for h = 1, . . . , q,

E[t1r|yi] = − 1

N

m∑

k=1

nk∑

j=1

zkjrσ
2
kj(2)(zkj − 2n−1

k zkj + n−1
k z̄k)

′Ωγγzkj + op(m
−1),

E[t2r|yi] =
2

N

m∑

k=1

tr
(
X ′

kEkZkrEkXkV OLS
)
+ op(m

−1),

for V OLS = (X ′X)−1X ′ΣX(X ′X)−1, where we used Corollary 1 and

E
[
(β̂OLS − β)(β̂OLS − β)′

∣∣yi

]
= V OLS + op(m

−1), (S4)

which follows from the similar argument to the proof of Corollary 1. Thus we obtain

E[t1|yi] = − 1

N

m∑

k=1

nk∑

j=1

zkjσ
2
kj(2)(zkj − 2n−1

k zkj + n−1
k z̄k)

′Ωγγzkj + op(m
−1),

E[t2|yi] =
2

N

m∑

k=1

{
tr
(
X ′

kEkZkrEkXkV OLS
)}

r
+ op(m

−1),

where {ar}r denotes the q-dimensional vector (a1, . . . , aq). Therefore, we have established the result
for γ̂ in (13).

We next derive the result for τ̂2. Let

τ̃2 =
1

N

m∑

k=1

⎧
⎨

⎩(yk −Xkβ)
′(yk −Xkβ)−

nk∑

j=1

σ2kj

⎫
⎬

⎭ .

Using the Taylor series expansion, we have

τ̂2 = τ̃2 +
∂τ̃2

∂γ
(γ̂ − γ) + 1

2
(γ̂ − γ)′

(
∂2τ̃2

∂γ∂γ ′

)
(γ̂ − γ)

+
∂τ̃2

∂β
(β̂OLS − β) +

1

2
(β̂OLS − β)′

(
∂2τ̃2

∂β∂β′

)
(β̂OLS − β) + op(m

−1),

5



where we used the fact that ∂2τ̃2/∂γ∂β′ = 0. The straight calculation shows that

∂τ̃2

∂γ
= − 1

N

m∑

k=1

nk∑

j=1

σ2kj(1)zkj ,
∂2τ̃2

∂γ∂γ ′ = − 1

N

m∑

k=1

nk∑

j=1

σ2kj(2)zkjz
′
kj ,

∂2τ̃2

∂β∂β′ =
2

N

m∑

k=1

X ′
iXi,

which are non-stochastic. Thus we obtain

E[τ̂2 − τ2|yi] = E[τ̃2 − τ2|yi] +

(
∂τ̃2

∂γ

)′
E [γ̂ − γ|yi] +

1

2
tr

{(
∂2τ̃2

∂γ∂γ ′

)
E
[
(γ̂ − γ)(γ̂ − γ)′

∣∣yi

]}

+ E

[(
∂τ̃2

∂β

)′
(β̂OLS − β)

∣∣∣∣yi

]
+

1

2
tr

{(
∂2τ̃2

∂β∂β′

)
E
[
(β̂OLS − β)(β̂OLS − β)′

∣∣yi

]}
+ op(m

−1)

≡ Bτ1(yi) +Bτ2(yi) +Bτ3(yi) +Bτ4(yi) +Bτ5(yi) + op(m
−1).

From the expression of τ̃2, it holds that

Bτ1(yi) =
1

N

m∑

k=1,k ̸=i

nkτ
2 +

1

N

⎧
⎨

⎩(yi −Xiβ)
′(yi −Xiβ)−

ni∑

j=1

σ2ij

⎫
⎬

⎭− τ2

=
(
1− ni

N

)
τ2 +

1

m
u1i +

ni

N
τ2 − τ2 =

1

m
u1i,

for u1i defined in (8). Also, we immediately have

Bτ2(yi) = − 1

N

m∑

k=1

nk∑

j=1

σ2kj(1)z
′
kjb

(i)
γ (yi)

For evaluation of Bτ4(yi), note that

∂τ̃2

∂β
= − 2

N

m∑

k=1

X ′
k(yk −Xkβ).

Similarly to (S3), we get

Bτ4(yi) = − 2

N

m∑

k=1

E

[
(yk −Xkβ)

′Xk(β̂OLS − β)
∣∣∣∣yi

]

= − 2

N

m∑

k=1

tr
{
(X ′X)−1X ′

kΣkXk

}
+ op(m

−1).

Moreover, Corollary 1 and (S4) enable us to obtain the expression of Bτ3(yi) and Bτ5(yi), whereby
we get

b(i)τ (yi) = m−1u1i −
1

N

m∑

k=1

nk∑

j=1

σ2kj(1)z
′
kj

{
b(i)γ (yi)− bγ

}
+ bτ ,

which completes the proof for τ̂2 in (13).
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We finally derive the result for β̂. By the Taylor series expansion,

β̂ − β = β̃ − β +
q∑

s=1

(
∂

∂γs
β̃

)
(γ̂s − γ) +

(
∂

∂τ2
β̃

)
(τ̂2 − τ2) + op(m

−1),

since (
∂β̃

∂φ

)′

(φ̂− φ)(φ̂− φ)′
(
∂β̃

∂φ

)
= op(m

−1),

from ∂β̃/∂φ = Op(m−1/2) as shown in the proof of Theorem 1. From (S2), we have

q∑

s=1

(
∂

∂γs
β̃

)
(γ̂s − γs)

=
(
X ′Σ−1X

)−1
q∑

s=1

(
m∑

k=1

X ′
iΣ

−1
i W i(s)Σ

−1
i Xi

){(
β̃
∗
γs − β

)
(γ̂s − γs)− (β̃ − β)(γ̂s − γs)

}
,

and

(
∂

∂τ2
β̃

)
(τ̂2−τ2) =

(
X ′Σ−1X

)−1

(
m∑

k=1

X ′
kΣ

−1
k JnkΣ

−1
k Xk

){
(β̃

∗
τ − β)(τ̂2 − τ2)− (β̃ − β)(τ̂2 − τ2)

}
.

Let Ωβ∗γs = E[(β̃
∗
γs − β)(γ̂s − γs)] and Ωβ∗τ = E[(β̃

∗
τ − β)(τ̂ − τ)]. Then it can be shown that

E[(β̃
∗
τ − β)(τ̂ − τ)|yi] = Ωβ∗γs + op(m

−1), E[(β̃
∗
γs − β)(γ̂s − γs)|yi] = Ωβ∗τ + op(m

−1),

which can be proved by the same arguments as in Corollary 1. Thus from Corollary 1 and the fact
that

E
[
β̃ − β|yi

]
=
(
X ′Σ−1X

)−1
X ′

iΣ
−1
i (yi −Xiβ),

we obtain the result for β̂ in (13).

S4 Proof of (18)

From the expansion of µ̂i, we have

E
[
(µ̂i − µ̃i)

2
]
= E

[{(
∂µ̃i

∂θ

)′
(θ̂ − θ)

}2
]
+

1

2
U1 +

1

4
U2,

where

U1 = E

[(
∂µ̃i

∂θ

)′
(θ̂ − θ)(θ̂ − θ)′

(
∂2µ̃i

∂θ∂θ′

∣∣∣
θ=θ∗

)
(θ̂ − θ)

]

U2 = E

[{
(θ̂ − θ)′

(
∂2µ̃i

∂θ∂θ′

∣∣∣
θ=θ∗

)
(θ̂ − θ)

}2
]
.
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It is noted that

U1 =
p+q+1∑

j=1

p+q+1∑

k=1

p+q+1∑

ℓ=1

E

[(
∂µ̃i

∂θj

)(
∂2µ̃i

∂θk∂θℓ

∣∣∣
θ=θ∗

)
(θ̂j − θj)(θ̂k − θk)(θ̂ℓ − θℓ)

]
≡

p+q+1∑

j=1

p+q+1∑

k=1

p+q+1∑

ℓ=1

U1jkℓ,

and

|U1jkl| ≤ E

[∣∣∣∣

(
∂µ̃i

∂θj

)(
∂2µ̃i

∂θk∂θℓ

∣∣∣
θ=θ∗

) ∣∣∣∣
∣∣∣(θ̂j − θj)(θ̂k − θk)(θ̂ℓ − θℓ)

∣∣∣
]

≤ E

[∣∣∣∣

(
∂µ̃i

∂θj

)(
∂2µ̃i

∂θk∂θℓ

∣∣∣
θ=θ∗

) ∣∣∣∣
4
]1/4

E

[∣∣∣(θ̂j − θj)(θ̂k − θk)(θ̂ℓ − θℓ)
∣∣∣
4/3
]3/4

(S5)

using Holder’s inequality. Since both ∂µ̃i/∂θj and ∂2µ̃i/∂θk∂θℓ are linear functions of yi, the first

term of (S5) is finite under (A4). Moreover, from Theorem 1, it follows
√
m|θ̂j − θj | ≤ C(y) for some

quadratic function of y, so that the second term in (S5) is also finite. Hence, we have U1 = o(m−1).
Similarly, we also obtain U2 = o(m−1). Therefore, using Corollary 1, we have

E
[
(µ̂i − µ̃i)

2
]
= E

[{(
∂µ̃i

∂θ

)′
(θ̂ − θ)

}2
]
+ o(m−1)

= tr

{
E

[(
∂µ̃i

∂θ

)(
∂µ̃i

∂θ

)′
E
(
(θ̂ − θ)(θ̂ − θ)′

∣∣∣yi

)]}
+ o(m−1)

= tr

{
E

[(
∂µ̃i

∂θ

)(
∂µ̃i

∂θ

)′
Ω+

(
∂µ̃i

∂θ

)(
∂µ̃i

∂θ

)′
c(yi)o(m

−1)

]}
+ o(m−1)

= tr

{
E

[(
∂µ̃i

∂θ

)(
∂µ̃i

∂θ

)′]
Ω

}
+ o(m−1)

since c(yi) is fourth-order function of yi and ∂µ̃i/∂θ is a linear function of yi, which completes the
proof.

S5 Derivation of R31i(φ,κ)
Since yi given vi, ϵi is non-stochastic, we have

E

[(
∂µ̃i

∂θ

)′
(θ̂ − θ)wi

]

= E

[
E

[(
∂µ̃i

∂θ

)′
(θ̂ − θ)wi

∣∣∣∣vi, ϵi
]]

= E

[
E(θ̂ − θ|yi)

′
(
∂µ̃i

∂θ

)
wi

]

= E

[
b(i)β (yi)

′
(
∂µ̃i

∂β

)
wi

]
+ E

[
b(i)γ (yi)

′
(
∂µ̃i

∂γ

)
wi

]
+ E

[
b(i)τ (yi)

(
∂µ̃i

∂τ

)
wi

]
+ o(m−1)

≡ R31i(φ) + o(m−1).

It is noted that E(wi) = 0 and

E
[
(yij − x′

ijβ)wi
]
= E [(vi + εij)wi] =

⎛

⎝
ni∑

j=1

λij − 1

⎞

⎠ τ2 +
ni∑

j=1

λijσ
2
ij = 0. (S6)
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Using the expression (13) and (17), it follows that

E

[
b(i)β (yi)

′
(
∂µ̃i

∂β

)
wi

]
=

⎛

⎝ci −
ni∑

j=1

λijxij

⎞

⎠
′
(
X ′Σ−1X

)−1
X ′

iΣ
−1
i E

[
(yi −Xiβ)wi

]
= 0

E

[
b(i)γ (yi)

′
(
∂µ̃i

∂γ

)
wi

]
= η−2

i

ni∑

j=1

σ−2
ij δ

′
ij

(
m∑

k=1

nk∑

h=1

σ2kh(1)zkhz
′
kh

)−1

M2ij(φ,κ)

E

[
b(i)τ (yi)

(
∂µ̃i

∂τ

)
wi

]
= m−1η−2

i

ni∑

j=1

σ−2
ij

{
M1ij(φ,κ)− T 1(γ)

′T 2(γ)M2ij(φ,κ)

}
,

where
M2ij(φ,κ) = E

[
u2i(yij − x′

ijβ)wi
]
, M1ij(φ,κ) = E

[
u1i(yij − x′

ijβ)wi
]
.

To evaluate M1ij and M2ij , we first prove the following result for fixed j, k, ℓ ∈ {1, . . . , ni}.

E
[
(vi + εij)(vi + εik)(vi + εiℓ)wi

]
= τ2η−1

i

[
τ2(3− κv) + κεσ

2
ij1{j=k=ℓ} + σ2ij(1{j=k ̸=ℓ} − 1{j=k})

+ σ2ij(1{j=ℓ ̸=k} − 1{j=ℓ}) + σ2ik(1{k=ℓ ̸=j} − 1{k=ℓ})

]
.

(S7)

To show (S7), we note that the left side can be rewritten as

−η−1
i E [(vi + εij)(vi + εik)(vi + εiℓ)vi] +

ni∑

h=1

λihE [(vi + εij)(vi + εik)(vi + εiℓ)εih] (S8)

from the definition of wi. Using the fact that εi1, . . . , εini and vi are independent, the first term in
(S8) is calculated as

E
[
v4i + (εijεik + εijεiℓ + εikεiℓ)v

2
i

]
= κvτ

4 + τ2
(
σ2ij1{j=k} + σ2ij1{j=ℓ} + σ2ik1{k=ℓ}

)
.

Moreover, we have

E [(vi + εij)(vi + εik)(vi + εiℓ)εih] = E
[
εih(εij + εiℓ + εik)v

2
i + εijεikεiℓεih

]

= τ2σ2ih
(
1{h=j} + 1{h=k} + 1{h=ℓ}

)
+ κεσ

4
ih1{j=k=ℓ=h}

+ σ2ih
(
σ2ij1{j=k ̸=ℓ=h} + σ2ij1{j=ℓ ̸=k=h} + σ2ik1{j=h ̸=k=ℓ}

)
,

whereby the second term in (S8) can be calculated as

τ2η−1
i

[
3τ2 + κεσ

2
ij1{j=k=ℓ} + σ2ij1{j=k ̸=ℓ} + σ2ij1{j=ℓ ̸=k} + σ2ik1{k=ℓ ̸=j}

]
,

where we used the expression λih = τ2η−1
i σ−2

ih . Then we established the result (S7). From (S7), we
immediately have

ni∑

ℓ=1

E
[
(vi + εij)(vi + εik)(vi + εiℓ)wi

]
= τ2η−1

i

[
niτ

2(3− κv) + σ2ij(κε − 3)1{j=k}
]

= E
[
(vi + εij)(vi + εik)

2wi
]
.
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Now, we return to the evaluation of M1ij and M2ij . It follows that

M1ij(φ,κ) =
m

N

ni∑

h=1

E
[
(yih − x′

ihβ)
2(yij − x′

ijβ)wi
]

= mN−1η−1
i τ2

{
niτ

2(3− κv) + σ2ij(κε − 3)
}

and

M2ij(φ,κ) =
m

N

ni∑

h=1

zihE
[
{vi + εih − (vi + ε̄i)}2(vi + εij)wi

]

=
m

N

ni∑

h=1

zih

{
E
[
(vi + εih)

2(vi + εij)wi
]
− 2n−1

i

ni∑

k=1

E [(vi + εij)(vi + εik)(vi + εih)wi]

+ n−2
i

ni∑

k=1

ni∑

ℓ=1

E [(vi + εij)(vi + εik)(vi + εiℓ)wi]

}
.

Using the identity given in (S7), we have

M2ij(φ,κ) = mN−1τ2η−1
i

ni∑

h=1

zih

{
σ2ij(κε − 3)(1{j=h} − 2n−1

i 1{j=h} + n−2
i )
}

= mN−1τ2η−1
i n−2

i (ni − 1)2(κε − 3)σ2ijzij ,

which completes the result in (20).

S6 Evaluation of R32i(φ)

Since yi given vi and ϵi is non-stochastic, we have

R32i(φ) =
1

2
E

[
(θ̂ − θ)′

(
∂2µ̃i

∂θ∂θ′

∣∣∣
θ=θ∗

)
(θ̂ − θ)wi

]
=

1

2
E

[
E

[
(θ̂ − θ)′

(
∂2µ̃i

∂θ∂θ′

∣∣∣
θ=θ∗

)
(θ̂ − θ)wi

∣∣∣∣vi, ϵi
]]

=
1

2
tr

{
ΩE

[(
∂2µ̃i

∂θ∂θ′

∣∣∣
θ=θ∗

)
wi

]}
+ o(m−1)E

[
tr

{
c(yi)

(
∂2µ̃i

∂θ∂θ′

∣∣∣
θ=θ∗

)}
wi

]
,

where we used Corollary 1 in the last equation. Note that

∂2µ̃i

∂θ∂θ′

∣∣∣
θ=θ∗

=
∂2µ̃i

∂θ∂θ′
+

p+q+1∑

k=1

(θ∗k − θk)

(
∂3µ̃i

∂θ∂θ′∂θk

∣∣∣
θk=θ∗∗k

)
, (S9)

where θ∗∗k is an intermediate value between θ∗k and θk. Further note that the third order partial
derivatives of µ̃i is a linear function of yi, so that the second term of R32i is o(m−1). Similarly, it
follows that

E

[(
∂2µ̃i

∂θ∂θ′

∣∣∣
θ=θ∗

)
wi

]
= E

[(
∂2µ̃i

∂θ∂θ′

)
wi

]
+ o(1) = o(1),

since the second order partial derivatives of µ̃i is a linear function of yij −x′
ijβ and the identity (S6).

Therefore, we finally get R32i(φ) = o(m−1).
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S7 Predicted values of µi in data analysis
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Figure 1: Predicted Values of µi from Each Model.
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